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RANDOM VARIABLES:

A random variable, usually written X, is a variable whose possible values are
numerical outcomes of a random phenomenon. Random variable consists of two
types they are discrete and continuous type variable this defines discrete- or
continuous-time random processes. Sample function values may take on discrete
or continuous a value is defines discrete- or continuous ample function values
may take on discrete or continuous values. This defines discrete- or continuous-
parameter random process.

RANDOM PROCESSES VS. RANDOM VARIABLES:

For a random variable, the outcome of a random experiment is mapped
onto variable, e.g., a number.

* For a random processes, the outcome of a random experiment is mapped onto a
waveform that is a function of time.Suppose that we observe a random process
X(t) at some time t1 to generate the servation X(t1) and that the number of
possible waveforms is finite. If Xi(t1) is observed with probability Pi, the
collection of numbers {Xi(t1)}, i=1, 2, ..., n forms a random variable, denoted
by X(t1), having the probability distribution Pi, i=1,2,...,n. E[ + ]=ensemble
average operator.

” DISCRETE RANDOM VARIABLES:

A discrete random variable is one which may take on only a countable number of
distinct values such as 0,1,2,3,4,........ Discrete random variables are usually (but
not necessarily) counts. If a random variable can take only a finite number of
distinct values, then it must be discrete. Examples of discrete random variables
include the number of children in a family, the Friday night attendance at a
cinema, the number of patients in a doctor's surgery, the number of defective light
bulbs in a box of ten.

PROBABILITY DISTRIBUTION:

The probability distribution of a discrete random variable is a list of probabilities
associated with each of its possible values. It is also sometimes called the
probability function or the probability mass function. Suppose a random variable
X may take k different values, with the probability that X = x; defined to be P(X
= X;) = pi. The probabilities p; must satisfy the following:



1. 0<pi<1lforeachi

2. prtpt...+p=1.

All random variables (discrete and continuous) have a cumulative distribution
function. It is a function giving the probability that the random variable X is less
than or equal to x, for every value x. For a discrete random variable, the
cumulative distribution function is found by summing up the probabilities.

CENTRAL LIMIT THEOREM:

In probability theory, the central limit theorem (CLT) states that, given certain
conditions, the arithmetic mean of a sufficiently large number of iterates of
independent random variables, each with a well-defined expected value and well-
defined variance, will be approximately normally distributed.

The Central Limit Theorem describes the characteristics of the "population of the
means" which has been created from the means of an infinite number of random
population samples of size (N), all of them drawn from a given "parent
population”. The Central Limit Theorem predicts that regardless of the
distribution of the parent population:

[1] The mean of the population of means is always equal to the mean of the parent
population from which the population samples were drawn.

[2] The standard deviation of the population of means is always equal to the
standard deviation of the parent population divided by the square root of the
sample size (N).

[3] The distribution of means will increasingly approximate a normal distribution
as the size N of samples increases.

A consequence of Central Limit Theorem is that if we average measurements of
a particular quantity, the distribution of our average tends toward a normal one.



In addition, if a measured variable is actually a combination of several other
uncorrelated variables, all of them "contaminated" with a random error of any
distribution, our measurements tend to be contaminated with a random error that
Is normally distributed as the number of these variables increases.Thus, the
Central Limit Theorem explains the ubiquity of the famous bell-shaped "Normal
distribution” (or "Gaussian distribution™) in the measurements domain.

Examples:
+ Uniform distribution
 Triangular distribution
« 1/X distribution
« Parabolic distribution
e CLT Summary

* more statistical fine-print

The uniform distribution on the left is obviously non-Normal. Call that the parent
distribution.

To compute an average, Xbar, two samples are drawn, at random, from the parent
distribution and averaged. Then another sample of two is drawn and another value
of Xbar computed. This process is repeated, over and over, and averages of two
are computed. The distribution of averages of two is shown on the left.

Repeatedly taking three from the parent distribution, and computing the averages,
produce the probability density on the left.

