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UNIT- 11

ANALYTIC FUNCTIONS
3.1 INTRODUCTION

The theory of functions of a complex variable is the most important in solving a large number of
Engineering and Science problems. Many complicated intergrals of real function are solved with the help of a

complex variable.

3.1 (a) Complex Variable

x + iy is a complex variable and it is denoted by z.
(i.e.)z=x + iywherei =+-1

3.1 (b) Function of a complex Variable

If z=x+ iy and w = u + iv are two complex variables, and if for each value of z in a given region
R of complex plane there corresponds one or more values of w is said to be a function z and is denoted by
w = f(z) = f(x +iy) = ulx,y) + iv(x, y)where u(x, y)and v(x, y)are real functions of the real variables
xand y.
Note:

(i) single-valued function

If for each value of z in R there is correspondingly only one value of w, then w is called a single valued

function of z.

1
Example: w = z2,w =-

w = z2 1

w=-

z
z 1 2 -2 3 z 1 2 -2 3
w | 1| 4 | 4] 9 [ w | 1 T [ 1 |1
2 -2 3

(if) Multiple — valued function

If there is more than one value of w corresponding to a given value of z then w is called multiple — valued

function.

Example: w = z1/2

Z 4 9 1
w —-2,2 3,—3 1,-1

(iii) The distance between two points zand z, is |z — z, |
(iv)The circle C of radius 6 with centre at the point z,can be represented by |z — z,| = §.
(V) |z — z,| < & represents the interior of the circle excluding its circumference.

(vi) |z — z,| < & represents the interior of the circle including its circumference.
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(vii) |z — z,| > & represents the exterior of the circle.
(viii) A circle of radius 1 with centre at origin can be represented by |z| = 1
3.1 (c) Neighbourhood of a point z,

Neighbourhood of a point z,, we mean a sufficiently small circular region [excluding the points on
the boundary] with centre at z,.

(i.e)|z—2z, <6

Here, § is an arbitrary small positive number.
3.1 (d) Limit of a Function
Let f(z) be a single valued function defined at all points in some neighbourhood of point z,.

Then the limit of f(z) as z approaches z,is w,,.

(i.e.) lim f(2) =w,
7= 7o
3.1 (e) Continuity
If f(2) is said to continuous at z = z, then
Jim £(2) = £(2)

If two functions are continuous at a point their sum, difference and product are also continuous at that point,
their quotient is also continuous at any such point [dr # 0]
Example: 3.1 State the basic difference between the limit of a function of a real variable and that of a
complex variable. [A.U M/J 2012]
Solution:

In real variable, x — x, implies that x approaches x, along the X-axis (or) a line parallel to the
X-axis.

In complex variables, z — z, implies that z approaches z, along any path joining the points z and z,
that lie in the z-plane.
3.1 (f) Differentiability at a point

A function f(z) is said to be differentiable at a point, z = z, if the limit

f(zy) = AZL_'C)Of(ZO b AAZ; A exists.

This limit is called the derivative of f(z)at the point z = z,

If £ (2) is differentiable at z,, then f(z)is continuous at z,. This is the necessary condition for
differentiability.
Example: 3.2 If f(z) is differentiable at z,, then show that it is continuous at that point.
Solution:

As f(z) is differentiable at z,, both f(z,) and f'(z,)exist finitely.

Now, lim |f(2) — f(z,)| = lim M(z —Zy)
z— Zg z—Z, -2y

zZ
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z—>zo Z— Z z—>zo
=f"(20).0=0

Hence, lim £(2) = lim £(2,) = £(2,)

As f(z,) is a constant.
This is exactly the statement of continuity of f(z) at z,.
Example: 3.3 Give an example to show that continuity of a function at a point does not imply the
existence of derivative at that point.
Solution:
Consider the function w = |z|? = x? + y2
This function is continuous at every point in the plane, being a continuous function of two real

variables. However, this is not differentiable at any point other than origin.

Example: 3.4 Show that the function f(z) is discontinuous at z = 0, given that f(z) = when

234—’

z+ 0andf(0) =0.

Solution:
Given f(z) = ;g;
Consider lim [£()] = lim, [f(2)] = lim X — jim |2 ] = 0
x—>0
lim [f(2)] = hmZZL2 = limz—x2 = E = 1 #0
y2=x x~0x2 +3x2 x->04x2 4 2

x—0
=~ f(z) is discontinuous

Example: 3.5 Show that the function f(z) is discontinuous at the origin (z = 0), given that

f(z )——xy(x 2) \when z # 0

=0 ,whenz =20

Solution:

. . s _ 1. x(mx)(x—2(mx))
Consider lergo [f(2)] = ylé%c [f(2)] = }CIL%W

x—0

m(1-2m)x3 _ m(1-2m)

x>0 (1+m3)x3 1+m3

Thus lirrtl)f(z) depends on the value of m and hence does not take a unique value.
zZ—
lirr(1) f (z)does not exist.
VA

= f(z) is discontinuous at the origin.
3.2 ANALYTIC FUNCTIONS — NECESSARY AND SUFFICIENT CONDITIONS

FOR ANALYTICITY IN CARTESIAN AND POLAR CO-ORDINATES
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Analytic [or] Holomorphic [or] Regular function
A function is said to be analytic at a point if its derivative exists not only at that point but also in some
neighbourhood of that point.
Entire Function: [Integral function]
A function which is analytic everywhere in the finite plane is called an entire function.
An entire function is analytic everywhere except at z = .
Example: e?,sin z, cos z, sinhz, cosh z
3.2 (i) The necessary condition for f = (z) to be analytic. [Cauchy — Riemann Equations]

The necessary conditions for a complex function f = (z) = u(x,y) + iv(x,y) to be

.. . ou v ov ou .
analytic in a region R are % = 3y and 2 = oy hE U=y and vy = —u,

[OR]
Derive C — R equations as necessary conditions for a function w = f(z) to be analytic.
[Anna, Oct. 1997] [Anna, May 1996]
Proof:
Let f(2z) = u(x,y) + iv(x,y) be an analytic function at the point z in a region R. Since f(z) is
analytic, its derivative f'(z) exists in R

' _ 1+ f(z+Az)—f(2)
f'(z) = L RE

Letz=x+1iy
= Az = A, +iA,
z+0,=(x+A0)+i(y+4,)
f(@) =u(xy) +iv(x,y)
f(z+Az) = u(x + Ax,y + Ay) + iv(x + Ax,y + Ay
fz+Az) — f(z2) =ulx +Ax,y + Ay) + iv(x + Ax,y + Ay) —[u(x,y) + iv(x, y)]
= [u(x + Ax,y + Ay) —u(x,y)] + i[v(x + Ax,y + Ay) —v(x,y)]

N = 14 LEHD-f(@)
f@)= Lt —2

— Lt u(x+Ax,y+Ay)—u(x,y)[+i[v(x+Ax,y+Ay)—v(xy)]
T AZS0 Ax+iAy

Case (i)
If Az — 0,firsts we assume that Ay = 0 and Ax — 0.

f’(Z) — Lt [u(x+Ax,y)—u(xy)]+i[v(x+Ax,y)—v(x,y)]

Ax—0 Ax
— It u(x+Ax,y)—u(x,y) + Lt v(x+Ax,y)-v(x,y)
Ax—0 Ax Ax—0 Ax
ou . 0v
= a + la . (1)

Case (i)
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If Az = 0 Now, we assume that Ax = 0 and Ay —» 0

“ f(z) = Lt [u(x,y+Ay)—u(x,y)]'+i[V(x,y+Ay)—v(x,y)]
Ay—0 iAy

_ 1 wxyray)—ulxy) + Lt v(xy+Ay)-v(x.y)

i Ay—0 Ay Ay—-0 Ay
_1ou v
T dy Jdy
.0u , Ov
=-i3, + 3y -.(2)
From (1) and (2), we get

u v .0u ov
6x+lax _l6y+8y

Equating the real and imaginary parts we get

u_ow v
ax  ay’ ax  ady
(le)uy=v, v =-U,

The above equations are known as Cauchy — Riemann equations or C-R equations.
Note: (i) The above conditions are not sufficient for f(z) to be analytic. The sufficient conditions are given
in the next theorem.
(i) Sufficient conditions for f(z) to be analytic.
If the partial derivatives u, u, v, and v, are all continuous in D and u,, = v, and u,, = —v,. then the
function f(z) is analytic in a domain D.
(ii) Polar form of C-R equations
In Cartesian co-ordinates any point z is z = x + iy.
In polar co-ordinates, z = re'® where r is the modulus and @ is the argument.
Theorem: If f(z) = u(r, ) + iv(r, 9) is differentiable at z = re'®, then u, = %vg,vr = —%ug

du 10v odv —10du
OrR) 1% &_-1
( ) ar rade’ or r 00

Proof:
Letz=re®andw = f(z) =u +iv
(i.e)u+iv=f(z)=f(re?)
Diff. p.w. r. tor, we get
a_u 6_17 — £ 6 i0
ar+lar—f(rel)e‘ (D
Diff. p.w. r. to 8, we get
a_u a_v _ ' 6 i0
69+lae—f(rel)e‘ .. (2)
= ri[f'(re®®) e'?]

= i [Z—’r‘+ z%] by (1)

=ri——71—
ar ar
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Equating the real and imaginary parts, we get

u_ _ v v _ 0w
a0 ar' 98 ar

(e)P =10v ov_ -10v
“lor  roe’ ar  r 99

Problems based on Analytic functions — necessary conditions Cauchy — Riemann

equations
Example: 3.6 Show that the function f(z) = xy + iy is continuous everywhere but not differentiable
anywhere.
Solution:

Given f(z) =xy +iy

(i.e.) u=xy,v=y

x and y are continuous everywhere and consequently u(x,y) = xy and v(x,y) = y are continuous
everywhere.

Thus f(2) is continuous everywhere.

But u=xy =y
U, = v, =0
U, = v, =1
Uy # V) Uy #F — Uy

C—R equations are not satisfied.

Hence, f(z) is not differentiable anywhere though it is continuous everywhere .
Example: 3.7 Show that the function f(z) = z is nowhere differentiable. [A.U N/D 2012]
Solution:

Given f(z) =z=x—iy

i.e., u=x v=-—y
u v
— — =0
—=1
dx ox
% _p v =1
ay dy
Uy #F Uy

C—R equations are not satisfied anywhere.

Hence, f(z) = z is not differentiable anywhere (or) nowhere differentiable.
Example: 3.8 Show that f(z) = |z|? is differentiable at z = 0 but not analytic at z = 0.
Solution:

Letz =x+1iy
zZ=x—1y

|z|? =27z =x?+ y?
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(i.e) f(2) =z|*> = (x? + y?) +i0

u=x?%+y? v=20
U, = 2x v, =0
U, =2y v, =0

So, the C—R equations u, = v, and u,, = —v, are not satisfied everywhere except at z = 0.

So, f(z) may be differentiable only at z = 0.

Now, u, = 2x, u,, = 2y,v, = 0 and v, = 0 are continuous everywhere and in particular at (0,0).
Hence, the sufficient conditions for differentiability are satisfied by f(z) atz = 0.

So, f(z) is differentiable at z = 0 only and is not analytic there.

Inverse function

Let w = f(z) be a function of zand z = F(w) be its inverse function.

Then the function w = f(z) will cease to be analytic at g—; =0and z = F(w) will be so, at point where

dw
—=0.
dz

Example: 3.9 Show that f(z) = log z analytic everywhere except at the origin and find its derivatives.
Solution:

Let z = ret®

f(z) =log z
= log(re'®) = logr + log(e'®) = logr + i@

But, at the origin, r = 0. Thus, at the origin, Note:e ™™ =0

[oe)

f(z) =log0+i0 = —0+i6 loge™® =1log0;—o0 = log0

So, f(2)is not defined at the origin and hence is not
differentiable there.

At points other than the origin, we have

u(r,0) =logr v(r,0) =
1 v, =
ur=; T
u9=0 1]9—1

So, logz satisfies the C—R equations.
Further% is not continuous at z = 0.

