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MATRICES
1.1 INTRODUCTION

The definition of matrices and the basic operations related to them originated in a memoir of
Cayley in 1958.This grew out of a simple observation on bilinear transformation and theory of Algebraic
invariants .Subsequently a number of eminent mathematicians like Sylvester, Hamilton contributed to the
development of the theory. Heisenberg used matrices in quantum theory as early as1925 AD. The matrix
algebra is a kind of shorthand technique for translating complicated mathematical relationship in to compact
forms .1t has high degree of applicability in most of the quantitative applied sciences and has become
indispensable tool. In Physical, Social and Biological Sciences, application of matrix algebra has become
highly wide —spread. In this chapter we shall discuss and solve the Eigen value problem AX = AX
Definition

An arrangement of mn elements in a rectangular form having an ordered set of m rows and n

a11 492013 °° QAqp
Q1023 A3 ™ Aop

columns is called an m X n matrix A

A=

Here each ay; is called an element of the matrix in, i th row and j th column.

Special Types of Matrices
Let A be Square Matrix of order n,

1. A = AT then it is called a symmetric matrix (i.e) aj; = aj; forall i, j.
2. If the square matrix A = —AT, then it is called skew —symmetric matrix

(i.e) aj = —ay; forall i, j.
3. An m x 1 matrix is called a column matrix.
4. An 1 X n matrix is called a row matrix.
5. In the square matrix A=(aj;) the elements a,,, a,;, ass, ..., a,, are called the diagonal elements of A and
the diagonal elements constitute the principal diagonal of the matrix A .
6. A square matrix is called a diagonal matrix if all the elements except the leading diagonal are zero (i.e) In
a diagonal matrix ay = 0 if i #j.
7. A square matrix A=(a;;) is called an upper triangular matrix if all the entries below the leading diagonal
are zero.
8. A square matrix A=(a;;) is called an lower triangular matrix if all the entries above the leading diagonal

are zero.
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9. A square matrix A is said to be singular if |A| = 0, otherwise it is a non —singular matrix.
1.2 CHARACTERISTIC EQUATION
If A is any square matrix of order n, the matrix A — Al where | is the unit matrix and A be scaler
of order n can be formed as
a1 — A ap Ain
|A—All = : : = 0 s called the characteristic equation of A.
Ani  Gpz = Opp — A
Working Rule for Characteristic Equation
Type I: For 2 X 2 matrix

_ (A1 Q12 . : ‘92 _
IfA= (a21 azz), then the characteristic equation of Ais A* —s;A+s, =0

Where s; =Sum of the leading diagonal elements =a;; + a,,

s, = |A| =Determinant of a matrix A.
Type IlI: For 3 X 3 matrix

a1 Q12 Qg3
IfA=[0ax1 az as;

), then the characteristic equation of Ais A3 —s;42 +s, A—s3; =0
az1 Qzz dzs

Where s; =Sum of the leading diagonal elements =a,; + a,, + as;
s, =Sum of minors of leading diagonal elements

_|a22 a23| |a11 a13| |a11 a12|

as; Qass asz; dsz a1 4z

s; = |A| = Determinant of a matrix A.

Example: 1.1 Find the characteristic equation of the matrix ((1) g)
Solution:

The characteristic equation is A.* — s;A +s, = 0

s; = sum of the main diagonal element

=142 =3
1 2
s,=lal=|; 2] =2
Characteristic equation is A> — 3L + 2 = 0

Example: 1.2 Find the characteristic equation of the matrix (_15 _42)
Solution:

The characteristic equation is A> — s;A + 5, = 0

s; = sum of the main diagonal element

=144 =5

s.=lal=|1 7| =4-10=-6

Characteristic equation is A> — 5L — 6 = 0
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2 01
Example: 1.3 Find the characteristic equation of the matrix (0 2 0)

Solution:
The characteristic equation is A*> — s;A* + s, —s3 = 0
s; = sum of the main diagonal element
=24+2+2=6
s, = sum of the minors of the main diagonalelement
=lo o+l of+ls ol=n

2 0 1
0 2 0
1 0 2

=8—-2=6

s; = |A| = =2(4-0)—0+1(0-2)

Characteristic equation is A> — 61 + 11A — 6 = 0

2 1 1
Example: 1.4 Find the characteristic equation of the matrix (1 2 1)
0 0 1

Solution:
The characteristic equation is 1> — s;A% + s,A —s3 = 0
s; = sum of the main diagonal element
=2+4+2+1=5

S, = sum of the minors of the main diagonalelement

=lo dl*lo al+ i 2f=7

2 1 1

ss=IAl=]1 2 1/ =2(2-0)—-1(1—-0)+1(0—-0)
0 0 1
=4-1=3

Characteristic equation is A> — 5, + 7A —3 = 0

0 -2 -2
Example: 1.5 Find the characteristic polynomial of the matrix <—1 1 2 )
-1 -1 2
Solution:

The characteristic polynomial is 1> — s;1* + s,A — s3
s; = sum of the main diagonal element
=0+1+2=3

S, = sum of the minors of the main diagonalelement

N —11 §|+|—01 _22|+|_01 _12|:O
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0 -2 =2
ss=]Al=[-1 1 2|=0+2(-2+2)-2(1+1)
-1 -1 2
= —4

Characteristic polynomial is > — 31 + 4
1.3 EIGEN VALUES AND EIGEN VECTORS
Definition
The values of A obtained from the characteristic equation |A — AI| = 0 are called Eigenvalues of

‘A’.[or Latent values of A or characteristic values of A]

Definition
X1
Let A be square matrix of order 3 and A be scaler. The column matrix X = <x2> which satisfies
X3

(A —ADX = 0 is called Eigen vector or Latent vector or characteristic vector.
Linearly Dependent and Independent Eigenvectors
Let A be the matrix whose columns are Eigen vectors of A
* |f |A| = 0 then the eigenvectors are linearly dependent.

* If |A| # 0 then the eigenvectors are linearly independent.

2 21
Example: 1.6 Find the Eigen values for the matrix <1 3 1)
1 2 2

Solution:
The characteristic equation is A% — s;1% 4+ s,A — s3=0
s; = sum of the main diagonal element
=2+3+2=7

S, = sum of the minors of the main diagonalelement

:B y+ﬁ y+ﬁ §=4+3+4=11

2 2 1
ss=1Al={1 3 1| =2(6-2)-22-1)+1(2-23)
1 2 2
=8-2-1=5

Characteristic equation is A> — 7A* + 11A —5 = 0
5>i=1,A°-61+5=0
>i=1 A—-1)A-5)=0
The Eigen valuesare A = 1,1,5

-2 2 -3
Example: 1.7 Determine the Eigen values for the matrix < 2 1 —6)

-1 -2 0
Solution:
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The characteristic equation is A*> — s;1% + s,A. — 53=0
s; = sum of the main diagonal element
=—-24+1+0=-1

S, = sum of the minors of the main diagonalelement

o N el R

“1-2 o
2 2 -3
ss=]Al=|2 1 -6 =-200-12)-2(0-6)—3(-4+1)
1 -2 0

=244+12+9 =45
Characteristic equation is A% + 1% — 21A — 45 = 0
>i=-3, A -2L-15=0
=>A=-3, A+3)(A-5)=0
The Eigen values are A = —3,—3,5
Exercise: 1.1

Find the Eigen values for the following matrices:

3 4 Sy .
1, %) Ans: ). = 5; =5
2 -1 oy
2(% 7) Ans: & = 0,6
—15 4 3
31 10 -12 6 Ans: A = —10,—20,5
20 -4 2
2 00
410 2 0 Ans: A =1,2,3
1 0 2
1 0 -1
501 2 1 Ans: A =1,2,3
2 2 3

Eigen values and Eigen vectors for Non — Symmetric matrix

8 -6 2
Example: 1.8 Find the Eigen values and Eigen vectors for the matrix <—6 7 —4)

Solution:
The characteristic equation is A*> — s;1% + s,A — 53=0
s; = sum of the main diagonal element
=8+7+3=18

S, = sum of the minors of the main diagonalelement

:|_74 _34|+|§ §|+|_86 _76|=5+20+20=45

8 -6 2
ss=|Al=|-6 7 —4| =8(21—-16)+6(—18+8)+ 2(24 — 14)
2 -4 3
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=40—-40+20=0
Characteristic equation is A°> — 181% + 451 = 0
= A\ — 181+ 45) =0
>i=0 A=15)(A-3)=0
= A =0,3,15

To find the Eigen vectors:

X1
Case( i) When A = 0 the eigen vector is given by(A — AD)X = 0 where X = <x2>

X3
8—0 -6 2 X1 0
> -6 7-0 —4 |[{x]=|0
2 —4  3-=0/ \X3 0

8xy — 6%, +2x3 =0..(1)
—6%X, + 7%, —4x3 =0...(2)
2xq — 4%, +3x3 =0...(3)
From (1) and (2)