STATIONARY PROCESS:

In mathematics and statistics, a stationary process is a stochastic process whose
joint probability distribution does not change when shifted in time. Consequently,
parameters such as the mean and variance, if they are present, also do not change
over time and do not follow any trends.

Stationary is used as a tool in time series analysis, where the raw data is often
transformed to become stationary; for example, economic data are often seasonal
and/or dependent on a non-stationary price level. An important type of non-
stationary process that does not include a trend-like behaviour is the
cyclostationary process.



Note that a "stationary process” is not the same thing as a "process with a
stationary distribution”. Indeed there are further possibilities for confusion with
the use of "stationary" in the context of stochastic processes; for example a “time-
homogeneous™ Markov chain is sometimes said to have “stationary transition
probabilities”. Besides, all stationary Markov random processes are time-
homogeneous.

¥ Definition:

Formally, let {/Xf } be astochastic processand let Fx(Zty4ry - - -, Tty +T)represent
the cumulative distribution function of the joint distribution of {kf} at
times b A Ty tr + T Then, {‘X'} is said to be stationary if, for all k, for all 7, and for

all $15+ 55 tk, F.\'(-Ttl+r' e ~Itk+r) = F.\'(Itv Lt 'I'k)'

Since 7 does not affect F.\' ( : ) F_\’ 1s not a function of time.

¥ Wide Sense Stationary:

Weaker form of stationary commonly employed in signal processing is known
as weak-sense stationary, wide-sense stationary (WSS), covariance stationary, or
second-order stationary. WSS random processes only require that 1st moment
and covariance do not vary with respect to time. Any strictly stationary process
which has a mean and a covariance is also WSS.

So, a continuous-time random process x(t) which is WSS has the following
restrictions on its mean function.

Elz(t)] = m,(t) = my(t+7) forall T€e R

and auto covariance function.

CORRELATION:

In statistics, dependence is any statistical relationship between two random
variables or two sets of data. Correlation refers to any of a broad class of statistical
relationships involving dependence. Familiar examples of dependent phenomena
include the correlation between the physical statures of parents and their
offspring, and the correlation between the demand for a product and its price.
Correlations are useful because they can indicate a predictive relationship that



can be exploited in practice. For example, an electrical utility may produce less
power on a mild day based on the correlation between electricity demand and
weather. In this example there is a causal relationship, because extreme weather
causes people to use more electricity for heating or cooling; however, statistical
dependence is not sufficient to demonstrate the presence of such a causal
relationship.

Formally, dependence refers to any situation in which random variables do not
satisfy a mathematical condition of probabilistic independence. In loose usage,
correlation can refer to any departure of two or more random variables from
independence, but technically it refers to any of several more specialized types of
relationship between mean values. There are several correlation coefficients,
often denoted p or r, measuring the degree of correlation. The most common of
these is the Pearson correlation coefficient, which is sensitive only to a linear
relationship between two variables. Other correlation coefficients have been
developed to be more robust than the Pearson correlation that is, more sensitive
to nonlinear relationships. Mutual information can also be applied to measure
dependence between two variables.

¥ Pearson's correlation coefficient:

He most familiar measure of dependence between two quantities is the Pearson
product-moment correlation coefficient, or "Pearson's correlation coefficient”,
commonly called simply "the correlation coefficient". It is obtained by dividing
the covariance of the two variables by the product of their standard deviations.
Karl Pearson developed the coefficient from a similar but slightly different idea
by Francis Galton.

The population correlation coefficient pX,Y between two random variables X and
Y with expected values uX and pY and standard deviations 6X and oY is defined
as.

cov(X,Y BTN s YO = g

where E is the expected value operator, cov means covariance, and, corr a widely
used alternative notation for the correlation coefficient.

The Pearson correlation is defined only if both of the standard deviations are finite
and nonzero. It is a corollary of the Cauchy-Schwarz inequality that the



correlation cannot exceed 1 in absolute value. The correlation coefficient is
symmetric: corr(X,Y) = corr(Y,X).