So, u,, ug, vy, Vg are continuous everywhere except at z = 0. Thus log z satisfies all the sufficient conditions

for the existence of the derivative except at the origin. The derivative is

1\,
' Uptiv (—)+l(0) 1 1
f@)= Teierz Teie = =3

Note: f(2) =u+iv = f(re®®)=u+iv

rel gz
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Differentiate w.r.to ‘r’, we get

v

; i0 1000y — 0% -
(i.e.) e f'(re )_6r+lar

Example: 3.10 Check whether w = z is analytics everywhere. [Anna, Nov 2001] [A.U M/J 2014]
Solution:
Let w=f(2) =2

u+iv = x — iy

u=x v=-—y
u, =1 Uy =
u, =0 v, = —1

u, # v, at any point p(x,y)
Hence, C—R equations are not satisfied.
~The function f(z) is nowhere analytic.
Example: 3.11 Test the analyticity of the function w = sin z.
Solution:
Letw = f(2) = sinz

u + iv = sin(x + iy)

u + v = sin x cosiy + cosxsiniy

u + iv = sinxcoshy + i cos x sin hy

Equating real and imaginary parts, we get

u = sinx coshy v = cosx sinhy

U, = cosx coshy v, = —sinx sinhy

U, = sinx sinhy vy = cosx coshy
Uy = vy and uy, = —v,

C —R equations are satisfied.
Also the four partial derivatives are continuous.
Hence, the function is analytic.
Example: 3.12 Determine whether the function 2xy + i(x? — y?) is analytic or not. [Anna, May 2001]
Solution:
Let f(2) = 2xy + i(x? —y?)

(i.e.) u = 2xy v=x*-y?
ou av
azZy asz
Ju av
@=2x @z—Zy

Uy # vy and u, # —v,
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C—R equations are not satisfied.
Hence, f(z) is not an analytic function.
Example: 3.13 Prove that f(z) = cosh z is an analytic function and find its derivative.
Solution:
Given f(z) = coshz = cos(iz) = cos[i(x + iy]
= cos(ix —y) = cosix cosy + sin(ix)siny

u + v = coshxcosy +isinhxsiny

u = coshx cosy v = sinhxsiny
u, =sinh x cosy v, =cosh x siny
u, = —coshxsiny v, =sinh x cosy

“ Uy, Uy, Uy and v, exist and are continuous.
Uy = vy, and u, = —v,
C—R equations are satisfied.
~ f(2) is analytic everywhere.
Now, f'(z) = u, + iv,
= sinhx cosy + icoshxsiny

= sinh(x + iy) = sinh z

Example: 3.14 If w = f(z) is analytic, prove that ‘;—‘: = Z—: = —iZ—‘;' where z = x + iy, and prove that
Pw _

P 0. [Anna, Nov 2001]

Solution:

Letw = u(x,y) +iv(x,y)

As f(z) is analytic, we have u, = vy, u, = —v,

dw . . . .
Now, o f'(z) =uy +ivy = vy, —iu, =i(uy, +iv))

u ,0v .[au .av]
6x+ 0x 6y+ ady
a . . 0 .
=—(u w)=—-1—(Uu v
(Ut iv) = —i - (u+ iv)
_ow_ ;0w
T oax ady

We know that, w _ 0
0z

. aZW —
" 9z07

22w _

Also =
7 dz
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Example: 3.15 Prove that every analytic function w = u(x,y) + iv(x, y)can be expressed as a function
of z alone. [A.U. M/J 2010, M/J 2012]

Proof:
Letz=x+iy and Zz=x-—1iy

z+zZ z+zZ
X =— and Yy =
2 21

Hence, u and v and also w may be considered as a function of z and z

R 0 .
Consider Z=Z+iZ
0z

_(6_u_6_x+6_u_6_y)+(@% @a_y)
“\ox 9z ' 9y oz 9x 9z dy 9z

1 1 (1 1
= (Gur =) +i(Guw—3m)
1 i
=E(ux —vy) +E(uy +17x)
= 0 by C—R equations as w is analytic.

This means that w is independent of z

(i.e.) wis a function of z alone.

This means that if w = u(x,y) + iv(x, y) is analytic, it can be rewritten as a function of (x + iy).
Equivalently a function of z cannot be an analytic function of z.

Example: 3.16 Find the constants a, b, cif f(z) = (x + ay) + i(bx + cy) is analytic.
Solution:

f(@) =ulx,y) +iv(x,y)
= (x+ ay) + i(bx + cy)

u=x+ay v=bx+cy
u, =1 v, =b
U, =a vy, =cC

Given f(z) is analytic
Su,=v, and u, = -,
1=c¢c and a=-—b

Example: 3.17 Examine whether the following function is analytic or not f(z) = e *(cos y —isiny).
Solution:

Given f(z) = e™™(cosy -i siny)

S>u+iv=e*cosy-ie*siny

u=e>*cosy v=—e*siny

u, =—e*cosy v, =e *siny

u, = —e " *siny v, = —e *cosy
Here, u, = v, and u, = —vy
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= C—R equations are satisfied
= f(z) is analytic.

Example: 3.18 Test whether the function f(z) = %log(x2 +y? + tan™! (i) is analytic or not.
Solution:
i -1 2 2 4 itan—1(Y
Given f(z) = 5log(x® +y* +itan (x)

. o1 2 2 4 itan-1(2
(l.e.)u+w—210g(x +y“+itan (x)

1
= Elog(xz +y?%) v =tan™? (%)
1 1 y
Uy = 2 %2 ¥y 2(x) Vx=1+y_2 xz]
XZ
X
x4+ y2 __Y
" x% +y?
Yy =052 +y2(y) __1 1
Uy = y2 ;
:L 1+F
x?% + y? X
T X2+ y?
Here, u, = vy, and u, = —v,

= C—R equations are satisfied
= f(z) is analytic.

Example: 3.19 Find where each of the following functions ceases to be analytic.

-\ ZHI
()( 2_1) (")m
Solution:
() Let £(2) =
, _ (z%2-1)(1)-2z(22) _ —(z%+1)
fla) =" =Gy

f(z) is not analytic, where f'(z) does not exist.
(i.e.) f'(z) >
(i.e)(z2=1)?2=0
(i.e) z>2—-1=0
z=1
z==1
~ f(z) is not analytic at the points z = +1

(i) Letf(2) = ﬁ

, _ (z—i)z(l)(z+i)[2(z—i)] __ (z+30)
f2) = (z-i)* T (z-0)3
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f'(z) »w,atz=1i
~ f(z) is not analyticat z = i.
Exercise: 3.1

1. Examine the following function are analytic or not

1. f(z) =e*(cosy+isiny) [Ans: analytic ]
2. f(z) =e*(cosy-isiny) [Ans: not analytic]
3. f(2)=2z3+z [Ans: analytic ]
4. f(z) =sinxcosy+ icosxsinhy [Ans: analytic ]
5. f(z) = (x? —y2+2xy) + i(x? — y? — 2xy) [Ans: not analytic]
6. f(z)=2xy+i(x?—-y? [Ans: not analytic]
7. f(z) =coshz [Ans: analytic ]
8. fo)=y [Ans: not analytic]
9. f(z) = (x?—y2—=2xy)+i(x? —y? + 2xy) [Ans: analytic ]
10. f(2) = xx:jz [Ans: analytic ]

2. For what values of z, the function ceases to be analytic.

1

) [Ans: z = +1]
: Zlf [Ans: z = +1]
3. Verify C-R equations for the following functions.
1. f(z) = ze*
2.f(z2)=1lz+m
3.f(z) =cosz

4. Prove that the following functions are nowhere differentiable.

1. f(z) =e*(cosy-isiny)

2. f(2)=|z|
3. fo)=z—-2Z
5. Find the constants a, b, ¢ so that the following are differentiable at every point.
1. f(z) =x+ay—i(bx+cy) [Ans.a = b,c = —1]
2. f(z) =ax?—by*+icxy [Ans.a =b =§]

3.3 PROPERTIES - HARMONIC CONJUGATES
3.3 (a) Laplace equation

2%2p | 82 . L . :
a—;ﬁ + ﬁ = 0 is known as Laplace equation in two dimensions.

3.3 (b) Laplacian Operator

2 2
% + aa? is called the Laplacian operator and is denoted by V2.
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L 0% | 0%¢ | 9% . . . .
Note: (i) =t 77 to2 = 0 is known as Laplace equation in three dimensions.

Note: (ii) The Laplace equation in polar coordinates is defined as
Properties of Analytic Functions
Property: 1 Prove that the real and imaginary parts of an analytic function are harmonic functions.
Proof:

Let f(z) = u + iv be an analytic function

Uy =1y ...(1) and u, =-v ...(2)byC-R

Differentiate (1) & (2) p.w.r. to x, we get

Uyy = Vxy...(3) and Uyy = —Uxyx .. (4)
Differentiate (1) & (2) p.w.r. to x, we get
Uyy = Vyy ...(5) and  uy, = -1y, ...(6)
B)+(6) = Uyt Uy =0 [ vy = 1), ]
G)-(4)=> vty =0 [¥Uyy = Uy
~ u and v satisfy the Laplace equation.

3.3 (¢) Harmonic function (or) [Potential function]

A real function of two real variables x and y that possesses continuous second order partial derivatives
and that satisfies Laplace equation is called a harmonic function.
Note: A harmonic function is also known as a potential function.
3.3 (d) Conjugate harmonic function

If u and v are harmonic functions such that u + iv is analytic, then each is called the conjugate
harmonic function of the other.
Property: 2 If w = u(x,y) + iv(x,y) is an analytic function the curves of the family u(x,y) = ¢, and

the curves of the family v(x, y) = c, cut orthogonally, where ¢; andc, are varying constants.

Proof: [A.U D15/J16 R-13] [A.U N/D 2016 R-13] [A.U A/M 2017 R-08]
Let f(z) = u + iv be an analytic function
S U =v,...(1) and u,=-v, ...(2)byC-R

Given u=c;andv = c,

Differentiate p.w.r. to x, we get
ux+uy2—i/=0and vx+vy2—z=0
d_y — TU% and d_y — V%

dx Uy dx vy
-u -v
=>‘m,1 == :>m2 ==
Uy Vy
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my.my = (1) (‘—) - (”—) (%) = ~1 by (1) and (2)

uy )\ vy uy ) \uy
Hence, the family of curves form an orthogonal system.

Property: 3 An analytic function with constant modulus is constant. [AU. A/M 2007] [A.U N/D 2010]
Proof:

Let f(z) = u + iv be an analytic function.

U, =71,...(1) and u, =-v ...(2)byC-R

Given |[f(2)| =Vu2+v2 =c#0

=|f(2)| = u? + v? = 2 (say)

(i.e)u?+v:i=c? ...(3)
Differentiate (3) p.w.r. to x and y; we get

2uu, + 2vv, = 0> uu, +vv, =0 ..(4)
2uu, + 2vv, = 0 > uw, + vv, =0 ...(5)
@Hxu = v?u,+uvv, =0 ...(6)
Gyxv =uvu,+ vy, =0 ..(7)

6)+(7) = vlu, + vy, +uv v, +u,] =0
= vulu, + viu, +uv[—u, +u,] =0by (1) &(2)
> (W+vH)u, =0
= u,=0
Similarly, we get v, = 0
We know that f'(z) =u, +v, =0+i0=0
Integrating w.r.to z, we get, f(z) = ¢ [Constant]
Property: 4 An analytic function whose real part is constant must itself be a constant. [A.U M/J 2016]

Proof :
Let f(z) = u + iv be an analytic function.

U =7,...(1) and u,=-v, ...(2)byC-R
Given u=c¢ [Constant]
su, =0, U, = 0

=u, =0, v, =0 by (2)
We know that f'(z) = u, +iv, =0+i0=0
Integrating w.r.to z, we get f(z) = ¢ [Constant]
Property: 5 Prove that an analytic function with constant imaginary part is constant. [A.U M/J 2005]
Proof:
Let f(2z) = u + iv be an analytic function.
> U, =7,...(1) and U, =-v ...(2)byC-R
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Given v = ¢ [Constant]
=>v, = 0, v, =0
We know that f'(2) = u, + iv,
=y +iv, by (1) =0+i0
= f(z2)=0
Integrating w.r.to z, we get f(z) = ¢ [Constant]

Property: 6 If f(z) and f(z)are analytic in a region D, then show that f(z) is constant in that region D.
Proof:

Let f(z) = u(x,y) + iv (x,y) be an analytic function.
f(@) =ulxy) —iv(xy) =ulxy) + i[-v(x,y)]
Since, f(z) is analytic in D, we get u, = v, and u, = —v,
Since, f(z) is analytic in D, we have u, = —v, and u, = v,
Adding, we get u, = 0 and u,, = 0 and hence, v, = v, =0
“ f(Z)=uy+iv,=0+i0=0
~ f(z) isconstant in D.
Problems based on properties
Theorem: 1 If f(z) = u + iv is a regular function of z in a domain D, then V2|f(2)|? = 4|f'(2)|?
Solution:
Given f(z) =u+iv
= If@| =Vuz +v?
= |f(2)]? = u? + v?
= V2| f(2)|? = V?(u? + v?)