X1 X2 X3

24—-14  —12+32  56-36

X1 _ X2 _ X3
10 20 20

X1 _ X2 _ X3

1 2 2

1
X;=12
3
X2

X1
Case (ii) When A = 3 the eigen vector is given by (A — AI)X = 0 where X = ( )

X3
8—-3 -6 2 X1 0
> =6 7-3 -4 |[x]|=[0
2 -4 3-3/\X3 0
5X1 - 6X2 + 2X3 = 0 . (4)
_6X1 + 4’X2 - 4’X3 = 0 . (5)

2X1 - 4’X2 + 0X3 = 0 e (6)
From (4) and (5)

X1 _ X2 _ X3
24-8  —12+20  20-36
X1 __ X2 __ X3
16 8 -16
X1 __ X2 _ X3
2 1 -2

o[}
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X1
Case (iii) When A = 15 the eigen vector is given by(A — ADX = 0 where X = <x2>

X3
8 —15 -6 2 X1 0
= -6 7—15 —4 X2 1=10
2 —4 3—-15/ \X3 0
7X1 - 6X2 + 2X3 - 0 . (7)

_6X1 - 8X2 - 4‘X3 - 0 . (8)
2X1 - 4‘X2 - 12X3 - 0 e (9)

From (7) and (8)
Xy X X3
24+16  -12-28  56-36
Xy _ Xz _ X3
40 —40 20
X1 _ X _ X3
2 27 1

(3

1 2 2
Hence the corresponding Eigen vectors are X; = (2) ; X, = < 1 ); X; = <_2>
3 -2

7 -2 0
Example: 1.9 Determine the Eigen values and Eigen vectors of the matrix (—2 6 —2)

Solution:
The characteristic equation is A% — s;A% 4+ s, —s3=0

s; = sum of the main diagonal element

=7+6+5=18

s, = sum of the minors of the main diagonalelement

:|_62 _52|+|S (5)|+|_72 _62|=26+35+38=99

7 =2 0
s3=|Al=[-2 6 —-2| =182-20+0 =162
0 -2 5

Characteristic equation is 1> — 181% 4 991 — 162 = 0

=>A=30"—15L+54)=0
>1=3 (A—=9)A—-6)=0

=>LA=3,69
To find the Eigen vectors:

X1
Case (i) When A = 3 the eigen vector is given by(A — AI)X = 0 where X = <x2>
X3
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7-3 -2 0 \ /% 0
> -2 6-3 =2 ||lx]|=[0
0 -2 5-3/\x3 0

4x1 — 2%, + 0x3 = 0...(1)
—2%; + 3%, —2x3 = 0...(2)
0x; —2x, +2x3 =0...(3)
From (1) and (2)

X1 X2 X3
4-0  0+8 12-4
X1 X2 X3
4 8 8
X1 X2 __ X3
12 2

X1
Case (ii) When A = 6 the eigen vector is given by (A — AI)X = 0 where X = <x2>

X3
7—6 =2 0 X1 0
=>| -2 6-6 =2 X2 =10
0 —2 5—-6/\X3 0

X1 — 2%, +0x3 = 0...(4)
—2%x;, + 0%, —2x3 = 0...(5)
0x; — 2x, —x3 = 0...(6)
From (4)and (5)

X1 __ X2 __ X3
4-0  0+2 0-4
X1 __ X2 __ X3
4 2 -a
X1 __ X2 __ X3
2 1 -2

X>

()

X1
Case (iii) When A = 9 the eigen vector is given by(A — AI)X = 0 where X = <x2>

X3
7—9 =2 0 X1 0
> -2 6-9 =2 X2 =10
0 —2 5-9/\Xx3 0

—2X1 — 2%, + 0x3 =0 ...(7)
—2X; — 3%, — 2x3 =0...(8)
0x; — 2%, —4x3 =0...(9)
From (7) and (8)
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X1 X2 X3
4 -4 2
X1 _ X2 X3
2 -2 1

(3

1 2 2
Hence the corresponding Eigen vectors are X; = <2) ; Xy = < 1 ); X; = <_2>
2 -2 1

Example: 1.10 Determine the Eigen values and Eigen vectors of the matrix <g ; 2)
0 0 5
Solution:
The characteristic equation is A*> — s;1% + s,A. — 53=0
s; = sum of the main diagonal element
=3+2+5=10

S, = sum of the minors of the main diagonalelement
_12 6 3 4 3 1] _ _
=0 ol+] g+l Sl=10+15+6=31

3 1 4
0 2 6
0 0 5

Characteristic equation is > — 10A* + 314 — 30 =0
>A1=20*=-8L+15)=0
>1=2 A=5O1-=-3)=0

=2>A=235

s; = |A] = =30

To find the Eigen vectors:

X1
Case( i) When A = 2 the eigen vector is given by(A — AI)X = 0 where X = <x2>

X3
3—2 1 4 X1 0
= 0 2—2 6 X2 =10
0 0 5—2/ \X3 0

X; + X, +4x3 =0...(1)

0x; + 0x, + 6x3 = 0...(2)

0x; + 0x, + 3x3 =0...(3)
From (1) and (2)

X1 __ X2 X3
6 -6 0
X1 X2 X3
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(3

X1
Case (ii) When A = 3 the eigen vector is given by (A — A)X = 0 where X = <x2>

X3
3-3 1 4 X1 0
=>| 0 2-3 6 X2 =10
0 0 5—3/ \X3 0

0x; + X, +4x3 =0...(4)

0x; — X, + 6x3 = 0...(5)

0x; + 0%, + 2x3 =0 ... (6)
From (4) and (5)

A

X1
Case (iii) When A = 5 the eigen vector is given by (A — AI)X = 0 where X = <Xz>

X3
3—-5 1 4 X1 0
=3 0 2—5 6 X2 =10
0 0 5—-5/ \X3 0

—2X, + X, +4x3=0...(7)
0x; — 3x, + 6x3 =0...(8)
0x; + 0%, + 0x3 =0 ...(9)

From (7) and (8)

X1 X2 X3

6+12  0+12  6—0
X1 __ X2 __ X3
18 12 6
X1 _X _ X3

3 2 1

3
X3: 2
1

1 1 3

Hence the corresponding Eigen vectors are X; = (—1) ; X, = <0>; X; = <2>

0 0 1
Example: 1.11 Find the Eigen values and Eigen vectors of the matrix (—ab :)
Solution:

The characteristic equation is A> — s;A + s, = 0
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s; = sum of the main diagonal element

—at+a=2a
b
52=|A|=|_ab a| =a% +b?

Characteristic equation is A* — 2aA + a2 + b2 = 0
_ —b+vb2-4ac

2a

A

__ 2aty/4a?—4(a%+b?)
- 2

__ 2a+V-4b?

- 2

i2b

2a

I+

H ~

ib

The Eigen valuesare L =a + ib

=a

To find the Eigen vectors:

Case (i) When A = a + ib the eigen vector is given by(A — L)X = 0 where X = (Z)

(a ) (ft:r " a— (: + ib)) (2):(8)

—ile + bXZ =0.. (1)
—le - ibXZ =0.. (2)

o (1) = —ile = _bXZ
X1 X2 X1 X3

b b 1 i
()

Case (ii) When A = a — ib the eigen vector is given by (A — A)X = 0 where X = (2)

(a ) (fb_ " a— (:— ib)) (2):(8)

ibX1 + bX2 = 0 . (3)
—le + le2 = 0 . (4)

o (3) — le1 = _bX2
X1 X3 X1 X2

b b -1 i
Xz = ( 11)
Exercise: 1.2
Find the Eigen values and Eigenvectors of the following matrices:
1 0 0
1.(0 3 —1) Ans: A =1;(1,0,0); 2 =2;(0,1,1);2 =4;(0,—-1,1)

0 -1 3
12
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2 4 -6

2| 4 2 -6 ) Ans: A =-2;(1,-1,0); A =9;(2,2,—-1); A =—-18;(1,1,4)
-6 —6 -—15
2 2 0

32 1 1 Ans: A =1;(2,-1,-4); »=3;(2,1,-2);A = —4;(1,—-3,13)
-7 2 =3

41-2 10 4

4 =20 -10
Ans: A = 0;(5,1,0); A =-1;(2,0,1); 1 =2;(0,1,-2)

6 -30 -13
2 20
512 2 0 Ans: A = 0;(1,—1,0); » = 1;(0,0,1);1 = 4;(1,1,0)
0 0 1
Problems on Symmetric matrices with repeated Eigen values
6 -2 2
Example: 1.12 Determine the Eigen values and Eigen vectors of the matrix <—2 3 -1
2 -1 3

Solution:
The characteristic equation is A*> — s;1% + s,A. — 53=0
s; = sum of the main diagonal element
=6+3+3=12