The Pearson correlation is +1 in the case of a perfect direct (increasing) linear
relationship (correlation), —1 in the case of a perfect decreasing (inverse) linear
relationship (autocorrelation), and some value between —1 and 1 in all other
cases, indicating the degree of linear dependence between the variables. As it
approaches zero there is less of a relationship (closer to uncorrelated). The closer
the coefficient is to either —1 or 1, the stronger the correlation between the
variables.

If the variables are independent, Pearson's correlation coefficient is 0, but the
converse is not true because the correlation coefficient detects only linear
dependencies between two variables. For example, suppose the random variable
X is symmetrically distributed about zero, and Y = X2

Then Y is completely determined by X, so that X and Y are perfectly dependent,
but their correlation is zero; they are uncorrelated. However, in the special case
when X and Y are jointly normal, uncorrelatedness is equivalent to independence.

If we have a series of n measurements of X and Y written as xi and yi where i =
1, 2, ..., n, then the sample correlation coefficient can be used to estimate the
population Pearson correlation r between X and .

where x and y are the sample means of X and Y, and sx and sy are the sample
standard deviations of X and Y.

This can also be written as:
> TiYi — NTY Ny TiYi— D Ti) Vi

Py = = :
T (r-Dssy aTad - (T@)? /Ty - (Ty)

If x and y are results of measurements that contain measurement error, the
realistic limits on the correlation coefficient are not —1 to +1 but a smaller range.

COVARIANCE FUNCTIONS:

In probability theory and statistics, covariance is a measure of how much two
variables change together, and the covariance function, or kernel, describes the
spatial covariance of a random variable process or field. For a random field or



stochastic process Z(x) on a domain D, a covariance function C(Xx, y) gives the
covariance of the values of the random field at the two locations x and y:

C(z,y) := cov(Z(z), Z(y))-

The same C(X, y) is called the auto covariance function in two instances: in time
series (to denote exactly the same concept except that x and y refer to locations
In time rather than in space), and in multivariate random fields (to refer to the
covariance of a variable with itself, as opposed to the cross covariance between
two different variables at different locations, Cov(Z(x1), Y(X2)))

¥ Mean & Variance of covariance functions:

For locations X1, Xz, ..., XN € D the variance of every linear combination

N
X = Z w; Z(x
=1

can be computed as

N N
var(X) = Z Z w;C(z;, x;)w;.

i=1 j=1

A function is a valid covariance function if and only if this variance is non-
negative for all possible choices of N and weights wa, ..., wn. A function with
this property is called positive definite.

RGODIC PROCESS:

In the event that the distributions and statistics are not available we can avail
ourselves of the time averages from the particular sample function. The mean of
the sample function X\o(t) is referred to as the sample mean of the process X(t)
and is defined as

hXT) = (5 D J TT/fz XAo(t)dt

This quantity is actually a random-variable by itself because its value depends on
the parameter sample function over it was calculated. the sample variance of the
random process is defined as



T/2

1
@om =@ [ Mol - " d
—T/2

The time-averaged sample ACF is obtained via the relation is

1 T/2
(RXX)T = () mx(t) « x(t — T)dt

These quantities are in general not the same as the ensemble averages described
before. A random process X(t) is said to be ergodic in the mean, i.e., first-order
ergodic if the mean of sample average asymptotically approaches the ensemble
mean

'Il‘l—l’]o]o var{{uX)T} =0

In a similar sense a random process X(t) is said to be ergodic in the ACF, i.e,
second-order ergodic if

Jim E{(RXX(1))} = RXX(7)

T11_1’101o var{(RXX(1))} =0

The concept of ergodicity is also significant from a measurement perspective
because in Practical situations we do not have access to all the sample realizations
of a random process. We therefore have to be content in these situations with the
time-averages that we obtain from a single realization. Ergodic processes are
signals for which measurements based on a single sample function are sufficient
to determine the ensemble statistics. Random signal for which this property does
not hold are referred to as non-ergodic processes. As before the Gaussian random
signal is an exception where strict sense ergodicity implies wide sense ergodicity.