= VZ(u?) + V?(v?) .. (D
202y — (22 L 0%, 2, 9@’ , 9’(w?)
v (u)—(ax2+ay2)u =P+ 5 (2
0% 2y = 2 [y, 2 0u du ?u o (0w
@(u)_ax[ _2[ axZ axax]_zuax2+2(ax)

2
Slmllal’|y, 2 (uz) = Zu_ t2 (ay)

(2> v2(u?) = 2u(Zh+24) +2 [ (a“)z]

oy

=0+2 [(Z—Z) + (Z—z) ] [~ u is harmonic]
VE(u?) = 2uf + 2u3
Similarly, V2(v?) = 2v{ + 2v]
D)= V?|f(2)|* = Z[u,zc +uj +vf+ vy]

= 2[“925 + (_vx)z + 17x + upzc] [“u, = Uy, Uy = —Vy]
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= 4[ui +v¢]
(L.e)V?f (D) = 4If' (DI
Note: f(z) =u+iv; f'(z) = u, + iv, ;
(0N () = vy + iy 5 If' (D] = JuZ + 025 If' @DI* = ud + v}
Theorem: 2 If f(z) = u + iv is a regular function of z in a domain D, then V?2 log |f(z)| = 0 if

f(z) f'(z) # 0in D. i.e., log |f(z)| is harmonic in D. [A.U A/M 2017 R-13]
Solution:

Given f(z) =u+iv
F | = VuZ + 7
log I (2)| = ; log (u? +v*)

Viloglf(2)| = % VZlog (u? + v?) = %(% + ;—yz)log(u2 + v?)

=12 [log(u® +v*)] + li[lo (u? + v?)] (D
2 0x2 9 2 9y? g
1982 24 2y =297t du w\] = 9 [uuxtvvy
2 9x2 [log(u T )] T 20x [uz+v2 (Zu 0x + Zvax)] - ax[ u2+v? ]

(U402 [Ul g s Uy + VD A Vi Vx ] — (Ul +0Vx) (2UUx + 20Dy
(u2+v2)2

(U +v?) Uty +vv tuZ+vE] - 2(uuy +vvy) 2
(u2+v2)2

. 1 92
Similarly, 2557

_ (u?+v?2) [uttyy +vvyy +uF+v3] - 2(uny, +vvy)?
(u?+v2)2

[log(u? + v?)]

2,2 2,2 2,2V 2_ 2
(D)= Vzloglf(z)l _ (u2402) [U(Ux+iyy ) +V(Vxx+Vyy) +(1::i-zl-rzz;(vx+vy)] 2[utg+vvx] 2 —2[uny +vv,y |

(u?+v2) [w(0)+ (uF+vE) +ud +v3)——2[uud+v2vi+2uv urvx+u? ud+v2v3+2uv uy vy |
- (u2+v?2)2

[ Upx + Uyy = 0, Vyy + vV, = 0]

_ @v)[|f @2+ (@) -2[ud UG+ ud) v WE+v§) +2uv(uy vxtuy vy]
- (u2+v2)2

[“f' @ =u+iv,|f'(D| =u, +iv, (0r) f'(2) =v, —iuy|f' (2> =ui+ v¢
N If' @DI* =u3 + v}

_ 2(u2+v2)[|f’(z)2|—2[u2|f’(z)|2+v2|f’(z)2|+2uv(0)]
- (u2+v2)2

[“ux = Uy, Uy = —Vy]
DUy U Uy, =0
=ui +uy =uz + vy = |f'(2)?
=v; +v = uj+ vy =|f' (2

22+ f(@) P2 +vd)|f (2|
- (u2+v2)2

(i.e.) V2log|f(2)| =0
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Theorem: 3 If f(z) = u + ivis a regular function of z in a domain D, then
VZ(wP) = p(p — 1) uP2|f'(2)|?
Solution:
2 62
Vi) = (5 + a—z) @

= 2 (W) + 1 (@)

dx?2
" ) = [ up~1 a_u] = puPuy, +p(p — DuP~?(uy)?
6x2 - p dx =p pd p(p X
. a2 _ _
Similarly, ﬁ(ul’) = puP~tu,, +p(p — DuP~2(u,)?
(1) = V2(WP) = puP N uy, +uyy) +p(p—DuP?[uf + uj]
= pu?~1(0) +p(p — DuP~?|f'(2)I?
[“Uye +uyy = 0,f(2) =u+iv,f'(2) =u, +ivy, |f(DI* =ui +u3
» V2@P) = p(p — 1) uP~?|f"(2)|?
Theorem: 4 If f(z) = u + iv is a regular function of z, then V2|f(2)|? = p?|f(2)|P7%|f'(2)|?.
[A.U N/D 2015 R-13]

Solution:
Letf(z) =u+iv
|f(2)] = Vu? + v? (@)
If ()P = (u? + v?)P/? ... (b)
V2| f(2)|P = (@ + —) (u? + v?)P/2
=2 w4 v2)P/2 + 2w + v2)P/2
6x2 dy?
02 2 2yp2 =0 (P2 oNE-1], du w
axz(u + v°) _axz(u + v°)2 [2u8x+2vax]
p
= pu? + vz uy o + Uyl + VU, + V0]
+p (— - 1) (u?+v ) 2(uu . + vv,) Quuy, + 2vv,)
=p(u?+ vz)Tl[uuxx + u2 + vv,, + v2]
+2p (— — 1) (u?>+v ) 2(uu  + vvy)?
Similarly, 37 (u + v2)P/2 = p(u? + v? [uuyy +uj + vy, + vy]

+2p (—— 1) W + v?)s 2(uuy, + vvy)?
p_
= V@ =p@® +v9)27 [uues +yy) + v(0n + vyy) + 1 + 05 + 07 + 5] +
4
2p (g - 1) W? + v2)2 ?[uPu2 + v202 + 2uv u, vy + Ul + 20 + 2uv u, vy |

= p(u? + 1)z [u(0) + v(0) + 2(u2 + u2)]
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+2p (— — 1) (u? +v? 2[uz(ux +u) + v2(V2 + v2) + 2uv(u vy + Uy vy)|
=2p(u® +v )__llf (@)% +2p (— - 1) W +v )_ “[PIf' (D12 +v? | (2)|? + 2uv(0)]
= 2p(? +v?): P @I + 2p (- 1) @22+ 07): 2 (@ + v (D))
= 2p(u? +v)_1|f(z)|2+2p(§ )(u +v )_1|f(z)|2
= 2@ + v P @1 1+ 2 1]
= 2p(u? + V) @2 = put +v2) 7 If @)
= p*(Vu? + v2)P7?|f'(2)|?
= p?|f (@ IP~2|f"(2)|* by (a) & (b)
Theorem: 5 If f(z) = u + iv is a regular function of z, in a domain D, then
Zir@I] +[21r@I] = IF@r [A.U AIM 2015 Rg]
Solution:
Given f(z) =u+iv
If (2| = Vu? + v?
21 (@) = = [VuZ +v7]

= [2uu, + 2vv,] =

Uy +VVy

Vu2+v?2

2Vu2+

[i |f(Z)|] _ (U +v5)?2  u2u+020E+2Uv Uy vy

u2+v? u2+v2

u uy+v vy+2uvuyvy

Similarly, [ |f(2) I]

u2+v2

2[uz+ud]+v2[VE+vF]+2uv [Uyvx+uyvy]

[:_xlf(z)l] + [:—y|f(z)|]2 == u2+v2

_ WA @P+vAIf (@) P +2u v (0) ., . _
= 2 [ Uy = vy Uy = —Vy]
_ @P+rA)If@)1? _

u2+v?

If' (D[ uyvy + uyvy, = 0]
Theorem: 6 If f(z) = u + iv is a regular function of z, then V?|Re f(z)|? = 2|f'(z)|?
Solution:
Let f(z) =u+iv
Ref(z) =u
IRe f'(2)|? = u?
VZ|Re f'(2)|?

Il
<
N

<
N
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=21f'DI?

Theorem: 7 If f(z) = u + iv is a regular function of z, then prove that V?|Im f(z)|? = 2|f'(z)|?
Proof:

Let f(z) =u+iv
Imf(z)=v
lIm f(2)|? = v?
:—x(vz) = 2vv,

62
ox2? (vz) = 2[vvxx + vax] = 2[vvxx + 17,?]

2
similarly, 7 (v?) = 2[vvyy + v]

a2 92
(ﬁ + ﬁ) lIm f(2)|* = 2[v(Vyx + vyy) + V7 + V)]

= 2[v(0) + u2 + v2] by C—R equation

=2|f'(2)|?
Theorem: 8 Show that 2 + 2= = 4 2 (or)ST v2=4- 2
. ax2  9y? 9zdz T 9zoz
Proof:
Let x &y are functions of zand Z
. zZ+zZ zZ—Z
that is X—T,y—7
9 _29x 00
dz  9x 0z dy 0z
a (1 a1 1[o .10
—aQ)+£Eﬂ—aa+?£]
a a4 .19
25—5 75 ...(1)
9 _20x 20
9z 9xdz dyaz
S 2 ()42 [ =22 -22
T ax \2 ayl2il — 2lex ioay
a a 14
25,=(5=72;) - (2)
2 92

0% L0 _ (0, 10\(0 10, I
6x2+6y2_(ax+iay)(ax iay)[' (a+b)(a—b)=a b“]

a )

=(22)(22) by &

~ T 0zoz
Theorem: 9 If f(z) is analytic, show that V2| f(z)|? = 4|f'(z)|*
Solution:

We know that, 2 + 2= = 42
e Know t at,w+ﬁ— pyy

If@I* = f(2)f (@)
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V2| f(2)|? = 4 5= [f(Df )]
=4[5 @] [57@)
[f (2)is independent of Zand f(z) is independent of z]

L V@ =4l @ |2 f (@) = 4 (DF @
=41 f'@I? [+2zz=|@I]
Example: 3.20 Give an example such that u and v are harmonic but u + iv is not analytic.
[A.U. N/D 2005]

Solution:

— 2 A2 __Y
u=x ye, v—x2+y2

Example: 3.21 Find the value of m if u = 2x? — my? + 3x is harmonic. [A.U N/D 2016 R-13]

Solution:

Givenu = 2x? —my? + 3x

0%u | 9%u . .
ﬁ+ﬁ—°[' u is harmonic] (D
ou Ju
P 4x + 3 % —2my
0%u 0%u
o . em
~(W)=>@+(=2m)=0
>m=2

3.4 CONSTRUCTION OF ANALYTIC FUNCTION
There are three methods to find f(z).
Method: 1 Exact differential method.
Q) Suppose the harmonic function u(x, y) is given.
Now, dv = v,dx + v, dy is an exact differential
Where, v, and v,, are known from u by using C—R equations.
cv=Jvedx+ [vydy = — [uydx + [u,dy
(i) Suppose the harmonic function v(x, y) is given.
Now, du = u,dx + u,dy is an exact differential
Where, u, and u,, are known from v by using C—R equations.
u=[u,dx+ [udy
= [vdx + [ —v,dy
= [vydx — [v,dy
Method: 2 Substitution method
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f(z) =2u E (z + a),_?i (z - a)] — [u(a, 0),—iv(a, 0)]
Here, u(a, 0), —iv(a, 0) is a constant
Thus f(2) =2u[(z+a),Z @-a)|+C
By taking a = 0, that is, if f(z) is analytic z = 0 + i0,
We have the simpler formula for f(z)
f2)=2[ul,Z|+c

Method: 3 [Milne — Thomson method]

(i) | To find f(z) when u is given
Letf(z) =u+iv
f'(2) = uyx +ivy
= u, — iv), [by C—R condition]
~ f(2) = [uy,(2,0)dz—i [ u,(z 0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.