S, = sum of the minors of the main diagonalelement

=|_31 _31|+|g §|+|_62 _32|=8+14+14=36

6 -2 2
ss=|Al=[-2 3 —-1| =32
2 -1 3

Characteristic equation is > — 124% + 361 — 32 =0
>A=20"—10L+16) =0
>1r=2 AW=2)(A—8)=0

>A1=228

To find the Eigen vectors:

X1
Case (i) When A = 8 the eigen vector is given by(A — AI)X = 0 where X = <x2>

X3
6—8 =2 2 X1 0
> -2 3-8 -1 X2 =10
2 -1 3-8/ \X3 0

—2Xq — 2X, + 2x3 = 0...(1)
—2x, — 5%, —x3=0...(2)
2X1 —X; —5x3 =0..(3)
From (1) and (2)

X1 X2 X3
2+10 —4-2 10—4

13
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X1 _ X2 _ X3
12 -6 6
X1 _ X2 _ X3
2 -1 1

(3

X1
Case (ii) When L = 2 the eigen vector is given by(A — AD)X = 0 where X = <x2>

X3
6—2 =2 2 Xq 0
=>| -2 3-2 -1 X2 =10
2 -1 3-2/\X3 0
4‘X1 - 2X2 + 2X3 = 0 (4‘)
—2X; +x, —x3 =0...(5)

2X1 — X5 + X3 = 0 (6)
In (1) putx;, =0 = —2x, = —2X;

0
X2 _ X3 —
RRERLE)

In(1) putx, =0 =4x; +2x3=0

= 4x, = —2X3

-1
X1 __ X3 _
2
2 0

Hence the corresponding Eigen vectors are X; = (—1) ; X, = <1>; X; = ( 0 )
1 1

2 2 1
Example: 1.13 Find the Eigen values and Eigen vectors of the matrix (1 3 1)

Solution:
The characteristic equation is A*> — s;1% + 5,1 — 53=0
s; = sum of the main diagonal element
=2+3+2=7

s, = sum of the minors of the main diagonalelement

=B y+ﬁ y+ﬁ ﬂ=4+3+4=1

2 21
ss=|Al=[1 3 1| =5
1 2 2

Characteristic equation is A> — 7% + 11A—5 = 0
>A=1(A—-6L+5)=0
>i=1 A—=1)(A-=-5)=0

=>A1=11,5
14
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Case (i) When A = 5 the eigen vector is given by(A — AI)X = 0 where X = (xz
X3

2—-5 2 1 X1 0
= 1 3—-5 1 X2 1=10
1 2 2—5/ \X3 0

_3X1 + 2X2 + X3 = 0.. (1)

X1 - ZXZ +X3 - 0 ...(2)

To find the Eigen vectors:
x1>

X, + 2%, — 3x3 =0...(3)

From (1) and (2)

4 4 4
X1 __ X2 _ X3
1 1

X1
Case (ii) When L = 1 the eigen vector is given by(A — AI)X = 0 where X = <Xz>
X3

2—-1 2 1 X1 0

= 1 3-1 1 X2 |={0

1 2 2—1/ \X3 0
X1 + 2%, + %3 =0...(4)

X1+ 2%, + X3 =0...(5)
X1+ 2%, + X3 =0...(6)

In (1) putx; =0 = 2x, = —X;

0

-1 2
2

In (1) putx, =0 =>x; = —X3

-1

-1 1
1

1 0 -1
Hence the corresponding Eigen vectors are X; = (1) ; X, = <—1); X5 = < 0 )
2 1

1

6 -6 5
Example: 1.14 Find the Eigen values and Eigen vectors of the matrix | 14 —-13 10
7 -6 4

Solution:
The characteristic equation is A*> — s;1% + s,A — 53=0
s; = sum of the main diagonal element
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=6—13+4=-3

S, = sum of the minors of the main diagonalelement

=_f£ §W+B ZL*HL :g|=8_11+6=3
6 —6 5
s3 = |Al =14 -13 10| =-1
7 -6 4

Characteristic equation is A> + 32> + 3L+ 1 =10
>A=-1,A*+20+1) =0
=>i=1 A+1DA+1)=0

>Ai=-1,-1,-1
To find the Eigen vectors:

X1
When L = —1 the Eigen vector is given by(A — ADX = 0 where X = <xz>

X3
6+1 —6 5 Xq 0
=| 14 -13+1 10 X2 =10
7 —6 441/ \X3 0

7X; — 6%, +5x3 = 0...(1)
14x, — 12X, + 10x5 = 0.... (2)
7%, — 6%, + 53 = 0...(3)

In (1) putx; =0 = —6x, = —5x3

0
Xz_X_3 _
3= ==

In (1) putx, =0 = 7x; = —5x3

-5
X1_X_3 _
:>_—5—7 :>X2—<g)

In (1) putx; =0 = 7x; = 6%,

6
6 7 0

0 -5 6
Hence the corresponding Eigen vectors are X; = (5);X2 = < 0 ); X; = <7>
6 7 0

2 10
Example: 1.15 Find the Eigen values and Eigen vectors of the matrix <0 2 1)
0 0 2

Solution:
The characteristic equation s 1> — s; A% 4 s, A — 55=0
s; = sum of the main diagonal element

=2+2+2=6

16
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S, = sum of the minors of the main diagonalelement
12 1 2 0 2 1| _ —
=6 Sl+ls Sl+S Sl=4+ara=12

2 1 0
0 2 1
0 0 2

Characteristic equation is A> — 61.% + 124 — 8 = 0
>A=2,0—-4r+4)=0
>1=2 A=-2)(A—-2)=0
>A=2,2,2

s; = |A] = =8

To find the Eigen vectors:

X1
When L = 2 the Eigen vector is given by(A — ADX = 0 where X = <x2>

X3
2—2 1 0 X1 0
= 0 2—2 1 X2 1={0
0 0 2—2/ \X3 0

0x; +x, +0x3 = 0...(1)
0x; + 0%, + x3 =0...(2)
0x; + 0x, + 0x3 = 0...(3)
From (1) and (2)

1
Hence the corresponding Eigen vectorsare X; = X, = X3 = <0)
0

Exercise: 1.3

Find the Eigen values and Eigenvectors of the following matrices:

2 21
11 3 1) Ans: A =1;(2,-1,0); A =1;(1,0,—1); A =5;(1,1,1)
1 2 2
2 1 1
212 3 2 Ans: A =1;(0,1,—-1); A =1;(1,0,—1); A = 7;(1,2,3)
3 3 4
1 2 2
310 2 1 Ans: A =1;(1,1,-1); A =1;(1,1,—-1); L = 2;(2,1,0)
-1 2 2
-3 -9 -12
41 1 3 4 Ans: A =0;(3,-1,0); A =0;(3,-1,0); A =1;(12,—4,—-1)
0 0 1
-2 2 =3
51 2 1 -6 Ans: A = -3;(3,0,1); A =-3;(—2,1,0); A =5;(1,2,—-1)
-1 -2 0

17
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1.4 PROPERTIES OF EIGEN VALUES AND EIGEN VECTORS
Property: 1(a) The sum of the Eigen values of a matrix is equal to the sum of the elements of the
principal (main) diagonal.
(or)

The sum of the Eigen values of a matrix is equal to the trace of the matrix.
1. (b) product of the Eigen values is equal to the determinant of the matrix.
Proof:

Let A be a square matrix of order n.
The characteristic equation of Ais |[A-AI| =0
(le)A" =S A1+ S22 — o+ (-1)S, =0 .. (1)

where S; = Sum of the diagonal elements of A.

S, = determinant of A.
We know the roots of the characteristic equation are called Eigen values of the given matrix.
Solving (1) we get n roots.
Let the n be A4, 1,, ... 1,,.
i.e., 44,1, ... A,,. are the Eignvalues of A.
We know already,
A" — (Sum of the roots A"~! + [sum of the product of the roots taken two at a time] A»~2 —
... + (=1)*(Product of the roots) = 0 .. (2)
Sum of the roots = S; by (1)&(2)
(lLe) i+, ++21, =5
(l.e)Mq+ A+ +A,=a41 +ay, + +ay,

Sum of the Eigen values = Sum of the main diagonal elements
Product of the roots = S, by (1)&(2)
(i.e.)MA, ... A, = detof A

Product of the Eigen values = |A|

Property: 2 A square matrix A and its transpose AT have the same Eigenvalues.
(or)
A square matrix A and its transpose AT have the same characteristic values.
Proof:
Let A be a square matrix of order n.
The characteristic equation of A and AT are
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A=Al =0 e (1)
and |AT—AIl =0 e (2)
Since, the determinant value is unaltered by the interchange of rows and columns.
We know |A| = |AT]|
Hence, (1) and (2) are identical.
= The Eigenvalues of A and AT are the same.