GUASSIAN PROCESSS:



A random process X(t) is a Gaussian process if for all n and all (t1 ,t2,...,tn ), the
random variables have a jointly Gaussian density function. For Gaussian
processes, knowledge of the mean and autocorrelation; i.e., mX (t) and Rx (t1 ,t2
) gives a complete statistical description of the process. If the Gaussian process
X(t) is passed through an LTI system, then the output process Y (t) will also be a
Gaussian process. For Gaussian processes, WSS and strict stationary are
equivalent.

A Gaussian process is a stochastic process Xt, t € T, for which any finite linear
combination of samples has a joint Gaussian distribution. More accurately, any
linear functional applied to the sample functionXt will give a normally distributed
result. Notation-wise, one can write X ~ GP(m,K), meaning the random function
X is distributed as a GP with mean function m and covariance function K.[1]
When the input vector t is two- or multi-dimensional a Gaussian process might
be also known as a Gaussian random field.

A sufficient condition for the ergodicity of the stationary zero-mean Gaussian
process X(t) is that

JZ RX(D)dt < 0.

Jointly Gaussian processes:

The random processes X(t) and Y (t) are jointly Gaussian if for all n, mand all (t1
42 ,...,tn),and (t1,12,..., Tm), the random vector (X(t1 ),X(t2 ),....X(tn), Y(tl
),Y( 12 ),..., Y(tm )) is distributed according to an n+tM dimensional jointly
Gaussian distribution.

For jointly Gaussian processes, uncorrelatedness and independence are
equivalent.

LINEAR FILTERING OF RANDOM PROCESSES:

» A random process X(t) is applied as input to a linear time-invariant filter of
impulse response h(t),

* [t produces a random process Y (t) at the filter output as



X(t) =»=—=-=-h(t)=»-- Y(t)

* Difficult to describe the probability distribution of the output random process Y
(t), even when the probability distribution of the input random process X(t) is
completely specified for —oo <t < +c0,

 Estimate characteristics like mean and autocorrelation of the output and try to
analyse its behaviour.

* Mean The input to the above system X(t) is assumed stationary. The mean of
the output random process Y (t) can be calculated

mY (t) = E[Y (] = E[J" h(t)X(t — 1) d]
= [7 h(T)E[X(t — T)]dt
=mX f_°°°° h(t)dr
= mXH(0)

where H(0) is the zero frequency response of the system.

¥ Autocorrelation:

The autocorrelation function of the output random process Y (t). By definition,
we have

RY (t, u) = E[Y )Y (u)]

where t and u denote the time instants at which the process is observed. We may
therefore use the convolution integral to write

RY (tu)=E [ h(rDX(t — t1) dr1] [ h(t2)X(t — 12) d12]
= [ h(t1)drl [ h(T2)E [X(t — THX(t — T2)] dT2

When the input X(t) is a wide-stationary random process, autocorrelation function
of X(t) is only a function of the difference between the observation times t — 1l
and u — 12.

Putting T =t — u, we get



RY (t)=["_ [ h(thh(t2)RX(t — Tl + 12) drl dr2
RY (0) = E[Y%(1)]

The mean square value of the output random process Y (t) is obtained by putting
T = 0 in the above equation.

E[Y2®)] =" [~ h(t))h(t2)RX(12 — t1) dtl d72

The mean square value of the output of a stable linear time-invariant filter in
response to a wide-sense stationary random process is equal to the integral over
all frequencies.

of the power spectral density of the input random process multiplied by the
squared magnitude of the transfer function of the filter.

APPLICATION AND ITS USES:

* A Gaussian process can be used as a prior probability distribution over functions
in Bayesian inference.

» Wiener process (aka Brownian motion) is the integral of a white noise Gaussian
process. It is not stationary, but it has stationary increments.