(i) To find f(z) when v is given
Letf(z) =u+iv
f'(2) = uy + ivy
= v, +iv, [by C—R condition]

~ f(2) = [v,(z,0)dz +i[ v.(2z,0)dz+ C [by Milne—Thomson rule],
Where, C is a complex constant.
Example: 3.22 Construct the analytic function f(z) for which the real part is e* cos y.
Solution:
Given u = e*cosy
= u, =e*cosy [+ cos0 =1]
= U,(z,0) = e*
= u, =e*cosy [+ sin0 = 0]
= u,(z,0) =0
~ f(2) = [u, (z,0)dz —i [ u,(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
“f(2)=[e?dz—if0dz+C
=e’+C
Example: 3.23 Determine the analytic function w = u + iv if u = e**(x cos 2y — y sin 2y)
Solution:
Given u = e?*(x cos 2y — y sin 2y)

U, = e?*[cos 2y] + (xcos2y — ysin2y)[2 e?*]
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u,(z,0) = e??[1]+[z(1) — 0][2e?%%]
= e%% 4 2ze%*
= (14 2z)e?*
uy, = e**[—2xsin 2y — (y2cos2y + sin 2y)]
uy(2,0) =e*[-0-(0+0)]=0
~ f(2) = [u, (2,0)dz — i [ uy(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
f(2)=[(1+22)e?*dz—i[0+dz+C
= [(1+22)e¥dz+C

2z 2z
=(1+ZZ)ET—ZET+C [‘.‘fuvdz:uvl—u’v2+u”v3_...]

eZZ eZZ

=—+ze” ——+C
2 2

= ze?” +(C
Example: 3.24 Determine the analytic function where real part is
u=x3 - 3xy% + 3x% —3y% + 1. [Anna, May 2001]
Solution:
Given u =x3—3xy?+3x%2—-3y%2+1
u, = 3x% —3y? + 6x
= u,(z,0) =322 -0+ 62
u, =0—-6xy+0—6y
= uy(z,0)=0
f(2) = [u,(2,0)dz —i [ u,(z 0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
f(z2)=[(Bz%2+62z)dz—i[0+dz+C

2 2
=3-+6—+C

=z3+322+C

Example: 3.25 Determine the analytic function whose real part in sin2x

cosh 2y—cos 2x
[Anna, May 1996][A.U Tvli. A/IM 2009][A.U N/D 2012]

Solution:

. sin 2x
Given u = ——
cosh 2y—cos 2x

_— (cosh 2y—cos 2x)[2 cos 2x]—sin 2x[2 sin 2x]
v =

[cosh 2y —cos 2x]?

1 — cos 2z)(2 cos 2z)—2sin22z
(

[cosh 0—cos 2z]?

Uu,(z,0) =

__ 2cos2z—2 cos?2z—2sin?2z
(1-cos2z)?
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_ 2cos2z—2[cos?2z+sin?2z]
- (1-cos2z)?

__ 2cos2z-2

" (1-cos2z)?

__ —2(1—cos2z)
(1-cos2z)?

__ 2cos2z-2
(1-cos2z)

_ -2
" 2sin2?2
= —cosec?z

(cosh 2y—cos 2x) (0) — sin 2x[2 sin 2y]
u =
y [cosh 2y —cos 2x]?

= uy(2,0)=0
f(2) = [u,(z,0)dz—i[u,(z,0)dz + C [by Milne—Thomson rule],
where C is a complex constant.

f(2) = [(—cosec?z)dz—i[0dz+C
=cotz+C
Example: 3.26 Show that the function u = ilog(x2 + y?) is harmonic and determine its conjugate.

Also find f(2) [A.U AIM 2008, A.U A/M 2017 R8]

Solution:

Given u = %log(x2 +y2)

1 1 x
Uy =>——2x) = iy?

- E(x2+y2)
z
:>ux(z,0) :Z_z :;
_ (xP+yH)[1]-x[2x] _ x%+y%-2x? _ y?-x?
Uxx = [x2+y2]2 - [x2+y2]2 - [x2+y2]2 (1)
1 1 y
Uy = Ex2+y2 (Zy) = x24+y2
= u,(z,0) =0
_ (FP+yH))-y2y] . x*-y?
uyy - [x2+y2]2 - [x2+y2]2 e (2)
To prove u is harmonic:
) _ P +(x2-y?)
S Uy Uy = iy =0 by (1)&(2)

= u is harmonic.

To find f(2):
f(2) = [u,(2,0)dz—i[u,(z,0)dz + C [by Milne—Thomson rule],

Where, C is a complex constant.

f(z)=f§dz—if0dz+€

=logz+C
Page 24
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Tofindv:
f(2) = log (re®) [+ 2 = rei®]
u+iv =logr + log e’ = logr + i@
> u=Ilogr,v=20

Note: z =x + iy
r=lzl = JxZ 1 y?
logr = %log(x2 +y?)

tang =2
X

— -1(Y ; — -1(Y
0 = tan (x) i.e., v =tan (x)
Example: 3.27 Construct an analytic function f(z) = u + iv, given that

u = e ¥ cos 2xy. Hence find v. [A.U D15/J16, R-08]
Solution:

- 2 2 2 2
Given u =e* 7Y cos2xy =e* e ¥ cos2xy

Uy

Uy (z,0)

e‘yz[e"2 (—=2ysin 2xy) + cos 2xy ex22x]

1[ezz(0) + Zzezz] = 2ze*’
Uy, = exz[e‘y2 (—2x sin 2xy) + cos nye‘yz(—Zy)]
uy(z,0) = e? [0+ 0] =0
f(2) = [u,(z,0)dz—i[u,(z,0)dz + C [by Milne—Thomson rule]
= [2ze?"dz+C
=2[ze?dz+C
putt = z2, dt= 2z dz
= [etdt+C
=et+C
f(z) = e’ + C
Tofindv:
u+iv= e(x+iy)2 — exz—y2+i2xy — exz—yzeiz xy
= e**¥* [cos(2xy) + isin (2xy)]
v=e*"Y sin 2xy [+~equating the imaginary parts]
Example: 3.28 Find the regular function whose imaginary part is

e *(xcosy+ ysiny). [Anna, May 1996] [A.U M/J 2014]
Solution:

Given v = e *(xcosy+ ysiny)

v, = e *[cosy] + (xcosy + ysiny)[—e™¥]
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v (z,0) =eZ+ (2)(—e %) =(1—-2z)e”*
vy, = e *[—xsiny + (ycosy +siny (1))]
Ve (2,0) =e72[0+0+0] =0
~f@) = [v,(z,0)dz+i[v,(z,0)dz+ C [by Milne—Thomson rule]

Where, C is a complex constant.

f(2)

fodz+i[(1-2)e?dz+C
=if(1-2)e?dz+C

= t|a-al5]- el

=i[-(1—2)e?2+e7?]+C

=ize 4+ C
Example: 3.29 In a two dimensional flow, the stream function is ¢ = tan™! (%) Find the velocity

potential ¢. [A.U M/J 2016 R13]
Solution:
Given Y = tan™1(y/x)
We should denote, ¢ by u and yby v
v =tan"1(y/x)
| [—3’ -y v,(2,0) =0

X 14/ Lxz] T ox24y?

1 1 x z 1
Yy = Tig/n? [Z] = XZ4y? % (2,0) = 2=
~f(2) =[v,(z0)dz+i[v,(20)dz+C
f(z)=f§dz+if0dz+6 =logz+C
To find ¢:
f(2) = log (re®) [<z=re]
u+ iv = logr + log e®
u+iv=Ilogr +i6
= u = logr z=x+iy,|z| = /x2 + y?
> u= log\/ﬁy2

= >log(x? +y?)

So, the velocity potential ¢ is
¢ = zlog(x? +y?)
Note: In two dimensional steady state flows, the complex potential
f(2) = p(x,y) + i(x,y) is analytic.

Example: 3.30 If w = u + iv is an analytic function and v = x* — y* + foyZ’ find w.
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Solution: [Anna, May 1999]

x
x2+y2

Given v =x2—-y?+

(?+yH (W) -x(2x)

Ve =2x—0+ Z1y0)2
_ y2_x2 _ (—ZZ)
=2x+ Gy v (2,0) =2z + 22
= v,(z,0) = 2z —Ziz
-0 _ 0-x(2y)
v, =0-2y+ Z1y2)?
_ _ _ 2xy
=0 Zy (x2+y2)2
= v,(2,0) =0

~ f(2) = [v,(2,0)dz +i [ v,(z,0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant.
f(2)=[o0dz+if(2z—%)dz+C
=i25+]]+c [+ ] Fdz=3]
=1 [zz + ﬂ +C
Example: 3.31 If f(z) =u+iv is an analytic function and u— v = e*(cosy —siny), find f(z)
interms of z. [A.U Dec. 1997]
Solution:
Given u —v = e*(cosy — siny), ..(4)
Differentiate (A) p.w.r. to X, we get
U, — v, = e*(cosy —siny),
Uy(2,0) —v,(2,0) = e” (D
Differentiate (A) p.w.r. to y, we get
— vy, = e*(—siny — cosy)

Uy

Uy (z,0) — vy (2, 0) = e?[—1]
e, u,(z,0) —v,(z0) = —e”
—1,(2,0) —uy(2,0) = —e* ... (2) [by C—R conditions]
D+ 2)= -2v,(2,0)=0
= 1,(2,0) =0
(1) = u,(z,0) =¢”
f(2) = [u,(z,0)dz+i [ v.(z,0)dz+ C [by Milne—Thomson rule]
f(z) =[e?dz+i0+C
=e’+C
Example: 3.32 Find the analytic functions f(z) = u + iv given that
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0] 2u+v =-e*(cosy—siny)

(i) wu-—2v=e*(cosy—siny) [A.U A/M 2017 R-13]
Solution:
Given (i) 2u+v = e*(cosy —siny) ...(4)

Differentiate (A) p.w.r. to x, we get
2u, + v, = e*(cosy — siny)
2u, —u, = e*(cosy —siny)  [by C—R condition]
2uy(z,0) —u,(z,0) = e” (D
Differentiate (A) p.w.r. to y, we get
2u, + v, =e*[—siny — cosy]
2u, +u, = e* [—siny —cosy] [by C—R condition]
2uy(z,0) + u,(z,0) = e?(—1) = —e” .. (2)
(D x2) = 4u,(z0) - 2u,(z0) = 2e* ..(3)
(2)+ () = 5u,(z,0)=e?
= u,(z,0) = iez
(1) =2u,(z0) = %ez —ef = —Sez
= uy(z,0) = —%ez
f(2) = [u,(2,0)dz —i [ u,(z 0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant.
f(2) = fiezdz— if—gezdz+ C
= Eez +§iez +C
= 1+T3iez +C
(i) u—2v=-e*(cosy —siny) ...(B)
Differrentiate (B) p.w.r. to X, we get
U, — 2v, = e*(cosy — siny)

u, + 2u, = e*(cosy —siny)  [by C—R condition]
Uy (2,0) + 2u,, (2,0) = e” (D

Differentiate (B) p.w.r. to y, we get
u, — 2v, = e*[—siny — cosy]
u, — 2u, = e* [—siny —cosy] [by C—R condition]
Uy (z,0) — 2u,(z,0) = —e” . (2)
(D x(2) = 2u(z0)+4u,(z0) = 2e* ..(3)
(2)+ @) = 5u,(z0) =e”
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= u,(z,0) = %ez

2
(1) =>u(z0) = —gez + e?