Property: 3 The characteristic roots of a triangular matrix are just the diagonal elements of the

matrix.
(or)
The Eigen values of a triangular matrix are just the diagonal elements of the matrix.
Proof: Let us consider the triangular Characteristic equation of is
matrix. |JA—AIl =0

all O O a11 - /1 0 0
A= a21 azz O ] |e, a21 azz_ﬂ. 0 =0

az1 Qzz dszs aszq asz azz — A

On expansion it gives (a;; — ) (ay; —A)(az3 — 1) =0
|e, A= aqiq,057,033

which are diagonal elements of the matrix A.

Property: 4 If 4 is an Eigenvalue of a matrix A, then % (1 # 0) is the Eignvalue of A1,

(or)
If 4 is an Eigenvalue of a matrix A, what can you say about the Eigenvalue of matrix A=1. Prove your
statement.
Proof:
If X be the Eigenvector corresponding to 4,
then AX = AX ()]
Pre multiplying both sides by A=, we get
ATAX = A7IXX
(1) = X = 471X
X =2A"1X
A= SX=ATKX
(ie) AX=:X

This being of the same form as (i), shows that % is an Eigenvalue of the inverse matrix A™1,

Property: 5 If 4 is an Eigenvalue of an orthogonal matrix, then % is an Eigenvalue.

Proof:
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Definition: Orthogonal matrix.
A square matrix A is said to be orthogonal if AAT = ATA =1
ie., AT = A1

Let A be an orthogonal matrix.

Given A is an Eignevalue of A.

= %is an Eigenvalue of A1
Since, AT = A™1

% is an Eigenvalue of AT

But, the matrices A and AT have the same Eigenvalues, since the determinants
|A — Alland |AT — Al| are the same.

1. .
Hence, - is also an Eigenvalue of A.

Property: 6 If 44, 45, ... 4,,. are the Eignvalues of a matrix A, then A™ has the Eigenvalues
T, A%, ....,A (m being a positive integer)
Proof:
Let A; be the Eigenvalue of A and X; the corresponding Eigenvector.
Then AX; = 1, X; ...(1)
We have A%X; = A(AX;)
= A(AX;)
= NLAX;)
=L (AX))
= AX;
1l 1y A%X; = APX;
In general, A™X; = A"X; .. (2)
Hence, A7 is an Eigenvalue of A™.
The corresponding Eigenvector is the same X;.
Note: If A is the Eigenvalue of the matrix A then A2 is the Eigenvalue of A2
Property: 7 The Eigen values of a real symmetric matrix are real numbers.
Proof:
Let A be an Eigenvalue (may be complex) of the real symmetric matrix A. Let the corresponding
Eigenvector be X. Let A denote the transpose of A.
We have AX = AX
Pre-multiplying this equation by 1 x n matrix X', where the bar denoted that all elements of X’ are the

complex conjugate of those of X', we get
XAX =X'X  ...(D

Taking the conjugate complex of this we get X' AX = AX'X or
20
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X'AX = AXX since, A = Afor A s real.
Taking the transpose on both sides, we get
(X'AX) = (AX'X)'(i.e., ) X A X=2X X
(i.e )X’ A'X=2A X Xsince A = Afor Ais symmetric.
But, from (1), X’ AX=AX X Hence AX'X =AX'X
Since, X’ X is an 1 x 1 matrix whose only element is a positive value, A = A (i.e.) 1 is real).
Property: 8 The Eigen vectors corresponding to distinct Eigen values of a real symmetric matrix are
orthogonal.
Proof:
For a real symmetric matrix A, the Eigen values are real.
Let X;, X, be Eigenvectors corresponding to two distinct eigen values 4, , 1, [, ,1, are real]
AX; =Xy e (1)
AX, = A, X, v (2)
Pre multiplying (1) by X,’, we get
X,'AX; = X, M Xy

= )\1X2’X1
Pre-multiplying (2) by X, ', we get
X1’AX2 = }\2X1’X2 e n (3)

But(X;'AX;)" = (A X5'Xy)’
X'AX, = XX,
(i.e) X{/AX,=MXX, .. (4) [+ A =A]

From (3) and (4)

LXL X, = L,X, X,
(ile)A —2)X{X; =0
M #EAX X, =0
~ X1, X, are orthogonal.
Property: 9 The similar matrices have same Eigen values.
Proof:

Let A, B be two similar matrices.

Then, there exists an non-singular matrix P such that B = P~ AP
B—Al =P~1AP — Al

=P IAP - P 1AIP

=P~1(A—ADP
|IB—All = [P~ |A =2l [P]
= |A—Al| |P1P|
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= [A=All [1]
= |A — Al
Therefore, A, B have the same characteristic polynomial and hence characteristic roots.
=~ They have same Eigen values.
Property: 10 If a real symmetric matrix of order 2 has equal Eigen values, then the matrix is a scalar
matrix.
Proof :
Rule 1 : A real symmetric matrix of order n can always be diagonalised.
Rule 2 : If any diagonalized matrix with their diagonal elements are equal, then the matrix is a scalar matrix.
Given A real symmetric matrix ‘A’ of order 2 has equal Eigen values.

By Rule: 1 A can always be diagonalized, let A, and A, be their Eigenvalues then
we get the diagonlized matrix = [}‘1 0]
0 A,
GivenA; = 2,
_[m 0
Therefore, we get = [0 }\2]

By Rule: 2 The given matrix is a scalar matrix.
Property: 11 The Eigen vector X of a matrix A is not unique.
Proof :

Let A be the Eigenvalue of A, then the corresponding Eigenvector X such that AX =2AX.
Multiply both sides by non-zero K,
K (AX) = K(AX)

= A (KX) = A (KX)
(i. e.)an Eigenvector is determined by a multiplicative scalar.
(i.e.) Eigenvector is not unique.
Property: 12 44, 4,, ... 4,, be distinct Eigenvalues of an n X n matrix, then the corresponding
Eigenvectors X4, X, , ... X,, form a linearly independent set.
Proof:

Let 14,1, ... 4,,(m < n) be the distinct Eigen values of a square matrix A of order n.

Let X4, X, , ... X, be their corresponding Eigenvectors we have to prove 7%, a; X; =

0 implieseach a; = 0,i = 1,2,...,m
Multiplying .72, a; X; = 0 by (A — A,1), we get
(A—A4Da; Xy =a;(AX; —4X;) = a,(0) =0
When 7, a; X; = 0 Multiplied by
A-2,DA-1D..(A—A4_DA-4DA—-214D.. A-21,D
We get, a;(4; — 1)(4; — A2) . (i — A=) (4 — A1) . (A4 — A) = 0
Since, A’s are distinct, a; = 0
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Since, i is arbitrary, each a; = 0,i = 1,2,...,m
moa; X; =0implieseacha; =0,i =1,2,...,m
Hence, X4, X, , ... X, are linearly independent.
Property: 13 If two or more Eigen values are equal it may or may not be possible to get linearly
independent Eigenvectors corresponding to the equal roots.
Property: 14 Two Eigenvectors X,and X, are called orthogonal vectors if XI X, = 0
Property: 15 If A and B are n x n matrices and B is a non singular matrix, then A and B! AB have
same eigenvalues.
Proof:
Characteristic polynomial of B~1 AB
= |B"1AB—Al| = |B~1AB — B~1(AD)B|
= |B™* (A—ADB| = [B7*||A - All|B|
= [B7| |B| |[A—AIl = [B™*B||A — Al
= Characterisstisc polynomial of A

Hence, A and B~ AB have same Eigenvalues.

Problems based on properties

-2 2 -3
Example: 1.16 Find the sum and product of the Eigen values of the matrix[ 2 1 —6]

-1 -2 0
Solution:

Sum of the Eigen values =Sum of the main diagonal elements
=(=2)+ D) +(0)

=-1
-2 2 =3
Product of the Eigen values = | 2 1 -6
-1 -2 0

=-2(0—-12)-2(0—-6)—3(—4+1)
=24+12+9 =45

1 2 3
Example: 1.17 Find the sum and product of the Eigen values of the matrix A= |—-1 2 1]
1 1 1

Solution:

Sum of the Eigen values = Sum of its diagonal elements =14+2+1 =4

1 2 3
Product of Eigen values = |C|=|-1 2 1
1 1 1

=12-1)-2(-1-1)+3(-1-2)
=1(1) —2(-2) + 3(-3)
=1+4-9=—4
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6 -2 2

Example: 1.18 The product of two Eigen values of the matrixA =|-2 3 —1]is 16. Find the third
2 -1 3

Eigenvalue.