3
= —e?
5

f(@) = [u,(z,0)dz—i[u,(z,0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant.
f(2) = f%ezdz— if%ezdz+ C
— E z __ 1 z _3__i z
= e lse+C—Se+C
Example: 3.33 Determine the analytic function f(z) = u + iv given that
3u+2v =y?—x% +16xy

[A.U. N/D 2007]
Solution:

Given 3u+2v = y? — x? + 16xy ..(4)
Differentiate (A) p.w.r. to X, we get
3u, + 2v, = —2x + 16y

3u, — 2u, = —2x + 16y  [by C—R condition]
3uy(z,0) — 2u,(z,0) = -2z

(D
Differentiate (A) p.w.r. to y, we get
3uy, + 2v, = 2y + 16x
3u, + 2u, = 2y + 16x [by C—R condition]
3uy(z,0) + 2u,(z,0) = 16z .. (2)

(D x(2) = 6u,(z0)—4u,(z0) = -4z .(3)
2)x(3) = 9u,(z0) + 6u,(z,0) = 48z
3)-(4) = -13u,(z0)=-52z
> uy(z,0) =4z
(1) =3u,(2,0)=8z—2z=6z
= u,(z,0) =2z
f(2) = [u, (2,0)dz —i [ u,(z,0)dz + C [by Milne—Thomson rule]
where C is a complex constant.
f(z) = [2zdz—i[4zdz+C
=224
=z?—i2z°+C
=(1—-i2)z®+C
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sin 2x

Example:3.34 Find an analytic function f(z) =u+iv given that 2u+3v=m

[A.U. A/M 2017 R-8]

Solution:

sin 2x

Given 2u+3v=————
cosh 2y -cos 2x

Differentiate p.w.r. to x, we get
__ (cosh 2y -cos 2x) (2 cos 2x)—sin 2x (2 sin 2x)

2uy + 3vy =
x T 3Vx (cosh 2y -cos 2x)?
(cosh 2y -cos 2x)(2 cos 2x)—sin 2x (2 sin 2x) .-
2uy — 3u, = by C—R condition
X y (cosh 2y -cos 2x)? [ y ]
2 cos 2z(1—cos 2z)—2sin?2z
2u4(z,0) — Z =
Ux(2,0) 3uy( ,0) (1—cos 2z)?
__2c0s2z-2c0s%2z—2sin?2z
- (1-cos 27)?
2cos2z-2 -2

"~ (1-cos2z)?2  1-cos2z

2sin?z

2ux(z,0) — 3uy(z,0) = —cosec?z ..(D

= —cosec?z

Differentiate p.w.r.toy, we get

0—sin 2x(sinh 2y) ( )
(cosh 2y—cos 2x)2

0—sin 2x(sinh 2y) _ o
(cosh 2y—cos 2x)2 (2) [by C — R condition]

2uy(z,0) + 3uy(z,0) =0 .. (2)
Solving (1) & (2) we get,

2
= u,(z,0) = —Ecoseczz

2uy + 3Vy =

2uy + 3uy =

= uy(z,0) = —%coseczz
f(2) = [u,(2,0)dz —i [u,(z,0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant
f(z) = f(;—;) cosec’zdz —i | (13—3) cosec?®zdz + C

2 3
= (E) cotz + (E) cotz+C
_2+3i
T3
Example: 3.35 Find the analytic function f(z) = u+ iv given that 2u + 3v = e*(cos y -siny)

cotz+ C

[A.U A/M 22017 R-13]
Solution:
Given 2u+ 3v =e*(cosy -siny)
Differentiate p.w.r. to X, we get

2u, + 3v, = e*(cosy —siny)
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2u, — 3u,, = e*(cosy —siny)  [by C—R condition]
2uy(z,0) — 3u,,(2,0) = e* (D
Differentiate p.w.r. to y, we get
2uy, + 3v, = e*[—siny — cosy]

2u, + 3u, = —e* [siny + cosy] [by C—R condition]

2uy,(z,0) + 3u,(z,0) = —e? ..(2)
(1) x (3) = 6u,(z,0) —9u,(z0) = 3e” ..(3)
(2) x2 = 6u,(z0) + 4u,(z0) = —2e” (B

(3)—(4) = —13u,(z,0) = 5¢”*
__5 z
= uy(z,0) = ¢
(1) = 2u(z0)+e” =e”
15

2
— Z zZ —
2u,(z,0) =e —5e¢ = e

Z

:ux(z,0)=—%ez
f(2) = [u,(z,0)dz—i[u,(z,0)dz+C
) -1 (-5
~f(2) = fEeZ dz—lf(E)dz+C
= ez lezipc="lez 4
13 13 13
Exercise: 3.4

Construction of an analytic function
1. Show that the function u(x,y) = 3x2y + 2x? — y3 — 2y? is harmonic. Find the conjugate harmonic
function v and express u + iv as an analytic function of z.

[Ans: v(x,y) = 3x2y +4xy —x3+ C, f(z) = —iz3 + 2z% + iC where C is a real constant.]

2 sin 2x
e2Y+e~2Y-2cos2x

2. If f(z) =u+iv isananalytic functionof z, and if u = ,find v.

—2sinh 2y C]
e2Y+e~2Y—-2cos2x

[Ans:v =
3. Find v such that w = u + iv is an analytic function of z, given that u = e**~¥* cos 2xy. Hence find w.
[Ans: v = e**~¥* sin 2xy+C w = e? + C]
4. Find the analytic function w = u + iv if w = e?" (xcos 2y — y sin 2y).Hence find u.
[Ans:w = ize?” + C,u = —(xsin 2y + y cos 2y) e?* + (]

5 Ifv= ;32 find u such u + iv is an analytic function. What is the harmonic conjugate of v?

x+
x2+

—(x+y) 1+i
x2+y? f2) = 7+ ¢

[Ans:u = yz + C Harmonic conjugate of vis -u =
y

sin 2x

6. Find the analytic function whose real part is —————
cosh 2y+cos 2x

[Ans: f(z) =tanz + C]
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7. Find the analytic function whose imaginary part is —e ~2*Y cos(x? — y?)
[Ans: f(z) = —ieiz” + (]

6. Prove that u = 2* — x3 + 3xy? is harmonic and find its harmonic conjugate. Also find the corresponding
analytic function. [Ans:v = 2y — 3x%y + y3 4+ C, f(z) = 2z — z3 + iC]

7. Find the real part of the analytic function whose imaginary part is e *[2xy cos y + (y? —x?) sin y].
Construct the analytic function.
[Ans: u = e *[(x? — y?) cosy + 2xysiny], f(z) = z%e™% + (]

8. Find the analytic function f(z) = u + iv given that 2u + v = e**[(2x + y) cos 2y + (x — 2y) sin 2y]

[Ans: f(z) = ze?? + (]

Yy
x2+y2

9. Provethatu = x? —y?2andv = — are harmonic functions but not harmonic conjugates.

3.5 CONFORMAL MAPPING

Definition: Conformal Mapping
A transformation that preserves angels between every pair of curves through a point, both in
magnitude and sense, is said to be conformal at that point.

y

v Cy

2

Definition: Isogonal
A transformation under which angles between every pair of curves through a point are
preserved in magnitude, but altered in sense is said to be an isogonal at that point.
Note: 3.4 (i) A mapping w = f(z) is said to be conformal at z = z,, if f'(z,) # 0.
Note: 3.4 (ii) The point, at which the mapping w = f(z) is not conformal,
(i.e.)f'(z) = 0 is called a critical point of the mapping.
If the transformation w = f(z) is conformal at a point, the inverse transformation z = f~(w) is also

conformal at the corresponding point.

The critical points of z = f~1(w) are given by j—vzv = 0. hence the critical point of the transformation

dz

w = f(z) are given byi—‘: = 0 and =0,
Note: 3.4 (iii) Fixed points of mapping.
Fixed or invariant point of a mapping w = f(z) are points that are mapped onto themselves, are

“Kept fixed” under the mapping. Thus they are obtained from w = f(z) = z.
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The identity mapping w = z has every point as a fixed point. The mapping w = z has infinitely

many fixed points.

w= i has two fixed points, a rotation has one and a translation has none in the complex plane.

Some standard transformations

Translation:

The transformation w = C + z, where C is a complex constant, represents a translation.

Letz=x+1iy
w=u+ivandC =a+ib

Givenw =z + C,

(i,e)u+iv=x+iy+a+ib

sut+iv=(x+a)+i(y+Db)

Equating the real and imaginary parts, wegetu = x+a,v=y+b

Hence the image of any point p(x, y)in the z—plane is mapped onto the point p’(x + a,y + b) in
the w-plane. Similarly every point in the z—plane is mapped onto the w plane.

If we assume that the w—plane is super imposed on the z-plane, we observe that the point (x,y) and
hence any figure is shifted by a distance |C| = Va2 + b2 in the direction of C i.e., translated by the vector
representing C.

Hence this transformation transforms a circle into an equal circle. Also the corresponding regions in the z and
w planes will have the same shape, size and orientation.
Problems basedonw =z + k
Example: 3.36 What is the region of the w plane into which the rectangular region in the Z plane
bounded by the linesx = 0,y = 0, x = 1andy = 2 is mapped under the transformation w =
z+(2-1)
Solution:

Given w =z + (2 —1)
(le)u+iv=x+iy+Q2-i)=x+2)+i(y—-1)
Equating the real and imaginary parts

u=x+2, v=y—-1

Given boundary lines are transformed boundary lines are
x=0 u=0+2=2
y=0 v=0—-1=-1
x=1 u=1+2=3
y=2 v=2-1=1

Hence, the linesx =0,y =0,x =1,and y =2  are mapped into the linesu = 2,v = —1,

u = 3,and v = 1 respectively which form a rectangle in the w plane.
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Y

v
N _— e
u=0
x=0 x=1
[®) y=0 %
z-plane w-plane

Example: 3.37 Find the image of the circle |z| = 1 by the transformation w = z + 2 + 4i
Solution:

Givenw =z + 2 + 4i

(i,e) utiv=x+iy+2+4i
=x+2)+i(y+4)
Equating the real and imaginary parts, we get
u=x+2,v=y+4,
xX=u—2,y=v—4,
Given |z| =1
(il.e)x?+y?=1
u-2)2+@w-4)?2=1
Hence, the circle x? + y2 = 1is mapped into (u — 2)? + (v — 4)? = 1 in w plane which is also a

circle with centre (2, 4)and radius 1.

y

.

©o] 1
\- J O u

z-Plane

w-Plane

2. Magnification and Rotation

The transformation w = cz, where ¢ is a complex constant, represents both magnification and
rotation.

This means that the magnitude of the vector representing z is magnified by a = |c| and its direction
is rotated through angle @« = amp (c). Hence the transformation consists of a magnification and a rotation.
Problems based on w = cz
Example: 3.38 Determine the region ‘D’ of the w-plane into which the triangular region D enclosed by
the linesx = 0,y = 0,x + y = 1 is transformed under the transformation w = 2z.

Solution:
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Letw =u +iv
zZ=x+1iy
Given w =2z
u+iv=2x+iy)
u+iv=2x+1i2y
v

u=2x=>x=%,v=2y=>y=5

Given region (D) whose Transformed region D’ whose
boundary lines are boundary lines are
x=0 > u=20
y=0 = v=_0
x+y=1 = LA S S
ytp=rx=g.y=3l

(l.,e)u+v=2

In the z plane the line x = 0 is transformed into u = 0in the w plane.
In the z plane the line y = 0 is transformed into v = 0in the w plane.

In the z plane the line x + y = is transformed intou + v = 2

in the w plane.
VA
utv=2
u=0
N N
7 X o] v=0 N
z-plane w-plane

Example: 3.39 Find the image of the circle |z| = A under the transformation w = 5z.

Solution:
Givenw = 5z
lw| = 5|z|
ie, lwl=51 [v]z| =2]
Hence, the image of |z| = A in the z plane is transformed into |w| = 5A in the w plane under the
transformation w = 5z.
Example: 3.40 Find the image of the circle |z| = 3 under the transformation w = 2z

[A.U N/D 2012] [A.U N/D 2016 R-13]
Solution:

Givenw = 2z, |z| =3
lw| = (2)|z|
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= (2)(3), Sincelz| =3
=6
Hence, the image of |z| =3 in the z plane is transformed into |w| = 6 w plane under the
transformation w = 2z.
Example: 3.41 Find the image of the region y > 1 under the transformation
w=(1-i)z [Anna, May — 1999]
Solution:
Given w = (1 —-1i)z.
ut+v=_>0-i)(x+1iy)
=x+iy—ix+y
=@x+y)+i(y —x)
e, u=x+y, v=y—x
u+v =2y u—v=2x
u+v u-—-v

= — X = —

2 2

Hence, image region y > 1is =% > 1ie, u + v > 2 inthe w plane.
3. Inversion and Reflection

The transformation w = i represents inversion w.r.to the unit circle |z| = 1, followed by reflection

in the real axis.

1
u+iv
1

>x+iy=

>x+iy=

Sx=—— (1)

T w242
%
We know that, the general equation of circle in z plane is
x2+y*+29x+2fy+c=0 ..(3)
Substitute, (1) and (2) in (3)we get

u? v

2 u —v
(u2+v2)2 T (u2+v2)2 T Zg (u2+v2) T Zf (u2+v2) tc=0

> cw?+v?)+29gu—2fv+1=0 . (4)

which is the equation of the circle in w plane
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. 1 . . . .
Hence, under the transformation w = -a circle in z plane transforms to another circle in the w

plane. When the circle passes through the origin we have ¢ = 0in (3). When ¢ = 0, equation (4) gives a
straight line.

1
Problems based on w =

Example: 3.42 Find the image of |z — 2i| = 2 under the transformation w = %

[Anna — May 1999, May 2001] [A.U N/D 2016 R-18]
Solution:
Given |z —2i| =2....(1) isacircle.
Centre = (0,2)

radius = 2

. 1 1
Given w=-=>z==
VA w

1 =[E-2i]=2
= [1 = 2wi| = 2|w|
=1 -2+ iv)i| =2|u+ iv|
= |1 - 2ui + 2v| = 2|lu + iv|
= |1+ 2v — 2ui| = 2|lu + iv|

= (1 + 2v)2 4+ (—2u)? = 2Vu? + v2
= (14 2v)2 + 4u? = 4(u? + v?)
= 14402 + 4v + 4u? = 4(u? + v?)
=>1+4v=0
1
> v=—=
4
Which is a straight line in w plane.

11

Y 1
2 2 u=0
p(02) | X Ty—2)"=4

N v=>0 7 u
7 X 0

0 —

v==1/4
w-plane
z-plane

-
-

Example: 3.43 Find the image of the circle |z — 1| = 1 in the complex plane under the mapping w = %
[A.U N/D 2009] [A.U M/J 2016 R-8]
Solution:
Given |[z—1| =1 ....( ) isacircle.
Centre =(1,0)
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radius = 1
Givenw =-=z =~
®  =pE-1=1
= |1—-w| = |wl
=1 - (w+iv)| = |u+iv|
=>[1—-u+iv|l =|u+iv
= /A —w? + (—v)?2 = Vu? + 12

=> (1 -uw?+vi=u?+v?

=14+ u?—-2v+v?=u?+v?
=5 2u=1

1
= u=-

2

which is a straight line in the w- plane

Y /]\ [N
(x — D +y=1 b0 u=1
o &9 7 X o v=0 7 U
z-planc w-planc

Example: 3.44 Find the image of the infinite strips
(i)i <y< % (i) 0<y< % under the transformation w = %
Solution :

Givenw = i (given)

- 1
..,z =—
w

1 u—iv u—iv

utiv  (uti)+u—iv)  u2+v?

X+ iy = 22 =[ “ ]+i[ _”]

u2+v? u2+v? u2+v?

x=5—..Dy=55..2)

u24p2 " u24p2 7

(i) Givenstrip isi <y< %

1
wheny—z
1 -v
T (@)
= u?+v? =—4v
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Sul+v2+4v=0
sul+(w+2)?2=4

which is a circle whose centre is at (0, —2) in the w plane and radius is 2k.
1

wheny=5
1__v bv (2
2 u?+v? y (2)
= u?4+v?=-2v

Su?+vi+2v=0
>ut+ W+ 1)%2=0
sul+@w+1)2=1 ... (3)
which is a circle whose centre is at (0, —1) in the w plane and unit radius

Hence the infinite strip i <y< % is transformed into the region in between circles u? + (v + 1)2 = 1 and

u? + (v + 2)? = 4 inthe w plane.

Y A 1

x'v‘.)‘.. reroerererrmrrrrerrmrereee Y 1/2

0

z-planc w-planc

ii) Givenstripis 0 < y <§
wheny =0
=>v=0 by (2)
when y = %We getu? + (v + 1)%2 =1 by (3)
Hence, the infinite strip 0< y < % is mapped into the region outside the circle u? + (v + 1)2 =1 in

the lower half of the w plane.

y A

u=_0

O y 1/2 o(0,-1

z-plane w-plane
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Example: 3.45 Find the image of x = 2 under the transformation w = % [Anna — May 1998]

Solution:
Given w = =
VA
- 1
l.e., z = —
w
_ 1 u—iv _ u-iv
T utiv | (uti)+u-iv)  uZ+v?
, u J v
Xtiy= [u2+v2] ti [u2+v2]
. u -v
e, x=——.. (D),y = eyt . (2)
Given x = 2 in the z plane.
u
2= u24p2 by (1)

2w +v¥) =u
u® + v? — %u =0

. . . . 1 . 1
which is a circle whose centre is (Z’ 0) and radius "

~ x = 2 in the z plane is transformed into a circle in the w plane.

Example: 3.46 What will be the image of a circle containing the origin(i.e., circle passing through the
origin) in the XY plane under the transformation w = i? [Anna — May 2002]
Solution:

. 1
Givenw = -

. 1
l.e.,, z = —
w

1 u—iv _ u-iv

T utiv (utiv)+u-iv)  ul+v?

. u N
X+iy= [u2+v2] T [u2+v2]
u

lL.e.,, x :m (1),
- (2)

Given region is circle x% + y? = a? inz plane.
Substitute, (1) and (2), we get

u? V2 5
[(u2+v2)2 T (u2+v2)2] =a

[ u?4v? ] — g2
(u2+v2)2 -

—v
u2+v?

y:

1 _ az
(u2+v?) -

1
u? +v? ==
a
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Therefore the image of circle passing through the origin in the XY —plane is a circle passing through the
origin in the w — plane.

Example: 3.47 Determine the image of 1 < x < 2 under the mapping w = !

z

Solution:

Givenw =

|- N | =

e, z=

_ 1 u—iv _ u-iv
utiv  (u+iv)+(u-iv)  u?+v?

X+iy= [uzl-ll-vz] ti [u2_+vv2]

u

. -v
L.e., X —m (1), y—m (2)
Givenl<x <2

When x =1

u

= ur+vi=u

=>1=

s>ut+v:-u=0
. . . . 1 .1
which is a circle whose centre is (5, 0) and is 5
When x = 2

>2=—— by..(1)

u

= u?+ v =2

u
:>u2+v2—5=0

. . . . 1 .1
which is a circle whose centre is (Z‘ 0) and is ”

Hence, the infinite strip 1 < x < 2 is transformed into the region in between the circles in the w — plane.

v
y ..-1'\

z-plane w-plane
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Example: 3.48 Show the transformation w = i transforms all circles and straight lines in the z —
plane into circles or straight lines in the w — plane.

[A.U N/D 2007, J/J 2008, N/D 200] [A.U N/D 2016 R-13]
Solution:

. 1
Given w = -

e,z =

g |-

Now,w =u + iv

1 1 u—iv u—iv
7 =—= — = - — =
w  u+iv  utivtu—iv  u?+v?
. . u . v
Le., x+iy= o2 2ol
u -V
The general equation of circle is
a(x?+y3) +2gx+2fy+c=0 ..(3)
u? v? u v
a [(u2+v2)2 + (u2+v2)2] t2g [u2+v2] + Zf [u2+v2] tc=0
w?+v?) u_ _
(u2+v?2)2 u2+v?2 fu2+v2 tc=0
The transformed equation is
cu?+v)+29u—-2fv+a=0 . (4)

() a=+0,c+#0 = circles not passing through the origin in z — plane map into circles not passing
through the origin in the w — plane.

(i) a =+ 0,c =0 = circles through the origin in z — plane map into straight lines not through the origin
in the w — plane.

(iii) a =0,c # 0 = the straight lines not through the origin in z — plane map onto circles through the
origin in the w — plane.

(iv) a=0,c =0 = straight lines through the origin in z — plane map onto straight lines through the
origin in the w — plane.

Example: 3.49 Find the image of the hyperbola x* — y? = 1 under the transformation w = L

[A.U M/J 2010, M/J 2012]
Solution:

. 1
Given w = -

x+iy=Re—l.¢
x+iy=%e‘i¢ =%[cos¢—isin¢]

1 1 .
X —Ecosqb, y = —Esmd)

Given x2—y%2 =1
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1 N O E
= [Ecosqb] - [?sm¢] =1
cos?>¢p—sin?¢p
RZ
cos 2 ¢p = R? i.e.,R? = cos2¢

which is lemniscate

=1

4. Transformation w = z2

Problems based on w = z2

Example: 3.50 Discuss the transformation w = z%. [Anna — May 2001]
Solution:
Given w = z2
u+iv=(x+iy)? =x%+ (iy)? + i2xy = x2 — y? + i2xy
ie.,u=x?—y? w.(1), v=2xy .. (2)
Elimination:

v
(2) ﬁx—;

W=u=(L) -y

> U= v
_4y2 y

2

4

= 4uy? = v? — 4y
= 4uy? + 4y* = v?
= y2[4u + 4y?] = v?
= 4y?[u + y?] = v?
= v? = 4y%(y? + u)
when y = ¢ (# 0), we get
v? = 4c?(u+c?)
which is a parabola whose vertex at (—c?, 0) and focus at (0,0)
Hence, the lines parallel to X-axis in the z plane is mapped into family of confocal parabolas in the w plane.
wheny =0,weget v2=0ie,v=0,u=x%ie,u>0
Hence, the line y = 0, in the z plane are mapped into v = 0, in the w plane.

Elimination:

v
2 =—
2) =y ox

(1) =>u=x? —(i)z

2x

2 v?
SU=x"——
4x

172 2
2 —=X“—Uu
4x2
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= v? = (4xH)(x? —u)
when x = c (# 0), we get v? = 4¢?(c? —u) = —4c?(u — c?)
which is a parabola whose vertex at (c2,0) and focus at (0,0) and axis lies along the u —axis and
which is open to the left.
Hence, the lines parallel to y axis in the z plane are mapped into confocal parabolas in the w plane
when x = 0, we get v> =0.ie,v=0u=—-y%ie, u<0
I.e., the map of the entire y axis in the negative part or the left half of the u —axis.
Example: 3.51 Find the image of the hyperbola x* — y? = 10 under the transformation w = z? if
w=u+iv [Anna — May 1997]
Solution:
Given w = z2
u+iv = (x + iy)?
=x%—y? +i2xy

e, u=x>—y% ... (1)

V=2Xy . (2)
Given x2 —y%2 =10
ie., u=10

Hence, the image of the hyperbola x2 — y2 = 10 in the z plane is mapped into u = 10 in the w
plane which is a straight line.
Example: 3.52 Determine the region of the w plane into which the circle |z — 1| = 1 is mapped by the
transformation w = z2.
Solution:
In polar form z = re’®,w = Re'®
Givenl|z—1| =1
e, |re?® —1| =1
= |rcos@+irsinf| =1
= |(rcos@ —1)+irsinf| =1
= (rcosf — 1)?+(rsinf)? = 12
=>r2cos?0+1—2rcosf +r?sin? =1
= r2[cos?6 + sin?6 = 2r cos 6
=12 =2rcosf
= r=2cosf ..(1)
Given w = z2
Re'® = (rei?)?

Reid) — r2€i29
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=> R =12, ¢ =26
(1) = r?2 = (2cosH)?
= 1?2 = 4cos %0

1+cos 20]

=4 [ 2
r2 = 2[1+ cos2 6]
R =2[1+ cos¢] by (2),
which is a Cardioid
Example: 3.53 Find the image under the mapping w = z? of the triangular region bounded by y = 1,

x =1,and x + y = 1 and plot the same. [Anna, Oct., - 1997]
Solution :
In Z-plane given linesarey =1, x=1,x+y =1
Ony y=1 can
S il

x=0 S x=1
ol y=0 A\(1,0 > x
z-Plane
Given w = z2
u+iv = (x + iy)?
u+iv=x%—y2+2xyi
Equating the real and imaginary parts, we get
u=x2-y% ...(1D
v = 2xy - (2)
Whenx =1 Wheny =1
D=>u=1-y? .3 M) 2u=x*-1 ...(5
2)=>v=2y . (4) 2)=> v=2x .. (6)
(4) = v? = 4y? (6) = v? = 4x?
v? =4(1—uw) by (3) =4(u+ 1)by (5)
ie,v?=—-4(u—-1)

whenx +y =1
D=>u=&+y)(x—y)
u=x-—y [“x+y=1]
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u=.(x+y)>—4xy

u=v1-2v
ut=1-2v =— (v—%)

~ Theimage of x = 1is v? = —4(u— 1)

The image of y = 1isv? = 4(u+ 1)

The image of x + y = 1 is u? =—2(v—3)

vi =4 (u+1)

w-plane
v2=—4(u-1)

u 0 1
\Y; +2 0
v2=4@u+1)

u 0 -1
\Y; +2 0

1
2 — _ _
ut =2 (” 2)
u 0 1 -1
\Y; 1/2 0 0

Problems based on critical points of the transformation

Example: 3.54 Find the critical points of the transformation w? = (z — a) (z — B).
[A.U Oct., 1997] [A.U N/D 2014] [A.U M/J 2016 R-13]
Solution:
Given w2 =(z—-a)(z—p8) ..(0)
Critical points occur at C;—‘: =0and Z—VZV =0

Differentiation of (1) w. r. to z, we get
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=>2WZ—‘Z=(Z—C{)+ (z-Pp)

=2z—(a+p)
dw _ 2z—(a+p)
= E = —2W (2)

Case (i)Z—VZV =0

o 2zt _ g

2w
=>2z—(a+p)=0
=>2z=a+f
2
Case (if) 3= =0
2w
:22—((x+ﬁ)_0
w
= ap =0

>w=0>Z-a)(z-p)=0

=>z=aqa,f

=~ The critical points are % aand f.