Solution:

Let Eigen values of the matrix A be 1, 4,, 15.
Given 1,4, =16
We know that, ;1,15 = |A]
[Product of the Eigen values is equal to the determinant of the matrix]

6 -2 2
WAy = =2 3 -1
2 -1 3
=6(9—-1)+(-6+2)+2(2-06)
=6(8) + 2(—4) + 2(—4)
=48—-8—8
$111213=32
=16 1; =32
= A —32—2
3716

6 -2 2

Example: 1.19 Two of the Eigen values of [—2 3 —1]are 2 and 8. Find the third Eigen value.

2 -1 3
Solution:

We know that, Sum of the Eigen values = Sum of its diagonal elements

=6+3+3=12
Given A, = 2,1, =8,A; =7
Weget, 1, + 1, + 13 =12
2+8+A; =12
Az =12-10
Az =2
=~ The third Eigenvalue = 2
8 -6 2

-6 7 —4|find |A]|, without

2 -4 3

Example: 1.20 If 3 and 15 are the two Eigen values of A =

expanding the determinant.
Solution:
Given A, = 3,4, =15,4; =7
We know that, Sum of the Eigen values = Sum of the main diagonal elements
S>Mh+A+A;=8+7+3
3+15+1; =18
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=>A;=0

We know that, Product of the Eigen values = |A|
= (3)(15)(0) = |Al

= |Al = (3)(15)(0)

=>|Al=0
3 10 5
Example: 1.21 If 2, 2, 3 are the Eigen valuesof A = | -2 -3 —4| find the Eigen values of AT.
3 5 7

Solution:
By Property “A square matrix A and its transpose AT have the same Eigen values”.

Hence, Eigen values of AT are 2, 2, 3

Example: 1.22 If the Eigen values of the matrix 4 = [; _ﬂ are 2,—2 then find the Eigen values of
AT,
Solution:

Eigen values of A = Eigen values of AT

- Eigen values of AT are 2, —2.

2 10
Example: 1.23 Find the Eigen valuesof A = [0 2 1 |without using the characteristic equation idea.
0 0 2
Solution:
2 1 0
Given A=|0 2 1] clearlygiven matrix A is an upper triangular matrix. Then by property, the
0 0 2

characteristic roots of a triangular matrix are just the diagonal elements of the matrix.

Hence, the Eigen values are 2, 2, 2.

2 00
Example: 1.24 Find the Eigen valuesofA=[1 3 0
0 4 4
Solution:
2 0 0
GivenA=([1 3 0
0 4 4

Clearly given matrix A is a lower triangular matrix

Hence, by property the Eigen values of A are 2, 3, 4.

3 -1 1

Example: 1.25 Two of the Eigen valuesof A=|—-1 5 —1] are 3 and 6. Find the Eigen values of
1 -1 3

AL

Solution:

Sum of the Eigen values = Sum of the main diagonal elements

=3+5+3=11
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Let K be the third Eigen value

~3+6+k=11
=>9+k=11
>k=2
= The Eigenvalues of A1 are% % %
2 21
Example: 1.26 Two Eigen values of the matrix A = {1 3 1| are equal to 1 each. Find the
1 2 2
Eigenvalues of A1,
Solution:
2 2 1
GivenA=|1 3 1
1 2 2

Let the Eigen values of the matrix A be 4, 1,, 13
Given conditionis A, = A; =1
We have, Sum of the Eigen values = Sum of the main diagonal elements
S+ +A;=2+3+2
>L+1+1=7
>04+2=7
=>1, =5

Hence, the Eigen values of Aare 1,1, 5

1

Eigenvaluesof A=Y are= ,2 2 ie., 1,1,-
1°1°5 5
2 10
Example: 1.27 Find the Eigen values of the inverse of the matrix A=|0 3 4
0 0 4

Solution:
We know that, the given matrix is a upper triangular matrix.

Therefore, the Eigen values of A are 2, 3, 4

1 2 3
Example: 1.28 Find the Eigen values of A3given A = |0 2 —7]
0 0 3
Solution:
1 2 3
Given A=[0 2 -7
0 0 3

Clearly given A is an upper triangular matrix
Hence, the Eigen values are 1, 2, 3
(i.e.) The Eigen values of the given matrix A are 1, 2, 3.

By the property, the Eigen values of the matrix A3 are 13,23 ,33.i.e., 1, 8, 27.

26



Engineering Mathematics -11

Example: 1.29 If 1 & 2 are the Eigen values of a 2 x 2 matrix A, what are the Eigenvalues of A3 and
A™1?
Solution:

We know that, if 1,,1,,. ... 4, are the Eigenvalues of A, then AT, A7* ... A7 are the Eigenvalues of A™.

Given 1 and 2 are the Eigen values of A.

1% and 22 i.e., 1 and 4 are the Eigen values of 4% ; 1 and % are the Eigenvalues of A1,

_1], form the matrix whose Eigenvalues are

Example: 1.30 If « and S are the Eigen values of [_31 5

a3 and p3.
Note: If A, 1,,....A,, are the Eigenvalues of A, then A%, A%, A% ... X are the Eigenvalues of A* for any

positive integer.

Solution:
Let A = (_31 _51) Let a, B be the Eigen values of A
> A2=AA
(3 —-1\(/3 -1\_ (10 -8
_(—1 5)(—1 5)_(—8 26)
=> A3 = A%A
_ (10 -8 (3 -—-1\_/38 =50
B (—8 26) (—1 5 ) B (—50 138)
. - 38 =50
Hence, the required matrix is (_50 138)
Example: 1.31 Form the matrix whose Eigen values are « — 5,8 — 5,y — 5 where a, 8, y are the
-1 -2 -3
EigenvaluesofA=|4 5 -6
7 -8 9

Solution:

Note: The matrix A — KI has the Eigen values A, — k, /12 k,...

-1 -2 1 0 O
Hence, the required matrixisA—5I=| 4 5 —-5(0 1 0

7 -8 0 0 1
-6 -2
=\|4 0 —6
7 8 4
2 2 1 L
Example: 1.32 Two Eigen valuesof A= |1 3 1] areequal and they are s times to the third. Find
1 2 2
them.
Solution:

Let the third Eigen value be A;.
We know that, 1, + A, +4; =2+4+34+2=7

27



Engineering Mathematics -11

Given A, = 2, ...(2) A = §,13 () A= §/13 . (4)
1 = 2+ ;=7 by (2)
Aty =7 by (3)
= 2/13 =7 =>A3=5
@ => Ah=:G)=1 =213 =5
2) = =1 | [+ =21,

Hence, the Eigen values are 1, 1, 5.

2 00
Example: 1.33 If 2, 3 are the Eigen values of [0 2 0], find the value of a.
a 0 2
Solution:
2 0 0
LetA=(0 2 O
a 0 2

Let A,, A,, 15 by the Eigenvalues of A.

Given 4; =2,1, =3

We know that, 1; + 1, + 13 = Sum to the main diagonal elements
S5243+4; =2+42+42
>5+A; =6
=>1; =1

We know that, 1; 4, A; = |A]

2 00
0 2 0
a 0 2

=>6=2(4-0)—-00-0)+1(0—-2a)
=>6=8-2a
>2a=8-6=2

= @3 =

~a=1
Example: 1.34 If the Eigen values of A of order 3 x 3 are 2, 3 and 1, then find the Eigen values of
adjoint of A.
Solution:

Given the Eigen values of A are 2, 3,1

The Eigen values of A™1 are

N |
-
[SSIIE

I1I

Formula: adj A = [A] A1
|A| = Product of the Eigenvalues of A = (2)(3)(1) = 6
~adjA=6A"1
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= The Eivenvalues of adj A are 6 G) 6 G) ,6(1),i.e.,3,2,6

Example: 1.35 If 2,—1, —3 are the Eigenvalues of the matrix A, then find the Eigenvalues of the matrix

A% - 21
Solution:
Given the Eigen values of A are 2,—1,-3
The Eigen values of A2 — 21 are 2,—1,7
Since 22 —2(1) =2,(-1)?-2(1)=-1,(-3)*-2(1) =7

Example: 1.36 What are the Eigen values of the matrix A + 3I if the Eigenvalues of the matrix A =

[_15 _4_2] are 6 and —1? why ?

Solution:
The Eigen values of A are 6 and —1
The Eigen values of A + 31 are 6 + 3and —1 + 3
i.e.,  The Eigen values of A + 31 are 9 and 2
Reason:
If 1,,1,, ... A, are Eigenvalues of A, then
A+ k, A, + k, A, + k are the Eigenvalues of A + KI, then

Example: 1.37 Find the Eigen values of 3A + 2I, where A = [(5) LZL]

Solution:
The Eigen values of Aare 5 and 2.
The Eigen values of 3A + 2l are 3(5) + 2 and 3(2) + 2
(i.e.) The Eigen values of 3A +2] are 17 and 8
Exercise: 1.4

1 2 =2
1. IfA=

-2 -1 3

1 0 3 ] , then find the sum and product of all Eigenvalues of A.