Example: 3.55 Find the critical points of the transformation w = z2 + Ziz [A.U A/M 2017 R-13]

Solution:

Given w = z? + ziz (1)
Critical points occur at ¥ —pand Z =0
dz dw

Differentiation of (1) w. r. to z, we get

dw 2 2z4-2
> —=2z— ==
dz z

z3

Case (i)i—vzv =0

S22 0224 -2=0
=>z'-1=0
>z=41,+i

Case(ii)s—;zo

z3

2z%-2

=~ The critical points are+1,+i,0

= =0=>2z3=0>2z=0

Example: 3.56 Find the critical points of the transformation w = z + i

Solution:
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Given w =z +- (1)
Critical points occur at D —pandZ =0
dz dw

Differentiation of (1) w. r. to z, we get

=>d_W_1 i—zz_l
dz 22~ z2
N dAw
Case(l)dZ—O
22—1 2
= pr =0=>z-—-1=0>z=+1
.. AZ
Case (ii)—=0
()l
Z3 2
>5—-—=0=2>z"=0>2z=0
z<—1

=~ The critical points are 0, +1.
Example: 3.57 Find the critical points of the transformation w = 1 + f [A.U N/D 2013 R-08]
Solution:

Given w=1+2 (D)
Critical points occur at ¥ —pandZ =0
dz dw
Differentiation of (1) w. r. to z, we get
aw -2

dz z2

Case (ii) 5—; =0
:?zO:z:O
=~ The critical points is z = 0
Example: 3.58 Prove that the transformation w = i maps the upper half of the z plane into the
upper half of the w plane. What is the image of the circle |z| = 1 under this transformation.
[Anna, May — 2001]
Solution:
Given |z| = 1isacircle
Centre = (0,0)
Radius = 1

Given w = 1i

w
>Z=—"
w+1
w [wi
S |zl = [ =
w+1 lw+1]|
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Given |z| =1

lwi

= =
lw+1|

= |w| = |w+ 1|

= |lutivl =|lu+iv+1|

=>VuZ +v2 = /(u+ 1)2 + v2
=> u?+v? =(u+1)? +v?

> u?+v? =u?+2u+1+v?
>0=2u+1

S>uU=—
2
Further the region |z| < 1 transforms into u > _71

Exercise: 3.5
1. Define Critical point of a transformation.
2. Find the image the circle |z| = a under the following transformations.
() w=2z+2+3i
(i)  w =2z [A.UN/D 2016 R-13]

3. Find the image of the circle |z + 1| = 1 in the complex plane under the mapping =

~.

4. Find the image of |z — 3i| = 3 under the mapping w = i

5. Consider the transformation w = 3z, corresponding to the region R of z — plane bounded by x =
0,y=0,x+y=2.

6. Verify the transformation w = 1 +£ maps the exterior of the circle |z| = 1 into the upper half
plane v > 0.

7. Find the image of |z — 2i| = 3 underw = i
(i) the circle |z — 2i| = 2
(i) thestripl<x<?2

8. Show that the transformation w = ij—:tranforms the exterior and interior regions of the circle |z| = 1
into the upper and lower half of the w plane respectively.

9. Show thatw = i—: maps the real axis in the z plane onto |w| = 1 in the w plane. Show also that the
upper half of the z plane, Im(z) > 0, goes onto the circular disc |w| < 1.

10. Prove that w = % maps the line segment joining —1 and 1 onto a semi circle in the w plane.

11. Show that the transformation w = g maps the circular disc |z| < 1 onto the lower half of the

w plane.
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12. Prove that w = é maps the upper half of the z plane onto the upper half of the w plane. What is the
image of the circle |z| = 1 under this transformation.
13. Show that the transformation w = 5 maps the circle |z| = 1 onto the imaginary axis of the w plane.

Find also the images of the interior and exterior of the circle.

14. Plot the image under the mapping w = z?2 of the rectangular region bounded by
() x=—-1Lx=2,y=1landy = 2.
(i) x=1, x=3,y=1landy = 2.
@) u=1 u=3,v=1landv =_2.

15. Under the mapping w = eZ discuss the transforms of the lines.
(i)  y=0,(ii)y =7, (i) y = 2.

3.6. BILINEAR TRANSFORMATION

¢ 3.5.a. Introduction

az+b

The transformation w = ,
cz+d

ad — bc # 0 where a,b,c,d are complex numbers, is called a

bilinear transformation.

This transformation was first introduced by A.F. Mobius, So it is also called Mobius transformation.
A bilinear transformation is also called a linear fractional transformation because % is a fraction formed by

the linear fuctions az — b and cz + d.
Theorem: 1 Under a bilinear transformation no two points in z plane go to the same point in w plane.

Proof:

Suppose z; and z, go to the same point in the w plane under the transformation w = j:g

az,+b az,+b
Then —/— = —2—
cz1+d czy+d

= (azy + b)(czy, +d) = (azy + b)(cz; +d)
i.e., (azy +b)(cz;+d)—(az, +b)(cz; +d) =0
= acz, z, + adz; + bcz, + bd — acz, z, —adz, — bcz; —bd = 0
= (ad —bc)(z;y — z,) =0
or z; =2z, [+ ad — bc # 0]
This implies that no two distinct points in the z plane go to the same point in w plane. So, each point
in the z plane go to a unique point in the w plane.

Theorem: 2 The bilinear transformation which transforms z,,z,,z5, into wy,wy,ws is

(w-wi)(Wa—w3) _ (z2-21)(22-23)
(w-w3)(wz-wy)  (z—23)(22—21)

Proof:

az+b

If the required transformation w = .
cz+d
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az+b  az;+b _ (ad-bc)(z—z1)
cz+d cz1+d - (cz+d)(cz,1+d)

=>W_W1=

= (cz+d)(czy +d)(w—wy) = (ad — bc)(z — z,)
= (czy + d)(cz5 + d) (W, —w3) = (ad — bc)(z, — 23)
= (cz+d) (czz +d)(w —w3) = (ad — bc)(z — z3)
= (czy + d)(czy + d)(w, —wy) = (ad — bc)(z, — z41)

[(ad—bc)(z—zl)] [(ad—bc)(22—23)
(w-w)(Wz—w3) _ l(cz+d)(cz1+d)

(czp+d)(cz3+d)
_ _ ~ [(ad—bc)(z—z3)] [(ad—bc)(z2—21)
(W=ws)(Wa=w1) [(cz+d)(c23+d)] [(czz+d)(c21+d)
_ (z=21)(22—23)
(z-23)(22—21)
N W-w1)(w2—w3) _ (2-21)(22-23) (1)
T (w-w3)(wz-wy) (z-23)(22-21)
Let: A =22 p=2"%
Wy—Wq ’ Zy—Zq
(1= ="4p
w—w3 Z—Z3

wA-wiA _ zB-z:B

wW—w3 Z—2Z3

= WAz — wAzz —w Az + wyAz; = wBz — wz;B — w3zB + w3z, B
= w[(A—B)z+ (Bz, — Az3)] = (Aw; — Bw3)z + (Bw3z; — Aw, z3)

(Awq{—Bw3)z+(Bw3z1—Aw123)
(A-B)z+(Bz1—Az3)

Sw=

az+b
cz+d’

Cross ratio

Hence a = Aw; — Bw;,b = Bwgz; — Aw,z3,c = A—B,d = Bz; — Azs

Definition:

(z=21)(23—24)

is called the cross ratio of the
(z2-23)(24—21)

Given four point z,, z,, z5, z, in this order, the ratio
points.
Note: () w = % can be expressed as cwz +dw — (az+ b) = 0
It is linear both in w and z that is why, it is called bilinear.

Note: (2) This transformation is conformal only when Z—VZV #0

) ad — bc £ 0
HE ez ¥ dy?

i.e.,ad —bc #0

If ad — bc # 0, every point in the z plane is a critical point.

. . +b . —dw+b . . .
Note: (3) Now, the inverse of the transformation W:ZW IS zzﬁ which is also a bilinear

transformation except w = =

C.

Note: (4) Each point in the plane except z = _—Cd corresponds to a unique point in the w plane.
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The point z = _Td corresponds to the point at infinity in the w plane.

Note: (5) The cross ratio of four points

(wy —wy)(ws —w,) _ (2, — 2,) (23 — 24)

= is invariant under bilinear
(Wz - W3)(W4 - W1) (Zz - Z3)(Z4 - Z1)

transformation.
Note: (6) If one of the points is the point at infinity the quotient of those difference which involve this points
is replaced by 1.
Suppose z; = oo, then we replace % by 1 (or)Omit the factors involving oo

2zi+5
z—4i’

Example: 3.59 Find the fixed points of w =

Solution:

The fixed points are given by replacing w by z

__ 2zi+5
T z—4i

7?2 —4iz=27i+5; z° —6iz—5=0

6i+V=36+20 i
7= ~z=>5i,i
Example: 3.60 Find the invariant points of w = %

Solution:

The invariant points are given by replacing w by z

_ 14z

T 1-z
>z—22=1+z
>z2=-1
=z =i

Example: 3.61 Obtain the invariant points of the transformation w = 2 — % [Anna, May 1996]

Solution:

The invariant points are given by

2 22-2
z=2—-=; z=
VA VA
72 =2z—-2; z?—=2z+4+2=0
24V2—8  24V—4  242i .
7 = . — 5 — . ::1:il

6z—
z

2 [A.U N/D 2005]

Example: 3.62 Find the fixed point of the transformation w =

Solution:

The fixed points are given by replacingw = z

6z-9

. 6z—-9
lLe.,. W=——>= Z =
z z

=272=62z—-9
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52z2-6z+9=0
=(z-3)?%=0
=2z=33

The fixed points are 3, 3.

Example: 3.63 Find the invariant points of the transformation w = 2:76.