Ans: Sum = 4; Product = —13

2. Find the product of the Eigen values of

[3 —4 4
@A=|1 -2 4 Ans: Product = —6
1 -1 3

b)A=1] 1 0 3
-2 -1 -3

[ 1 2 —2]

1 1 3
3. Ifthe Eigen values of the matrix A =

3 1 1

Ans: Product = —1

1 5 1] are —2,3, 6, then find the Eigenvalues of AT.

Ans: 2,3,6,
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1 3 4
4. Find the Eigen valuesof A= |0 2 5] Ans: 1,2,3
0 0 3
1 3 4 L1
5. Find the Eigen values of the inverse of the matrix A= |0 2 5 Ans: 1,5,5,
0 0 3
2 1 0
6. Find the Eigen valuesof A2 ifA=|0 3 4 Ans: 4,9, 16
0 0 4
- - 3 — 3 2 -
7. Obtain the Eigen values of A°where A = [1 2] Ans: 1, 64

1.5 DIAGONALISATION OF A MATRIX BY ORTHOGONAL TRANSFORMATION
Orthogonal matrix
Definition

A matrix ‘A’ is said to be orthogonal if AAT = ATA =1

] . .. cosO sin0
Example: 1.38 Show that the following matrix is orthogonal (—sine cose)
Solution:

__( cos® sinB
LetA = (—sine cose)
T _ (cosB —sinB
= A = ( sin0 cosG)
T _ (cosB sinB)/cosB —sinO
AAT = (—sine cose)( sin0 cose)
_ ( cos20 + sin?0 —cosBsin® + cosesine)
—sinBcosO + sinBcosO sin%0 + cos?0
_(1 0y _
- (() 1) =1
~ A'is orthogonal.
Modal Matrix

Modal matrix is a matrix in which each column specifies the eigenvectors of a matrix .1t is
denoted by N.

A square matrix A with linearity independent Eigen vectors can be diagonalized by a similarly
transformation, D = N~1AN, where N is the modal matrix .The diagonal matrix D has as its diagonal
elements, the Eigen values of A.

Normalized vector

Eigen vector X,. is said to be normalized if each element of X,. is being divided by the square root

of the sum of the squares of all the elements of X,..i.e.,the normalized vector is I)):_I
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2 2 2

X1 x1/yx1 + x5 +x3

X, = xz] ; Normalized vector of X,. = |x,//x? + x% + x2
X3

X3/ X%+ x% + x5
Working rule for diagonalization of a square matrix A using orthogonal reduction:
i) Find all the Eigen values of the symmetric matrix A.
ii) Find the Eigen vectors corresponding to each Eigen value.
iii) Find the normalized modal matrix N having normalized Eigen vectors as its column vectors.

iv) Find the diagonal matrix D = NT AN.The diagonal matrix D has Eigen values of A as its
diagonal elements.

2 1 -1
Example: 1.39 Diagonalize the matrix ( 1 1 —2)

-1 -2 1
Solution:

The characteristic equation is A*> — s;1% + s,A. — 53=0
s; = sum of the main diagonal element
=24+14+1=4

S, = sum of the minors of the main diagonalelement

=L§ zﬂ+Li 1H+ﬁ 1=—3+1+1=—1

2 1 -1
ss=1Al=1[1 1 -2 =-4
-1 -2 1

Characteristic equation is A> — 40> =L+ 4 =0
>A=1,(A-3L-4)=0
>i=1 A+1)A—-4)=0

=>i1=-1,14
To find the Eigen vectors:

X1
Case (i) When A = 1 the eigen vector is given by(A — AI)X = 0 where X = <x2>

X3
2—1 1 -1 X1 0
= 1 1-1 =2 X2 =10
-1 —2 1-1/ \Xx3 0

X; +X, —x3=0..(1)
X1 +0x, — 2x3 =0...(2)
—X; — 2%, + 0x3 = 0...(3)
From (1) and (2)

X1 __ X2 X3
—2-0  -1+2 0-1
X1 __ X2 _ X3
2 1
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(3

X1
Case( ii) When A = —1 the eigen vector is given by (A — ADX = 0 where X = <x2>

X3
2+1 1 -1 X1 0
:( L o141 —2)<xz)=<0>
-1 -2 141/ \X3 0
3X1+X2_X3 =0...(4‘)

X1 + 2X, — 2X3 = 0...(5)
_X1 - 2X2 + 2X3 = 0 (6)

From (4) and (5)
X1 __ X3 __ X3
242 -146  6-1
X1 _ X2 _ X3
o 5 5
X

X1
Case (iii) When A = 4 the eigen vector is given by (A — AI)X = 0 where X = <Xz>

X3
2—4 1 -1 X1 0
=3 1 1—-4 =2 X2 =10
-1 —2 1—-4/ \X3 0

—2X1 + X, —x3 =0..(7)
X1 — 3%, —2X3 = 0...(8)
—Xq; — 2X; —3%x3 = 0...(9)
From (7) and (8)

X1 __ X2 __ X3
—2-3  -1-4  6-1
X1 __ X2 __ X3
-5 -5 5
X1 __ X2 __ X3
-1 -1 1

-1

X;=(-1

1

-2 0 -1

Hence the corresponding Eigen vectorsare X; = 1 | ;X =(1]; X3=|-1

To check X;, X,& X5 are orthogonal

0
XX, = (-2 1 —1)(1)=0+1—1=0
1

32



Engineering Mathematics -11

-1
X,"X; =(0 1 1)(—1)=0—1+1=0
1

—2
X;TX, = (=1 -1 1)<1>=2—1—1=0
~1

Normalized Eigen vectors are

-2 -1
GYNE
1 — -1
| 7 | \/15 | N |
1i\=/\ L
\ 6/ V2 \\/5
Normalized modal matrix
-2 -1
(% © %)
1 1 -1
N=1% % 7|
111
\\/6 V2 \/5/
-2 1 1
/\/6 NG \/8\
T _ 1 1
NT=|0 V2 2 |
-1 L/
V3 V3 43

Thus the diagonal matrix D = NTAN

-2 -1
/Vg Vg\ 2 1 -1
1
=0 5|<1 1 —2)
-1 1f\-1 -2 1
V3 V3

1 0
=10 0
0 4

10 -2 -5
Example: 1.40 Diagonalize the matrix (-2 2 3
-5 -3 5

Sk Sl Sl

1

o Lo gllsl-sl
SIEESTENRE
Gl sllall
N~

Solution:
The characteristic equation is A*> — s;A% + s,A — 53=0
s; = sum of the main diagonal element
=10+2+4+5=17

s, = sum of the minors of the main diagonalelement

:_23 §|+|ig _55|+|ig _22|=1+25+16=42

10 -2 -5
ss=1Al=|-2 2 31 =0
-5 -3 5

Characteristic equation is 1> — 174% 4+ 421 = 0
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> AW =170+ 42) =0
=>1=0,314
To find the Eigen vectors:

X1
Case (i) When A = 0 the eigen vector is given by(A — AD)X = 0 where X = <x2>

X3
10—-0 -2 -5 X1 0
:(_2 20 3)<x2)=<0)
-5 -3 5-0/ \X3 0

10x4 — 2x, —5x3 =0 ...(1)

—2X1 + 2%, + 3x3 = 0...(2)

—5x; + 3%, + 53 = 0...(3)
From (1) and (2)

X1 X3 X3
—6+10  10-30  20-4
X1 _ Xz __ X3
4 —20 16
X1 __ Xy _ X3
1 -5 4

()

X1
Case (ii) When A = 3 the eigen vector is given by (A — A)X = 0 where X = <Xz>

X3
10-3 -2 -5 X1 0
=3 -2 2—13 3 X2 =10
-5 -3 5-3/\x3 0

7xq — 2X, — 5x3 = 0...(4)
—2%X; — X5 +3x3 = 0...(5)
—5x; + 3%, + 2x3 =0...(6)
From (4) and (5)

X1 X2 X3
-6-5  10-21 -7-4
X1 __ X2 __ X3
11 -11 -1
X1 __ X2 __ X3
11 1

o

X1
Case (iii) When A = 14 the eigen vector is given by(A — AI)X = 0 where X = <x2>

X3
10— 14 -2 -5 X1 0
= -2 2—14 3 X2 =10
-5 -3 5—14/ \X3 0
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—4x, — 2X, — 5%3 = 0...(7)

—2x, — 12x, + 3x3 = 0...(8)

—5%x; + 3%, —9x3 = 0...(9)
From (7) and (8)

X1 _ _X2 _ _X3
—6—60 10+12 48—4
X1 _ X2 _ X3

-66 22 44

_X_X

-6 2 4

-3
X3 = 1
2

-3

1 1
Hence the corresponding Eigen vectors are X; = <—5) ; Xy = <1); X5 = ( 1 )
4 1 2

To check X;, X, & X are orthogonal

1
XX, =(1 =5 4)(1)=1—5+4=0
1
—3
X,"X;=(1 1 D[ 1]=-3+1+2=0
2

1
XX, =(-3 1 2)(—5)=—3—5+8=0
4
Normalized Eigen vectors are

Normalized modal matrix

1 1 -3

42 3 V14

-5 1 1
N=| 2 L L

42 3 14
\4- 1 2/

42 3 V14

4

Thus the diagonal matrix D = NTAN

35



Engineering Mathematics -11

1 -5 4 11 -3
/m\/ﬁx/ﬁ\lo_z_S\/ﬁﬁ\/ﬁ
Y (R T | == L L
=5 6 Bl 2 3)1E 5 E
—_3;1—5—35\iii
Viz via +Via Viz V3 Vi4
0 0 0
={0 3 0
0 0 14

Example: 1.41 Diagonalize the matrix (—62 32 —21)
2 -1 3
Solution:
The characteristic equation is A*> — s;A% + s,A. — 53=0
s; = sum of the main diagonal element
=6+3+3=12

S, = sum of the minors of the main diagonalelement

=12, S A8, Fl=s+1a+14=36

6 -2 2
s;=]Al=|-2 3 -1 =32
2 -1 3

Characteristic equation is > — 124% + 361 — 32 =0
>A=20*=-10L+16)=0
>A=228
To find the Eigen vectors:

X1
Case (i) When A = 8 the eigen vector is given by (A — A)X = 0 where X = <Xz>
X3

6-8 -2 2 \ /% 0
> -2 3-8 -1 |[x2]=]0
2 -1 3-8/\x; 0

—2X, — 2X, + 2x3 = 0...(1)
—2x; — 5%, —x3 =0...(2)
2X1 —X; —5x3 =0..(3)
From (1) and (2)

X1 _ X2 X3
2410 -4-2  10-4

X1 X2 X3

12 -6 6

X1 X2 X3

2 —_1 1
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X1
Case (ii) When A = 2 the eigen vector is given by (A — A)X = 0 where X = <x2>

X3
6—2 =2 2 X1 0
= -2 3-2 -1 X2 |={0
2 -1 3-2/\X3 0

4x, — 2%y, +2x3 =0...(4)
—2X; +x, —x3 =0...(5)
2X1 — Xy + X3 =0...(6)
Putx; =0 = —2x, = —2x3
Xy _ X3

1 1

o

d
Case (iii) Let X5 = (b) be a new vector orthogonal to both X;and X,

C
a d
2 -1 1)<b>=0&(0 1 1)<b>=0
C C

2a—b+c=0..(7)
a+b+c=0..(8)

(i.e)XTX;=0& XJX;=0

From (7) and (8)

a _ b _c
-1-1 o0-2 2
a b _c
2 -2 2
a b _c
-1 -1 1

2 0 -1
Hence the corresponding Eigen vectors are X; = (—1) i X, = <1>; X; = <—1>

Normalized Eigen vectors are

Normalized modal matrix
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2 -1
/ﬁ 0 &
-1 1 -1
N=1% &
1 1 1
V6 V2 V3B
2 -1 1
V6 V6 6
NT=|0 —

L|

2 2
‘_1‘_1L/
V3 3 43

Thus the diagonal matrix D = NTAN

2 11 2 4 =
V6 6 6\ 6 -2 2 /\/3 \/5\
1 1 -1 1 -1
\—_1—_11/ 2 -1 3 \LLL/
V3 V3 43 V6 V2 3
8 0 0
=0 2 0
0 0 2

3 1 1
Example: 1.42 Diagonalize the matrix (1 3 —1)
1 -1 3

Solution:
The characteristic equation is A — s; A% 4 s,A — s3=0
s; = sum of the main diagonal element
=3+3+3=9

s, = sum of the minors of the main diagonalelement

:|_31 _31|+|§ ;|+|i ;=8+8+8=24

3 1 1
ss=]Al=[1 3 -1 =16
1 -1 3

Characteristic equation is A> — 9\ + 24A — 16 = 0
>A=1,0"-8L+16)=0
>Ai=144
To find the Eigen vectors:

X1
Case (i) When A = 1 the eigen vector is given by(A — AI)X = 0 where X = <xz>
X3

3—-1 1 1 X1 0
= 1 3—-1 -1 X2]1=10
1 -1 3-1/ \X3 0

2X1 +X2 +X3 = 0 ...(1)

Xl + ZXZ - X3 S 0 ...(2)
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X1 — Xy + 2X3 == 0 ...(3)
From (1) and (2)

()

X1
Case (ii) When A = 4 the eigen vector is given by (A — AI)X = 0 where X = ( )

3—4 1 1 X1 0

= 1 3—4 -1 X21=10

1 -1 3—4/ \X3 0
—X1+X2 +X3 =0(4‘)

Xl_XZ_X?,:O...(S)

Xl_XZ_X3=0...(6)
put x;, =0 = x, = —X3

0
“=(3)
1
d
(b) be a new vector orthogonal to both X;and X,
C
(i.e) X{X3=0& X;X3=0

Case (iii) Let X5 =

a a
(-1 1 1)<b>=0&(0 -1 1)<b>=0
c C

—a+b+c=0..(7)
0da—b+c=0..(8)
From (7) and (8)

Hence the corresponding Eigen vectors are X,

-1
1 ; Xo
1
Normalized Eigen vectors are

X2
X3
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|
=

/.
@~ al-al

Normalized modal matrix

-1 2
/ﬁ 0 &
1 -1 1
N=17F % %
\i -1 L/
NG
-1
NI f\
T _ -1
NT=]0 =
22
V6 V6 V6
Thus the diagonal matrix D = NTAN
-1 1 -1
NG s 0

-1

[
\___/
/N
w
w | o
N———

—
sl
sl= 5= 5l
N~

wl= Sl
N

=] 0
2
\ii
V6 6
0
0
4

Example: 1.43 Reduce the matrix A= ( ) to the diagonal form, find A3.

Solution:
The characteristic equation is A.* — s;A +s, = 0
s; = sum of the main diagonal element
= 3+3=6

| | 3 —1|

s, = 1A= ° =9-1=38

Characteristic equation is A> — 61 + 8 = 0
A=24

To find the Eigen vectors:

Case (i) When A = 2 the eigen vector is given by(A — AI)X = 0 where X = (}}2)

= (3—_12 3_—12) (2):0

Xl_XZZO

_X1+X2:0
X1 X3
1 1
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=)

Case (ii)When A = 4 the eigen vector is given by(A — AI)X = 0 where X = (
3—4 -1 X1\ _
= ("5 3 — ) ()0

_Xl_X2=0

Hence the corresponding Eigen vectors are X; = G);X2 = (_11)

To check X; & X, are orthogonal

X", =0a n(})=o0

X, X, = (1 —1)(1) 0

Normalized Eigen vectors are

Sl LSl
S-Sl

Normalized modal matrix

Sl
Slh Sl gL gl-

S-Sl

I
oW
w |
—_
N——
=Sl
kSl

SlL Sl

Il
~—~
N
S O
N~

To find A3: A3 = ND3NT

1 1 1 1
:ﬁﬁ(s O)Eﬁ

L 1)\ 64/\ L -t

V2 V2 VZ V2
_(36—28)

—-28 36

X
X2

)
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Example: 1.44 Find the 3x3 square symmetric matrix A having Eigen values 2,3,6 and corresponding
Eigenvectors(1 0 -1)T,(1 1 1)Tand(1 -2 DT
Solution:

1 1 1
-1 1 1

Normalized modal matrix

11 1,
Z BV G ﬁ\
_ 1 2y, T L X 1
N=l0 5 ZN=|5 5 &
111 1 2z 1
ﬁﬁ@/ \x/E«/E\/E/

2 0 0
D={0 3 0
0 0 6

D = NTAN = A = NDNT

1 1 2 —2
(7 ° % (% ° &)
oo (o SN L oL 1) j3 3 3
0 0 o/| V3 V3 V3| |V3 V3 V3|
\L‘_Zij\i‘_lzij
V6 V6 6 6 V6 6
1 1 1\ /2 —2
A AT A
A = NDNT oi__ZHiiil
B V3 V6 ||V3 V3 V3|
111}11&
V2 V3 6/ W6 V6 6

0+1-2 0+1+4 0+1-2

1+1+1 0+1-2 —1+1+1>
1+1+1 14+40—-2 1+1+1

|
E
(
(

3 -1 1
= 1 5 -1
1 -1 3
1 1 3
Example: 1.45 Reduce the matrix A={1 5 1 | tothe diagonal form, find A3.
3 1 1

Solution:
The characteristic equation is A* — s;1% + s,A — 53=0
s; = sum of the main diagonal element
=14+5+1=7

S, = sum of the minors of the main diagonalelement

:ﬁ 1|+|§ i|+|1 ;=4—8+4=0
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1 1 3
1 51
31 1