[A.U M/J 2009]
Solution:

The invariant (fixed) points are given by

_ 2z+6

z+7

=227°4+72=22+6

=22z°4+52-6=0
>((z+6)(z—-1)=0
=>z=-6,z=1

Example: 3.64 Find the invariant points of f(z) = z%. [A.U M/J 2014 R-13]
Solution:

The invariant points are given by z = w = f(2)
=z =2z
=2z2—-2z=0
=22z2(z—-1)=0

z=0 z=1

3
Example 3.65 Find the invariant points of a function f(z) = §_+—7Z [A.U D15/J16 R-13]

6zi’

Solution:

3
Givenw = f(2) = 27_22

The invariant points are given by
2347z
7—6zi

=>7—6zi=z%+7

=>z=

= —6zi=2>>2z24+62i=0=>2(z+6i)=0
=2z=0, z=-6i

PROBLEMS BASED ON BILINEAR TRANSFORMATION

Example: 3.66 Find the bilinear transformation that maps the points z = 0, —1, i into the pointsw =

i, 0, oo respectively. [A.U. A/M 2015 R-13, A.U N/D 2013, N/D 2014]
Solution:

Given Zl = O, Zz = _1, 23 = i,

wy=1i, w, =0, wg =00,
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Let the required transformation be

(w=-w1)(wa—w3) _ (z-21)(Z2—73)

(w-w3)(wz—w1) - (z-23)(22—71)

[omit the factors involving ws, since w; = ]

w-wy _ (z—z1)(22—23)

W2—wq - (z2-23)(22—-21)

woi _ (z=0)(-1-0)
0—i  (z-i)(-1-0)

> =2 (141)

—i =(z—i)
. z .
=>W—l—m(—l+1)

zZ

(z=D)

—iz+z+iz+1 _ z+1

(z—i)  z-i

Sw=—"—(—i+1)+i=

Aliter: Givenz; =0, z, = -1, z3 =1,

W1=i, W2=0, W3 = O,

Let the required transformation be

w = 2P .(1), ad—bc#0

cz+d '
b
I =-
d
__azi+b __azy+b __azz+b
W, =—— y = —— 3 = ——
cz1+d czZy+d czz+d
i = b —a+b 1 _ ai+b
T d T —c+d 0 cit+d
b =di =>—-a+b=0 =ci+d=0
>a=5»> =>d=—ci
~a=b=di=c

az+a __ z+1 _ z+1

(1) =w= az+% - : z—1

[SR

Example: 3.67 Find the bilinear transformation that maps the points oo, i, 0 onto 0, i, oo respectively.
[Anna, May 1997] [A.U N/D 2012] [A.U A/M 2017 R-08]

Solution:
Given Z]_:oo, Zzzi, Z3:0,W1:0, szi, W3:OO,
Let the required transformation be

(w-wq)(wy—ws) _ (z-21)(22—23)
w-wz)(wz—wy)  (z2—23)(22-71)

[omit the factors involving z;, and w3, since z; = oo, w; = ]

w-wy _ (22-23)

=
Wo—Wq1 Z—2Z3

o

w-0 _ i-—
i-0

o

.
-1
Sw=—
zZ
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Example: 3.68 Find the bilinear transformation which maps the points 1,i,—1 onto the points
0,1, oo, show that the transformation maps the interior of the unit circle of the z — plane onto the
upper half of the w — plane. [A.U. May 2001] [A.U M/J 2014] [A.U D15/J16 R-13]
Solution:
Given z;, =1, z, =1, z3 =—1
w; =0, wo =1, wy =00,
Let the transformation be

(w=—wq1)(wy—w3) — (z2=21)(z2—23)
(w=w3)(wz-wy) (z2-23)(22—21)

[Omit the factors involving ws, since , w; = o]

w-wi _ (z2=21)(22—23)
Wa—w; (z2-23)(22—271)
w=0  (z-1)(i+1) [(i+1) (i+1)] [i2+i+i+1] _[Zi] .
= = - NI\ = —— =l—| = -1
1-0 (z+1)(i-1) i-1/ \i+1 i2-i2 -2
_ (z-1)(i+1)
=w= (z+1)(i-1)
z—1 .
=
= W = £0zH [ = az+b,ad —bc#0 Form]
(Dz+1 cz+d
To find z:
S>wz+w=—iz+1I
>wz+iz=—-w+Ii
>zw+i]l=-w+i
=z =10
w4+l
To prove: |z| < 1mapsv >0
=zl <1
= [M <1
w+i
= W—_l] <1
w+li

= |lw—il <|w+i

S lut+iv—il <|lu+iv+il

= lu+i(v—DI < lu+i(w+0)|
sul+@w-12<u?+ (v+1)2
>@w-1)2<@w+1)?

> v2-2v+1<vi+2v+1
= —4v <0

>v>0
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Example: 3.69 Determine the bilinear transformation that maps the points —1, 0, 1, in the z plane onto
the points 0, i, 3i in the w plane. [Anna, May 1999]
Solution:
Given z;,=-1, z,=0, z3 =1,
wy; =0, wy =1, ws=23i,
Let the required transformation be

(w=wy)(wy—w3) _ (z2=21)(22—23)
w-wz)(wy-wq)  (z2-23)(22-71)
Ww-0)(i-3i) _ [z=(=D][0-1]
(w=30)(-0) (z—1[0—(-1)]
w(=2i) _ (z+1)(-1)

w=-3)(@{@)  (z-1)(1)

—2w _ z+1
w-3i ;
2w z+1
w-3i ;

=>2wz—-2w =wz+w — 3zi — 3i

= 2wz—-2w—wz—w = -=3i(z+ 1)
>w[2z—2-z—-1]=-3i(z+ 1)
>w[z—-3]=-3i(z+1)

o (z+1)
3i 3

Note: Either image or object or both are infinity should not apply the following Aliter method.
Aliter:

Sw=

Given z; = -1, z,=0, z3; =1,
wy =0, wy, =1, ws=3i,
Let the required transformation be

(w-wy)(wa—w3) _ (z—21)(22-23)

(W-w3)(Wa—wy)  (2-23)(22-21)

Wo—Ww3 i—3i -2
Let A=2 _I3L_H_
Wy—Wwq i—0 l

Zyp—1Z3 0-1
p=25_01_

Z,—z;  0+1

=>a=Aw; —Bw; =0+ 3i = 3i

= b = Bwzz; — Aw;z5 = (—1)(3i)(—1) — 0 = 3i
Sc=A-B=(-2)—(-1)=-1

=d =Bz — Az, = (-1)(-1) — (=2)(1) = 3

az+b

We know that, w = ,
cz+d

ad —bc #0

__ (BD)+z(30)
T (-1)z+3
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Example: 3.70 Find the bilinear transformation which maps the points —2,0, 2 into the pointsw =
0,1, —i respectively. [Anna, May 2002]
Solution:
Givenz, = -1, z, =0, z3 =2,
wy; =0, wy =1, wz=-—I,
Let the required transformation be

(w=—wq1)(wy-w3) — (z2=21)(z2—23)
(w=—w3)(wz—wy) (z2-23)(22—-21)

Let 4 =22V 1 _2

Wo—Wq i-0 i

=2

Zp—2Z3 _ 0-2 _
Zy—Zq 0+2

=>a=Aw; —Bw; = (2)(0) — (-1)(-1) = —i

= b = Bwyz; — Aw,z3 = (—1)(—i)(—=2) — (2)(0)(2) = —2i
Sc=A-B=2-(-1)=3

= d =Bz, — Azy = (-1)(=1) — (2)(2) = -2

az+b
cz+d’

B =

We know that, w = ad —bc #0

_ (=D)z+(=20)
T 3z+(-2)

Example: 3.71 Find the bilinear transformation which maps z = 1, i, —1 respectively ontow = i, 0, —i.
Hence find the fixed points. [A.U, May 2001] [A.U April 2016 R-15 U.D]
Solution:
Given z;, =1, z, =1, z3=-1,
wy =1, w, =0, wy=-—I,
Let the required transformation be

(w-—wy)(wa—w3) _ (z—21)(22-23)

(W-w3)(Wa—wy)  (2-23)(22-21)

Let A:w_o_ﬂ':_l

Wo—Wq 0—i

_ Zyp—Z3 _ i+1 _ —l

>a=Aw; —Bw; = (1)) - (-)(-)=—-i+1

= b = Bwsz; — Aw;z3 = (=) (=) (1) - (D@ (1) = -1 -
2>c=A-B=(-1D—-(-)=-1+i

=>d =Bz —Az; = (=)(1) = (=1)(=1) = —i — 1

az+b
cz+d’

We know that, w = ad —bc #0

_ (mi+Dz+(-1-i) _  iz+1
T (—1+D)z+(-i-1)  (-Dz+1
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Example: 3.72 Find the bilinear transformation which maps z = 0 ontow = —i and has—1and 1 as
the invariant points. Also show that under this transformation the upper half of the z plane maps onto
the interior of the unit circle in the w plane. [A.U A/M 2017 R-13]
Solution:
Given z;, =0, z, =-1, z3 =1,
wy =—i, wo=-1, wy =1,
Let the required transformation be

(w-wq)(wy—w3) — (z-21)(z2—23)
(w-w3)(wz—wq) (z2-23)(22~271)

Wy—Wws3 -1-1 _ -2

Let A= = - = -=1+1
Wy —W1q —1+i —1+i
Zy—Z -1-1
B = 2 =3 = = 2
Zy—7Z1 -1-0

Sa=Aw, —Bws=(1+)(—=)—2(1)=—i+1-2=—i—1
=> b =Bwsz; — Aw;z; = 2)(DO0) -1+ D)D) =i—-1
Sc=A-B=(1+i)-2=i-1

>d=Bz;—Az; = (2)(0) -1+ D) =-1+4+1)

az+b
cz+d’

We know that, w = ad —bc #0

_ (mi+)z4(i-1) _ z+(=D)
T (i-Dz+(-1-0)  (-Dz+1

—dw+b -w—i w+i
We know that, z = = — = -
cw—a —iw—1 1+wi
__ utiv+i
- 1(u+iv)i
_utiv+i _ utiv+i

1+iu-v (1-v)+iu

_ [ U+iv+i ] [ 1-v—iu ]
T la-v)+iud La-v)-iu

u—uv—iu?+iv—iv?+uv+i—iv+u

(1-v)2+u?
, 2u+ti[-u?-v2+1]
x+iy=————
y (1-v)2+u?
N _1-u2—9p2
y = (1-v)2+u?

Upper half of the z —plane
=y=0

1-u?-p?

>1—-u?—-v?2>0
=>1>u?+ v?
s>u?l+v?2<1

Therefore the upper half of the z —plane maps onto the interior of the unit circles in the w-plane.
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Example: 3.73 Find the Bilinear transformation that maps the points 1 + i, —i,2 — i of the z —plane

into the points 0, 1, i of the w-plane. [A.U M/J 2007, N/D 2007]
Solution:
Given z;, =1+ w; =0
Z, = —1 w, =1
Z3=2—1 wz =1

Let the required transformation be

(w=—wq1)(wy—w3) — (z—21)(z2—23)
(w=w3)(wz-wy) (z2-23)(22—-21)

Let A="2_1_q_j=2"(142p)=22
Wy —W1q 1-0 1+2i 1+21
B _ 22—23 _ —l—2+l _ -2 _ 2
T zp—zy  —i-1-i  —-1-2i  1+2i
3+i 2 . —2i
= a=Aw; —Bw; = (1+2i) - (1+2i) () = 1+2i
2 . . —2+2i
= b — BW3Z1 - AW1Z3 — (H) (l)(l + l) - 0 - 1+2i
S Cc=A_B= 3+i.— 2'= 1+i'
1+2i 1+20 1+2i
2 ) 3+i , —5+3i
=d =Bz —Az; = (H) 1+ - (1+2i) C-D=77
b
We know that, w = X2 ad — bc # 0
cz+d
—-2i 2i—-2
= w = (1+2i)Z+(1+Zi)
- 1+i 3i—-5
(1+2i) +(1+Zi)
oy = £20zHCIm2)

T (14+0)z+(3i-5)
Verification:

() Ifz=1+ithen

(=20 (1+D)+(2i-2)
T (A+)(+)+(3i-5)

_ —2i4242i-2 —0
T +)@+)+(3i-5)

(i) If z = —i, then
(=20 (=D)+(2i-2)
T (1+)(=0)+(3i-5)
_ —242i-2 _ 2i-4 _
T —it+1+3i-5  2i-4
(ii)If z = —i, then

(2D (2-D+(2i-2) _  —4i-2+2i-2
T (A+D)(2-D+(3i-5)  2—i+2i+1+3i-5

_ —2i-4 _ —i-2  2i+1

4i-2 2i—1 2i+1

—4-1 -5

_ 2-i-4i-2 _ -5i _
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Exercise: 3.6
1. Find the fixed points of the following mappings

i) w=Z2ZAns.z=-1+2i
Z+4

(i) w=Z2 Ans.z=-1+i

(i) w=— Ans.z=1i

(iv)  w=22 Ans.z = +2

2. Define bilinear transformation.
3. Find the most general bilinear transformation that maps the upper half of the z —plane onto the
interior of the unit circle in the w-plane.

4. Find the bilinear transformation for the following

. . . . -1
(1)_l101l H _1)lll AnS:W=—L (;_1)
(2)1,-1,00; 1+i,1-14,1 Anszw=z7“'
(3)0,1,00 ; i,1—1i Ans: w = 2L

1+zi

. . . — 6z—2i
@) 1,i-1;2,i,-2 Ans:w = — (22)
(5)0,1,00; —5,—1,3 Ans: w = 25

zZ+1
(6) ©,i,0;0,—i, ANs: w =§
(7)-1i,0,i; 0,—1,0 Ans: w = 22
Z+1
, , Y €24
(8)0,1,00;i,~1,—i Ans: w = —i (£2)

(9)0,1,—1; —1,0,00

Analytic Functions

1
Ans: w = 2=
Z+1
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