Characteristic equation is A> — 7% + 36 = 0
>A=3; (M —41r—12)=0
=>A=-263

s; = |A] = = 36

To find the Eigen vectors:

X1
Case (i) When A = —2 the eigen vector is given by(A — ADX = 0 where X = <x2>

X3
1+2 1 3 X1 0
= 1 542 1 X21=10
3 1 142/ \X3 0

3x; + X, +3x3 =0...(1)

X1+ 7%, +%3=0...(2)

3x; + X, +3x3 =0...(3)
From (1) and (2)

(3

X1
Case (ii) When A = 3 the eigen vector is given by (A — AI)X = 0 where X = <xz>

X3
1-3 1 3 X1 0
= 1 5-3 1 X2 =10
3 1 1—-3/ \X3 0

—2x; + X, +3x3 =0...(4)
X1 + 2%, +x3 =0...(5)
31 + X, —2x3 =0...(6)
From (4) and (5)

X1 __ X2 X3
1-6  3+2  —4-1
X1 X2 X3
5 5 -5

X1 X2 X3

1 -1 1



Engineering Mathematics -11

X1
Case (iii) When A\ = 6 the eigen vector is given by (A — A)X = 0 where X = <x2>

X3
1—-6 1 3 Xq 0
= 1 5—6 1 X2 =10
3 1 1—-6/ \X3 0

—5x%; + X, +3x3 = 0...(7)
X; —X; + %3 =0...(8)
3%y + X, —5x3 =0...(9)
From (7) and (8)

1

X3 = 2

1

-1 1 1

Hence the corresponding Eigen vectorsare X, =( 0 | ;X,=|—-1]; X3=|(2

To check X;, X, & X are orthogonal

1
XX, =(-1 0 1)(—1)=—1+0+1=0
1
1
X,"Xs=(1 -1 1)<z)=1—2+1=0
1
-1
L™, =01 2 1)( 0)=—1+0+1=0
1
Normalized Eigen vectors are

Sl= ol

S-Sl &=
-

Normalized modal matrix

11
/ﬁﬁv@\
N=[0o = Z
- NN
2 1 1
Z Ve
-1 1
NTo| L 2L
_kﬁﬁﬁ)
2z 1L
V6 V& e
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Thus the diagonal matrix D = NTAN

g L 111
/\/5 \/7\ 1 1 3 /\/7 V3 \/3\
=|i—_11|<151)|0 22
V3 3 3 N
\111/311\111/
6 6 6 V2 V3 e
-2 0 0
=>D={0 3 0
0 0 6
-8 0 0
=>D3=(0 27 0
0 0 216
A3 = ND3NT
11 L 19 L
V2 3 \/5\ -8 0 0 /\/5 \/5\
-1 2 1 -1 1
=|Oﬁﬁ|<o 27 0>|—3££|
\iii}o 0216\111}
VZ V3 6 V6 V6 6
41 63 49
=163 153 63
49 63 41
Exercise: 1.5

1. Diagonalise the following using orthogonal transformation

5 1 -1

aA=(1 3 -1 Ans:D(2,3,6)
-1 -1 3
2 2 0

b.A=(2 5 0 Ans:D(1,3,6)
0 0 3
6 -2 2

cA=|-2 3 -1 Ans:D(8,2,2)
2 -1 3
1 -1 -12

dA={-1 1 -1 Ans:D(2,2,-1)
-1 -1 1

3 -1 1
2. a Reduce A = (—1 5 —1) to diagonal form by an orthogonal transformation and also find A* .
1 -1 3
251 —405 235
Ans:A4=<—405 891 —405)
235 =405 251
2 0 4
b. Reduce the matrix A:<O 6 0) to the diagonal form, find A3.
4 0 2
104 0 112
Ans:A3=<0 216 0>
112 0 104

45



Engineering Mathematics -11

1 1 1
c. Reduce the matrix Az( 0 2 1) to the diagonal form, find A*.
—4 4 3
—99 115 65
Ans: A*=1|-100 116 65
—-160 160 81

3. Find the 3x3 square symmetric matrix A having Eigen values -2,1, 1 and corresponding Eigen

-1 1 1 0 1 1
vectors| 1 [,|0]and|{ 2 | . Ans:tA=|1 0 -1
1 1 -1 1 -1 O
1.6 REDUCTION OF QUADRATIC FORM TO CANON ICAL FORM BY
ORTHOGONAL TRANSFORMATION
Linear Form
The expression of the form a,x; + a,x, + --- +a,x,, where a,, a, ... a,, are constants is called
a linear form in the variables x;, x, ... x,,. This linear form can also be written as a;x; + a,x, + - +a,x, =
f=1 AiX;
Bilinear Form
Any expression which is linear and homogeneous in each of the sets of variables
{1, %0 e oo X, W, V2, o e Y } s called a bilinear form in these variables.
The general bilinear form of the two sets of variables {x;, x,, xs}and {y;, y,, y3} can be written as
f(x,y) = aj1x1y1 + ag2%1Y, + ag3xy3+
A21X2Y1 + 22XV + A3X2Y3 + A31X3Y; + A32X3Y, + A33X3Y3 ... (1)
This bilinear formcan writtenas ~ f(x,y) = Xi_; X7 a;;x;y;
Equation (1) can be written in matrix form as
ai1 Q12 A13\ /D1
flo,y)=(X1 X2 X3)| Q21 Q2 Q23 ||Y2]=X'AY
31 dszz dzz/ \Y3
X1 V1
Where X' is the transpose of X = | X2 | and Y = | Y2
X3 V3
ai1 dgp Qi3

The matrix A = (a21 azy a23) is called the matrix of the bilinear form.
az1 0Qazy Qszs

Quadratic Form
A homogeneous polynomial of second degree in any number of variables is called a quadratic form.
The general Quadratic form in three variables {x;, x,, x5} is given by
f (X1, %2, X3) = a11X7 + Q121X + Ag3x, X3+
A21X1X7 + X5 + A3XX3 + A31X3X1 + AzpXpX; + A33Xd

This Quadratic form can writtenas (x4, x5, x3) = X7, X3, a;;x;y;
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a1 A2 13\ /X1
flxy,x5,x3) = (X1 X2 X3)| Q21 Qz2 Q23 || X2

az1 Qdzz 0A33/ \X3
= X'AX
X1
Where X = <X2> and A is called the matrix of the Quadratic form.
X3

Note: To write the matrix of a quadratic form as

coeff. ofx? 1/2coeff. ofxy  1/2coeff. ofxz
A = 1/2coeff.ofxy  coeff. ofy? 1/2coeff. ofyz
1/2coeff. of xz  1/2coeff. ofyz coeff. of z2

Example: 1.46 Write down the Quadratic form in to matrix form
(i)2x% + 3y? + 6xy
Solution:

_( coeff.of X2  1/2coeff. ofxy)
~ \1/2coeff.of xy  coeff. ofy?

2 3

N (3 3)
(i) 2x2 + 5y? — 6z% — 2xy — yz + 8zx
Solution:

coeff. ofx? 1/2coeff.ofxy  1/2coeff. ofxz
A = 1/2coeff. ofxy coeff. ofy? 1/2coeff. ofyz
1/2coeff.of xz 1/2coeff. ofyz coeff. of z2

2 -1 4
- (—1 5 —1/2)
4 -1/2 -6

(iii) 12 x% + 4x2 + 5x% — 4x,X3 + 6X,X3 — 8X;X;

Solution:
coeff. of x2 1/2coeff. of x;x, 1/2coeff. of x;x5
A = | 1/2coeff. of x;x, coeff. of x2 1/2coeff. of x,x3
1/2coeff.of x;x3 1/2coeff. of x,X5 coeff. of x2

12 -4 3
=|1-4 4 -2
3 -2 5

Example: 1.47 Write down the matrix form in to Quadratic form

2 1 -3
(i)( 1 -2 3 )
-3 -2 5

Solution:

Quadratic form is 2 x? — 2x2 + 6x3 + 2X;X, — 6X;X3 + 6X,X3
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1 1 2
(ii)(l 3 1)
2 1 6

Solution:
Quadratic form is x% + 3x3 + 6x3 + 2X;X, + 4X;X3 + 2X,X3.

NATURE OF QUADRATIC FORM DETERMINED BY PRINCIPAL MINORS

A11 1213 * Qin
Let A be a square matrix of order nsay A = |{ Q21422 Q23 ™ dzp

The principal sub determinants of A are defined as below.

S1 = 0aqq
o = |a11 a12|
2 a1 A

a1 412 Qg3

S3 = [d21 Q2 dp3
31 dzz dzs
sp = |A]

The quadratic form Q = XTAX is said to be

1. Positive definite: If sy s; 55

2. Positive semidefinite: If s;s,s3 s, = 0and atleastone s; =0

3. Negative definite: If s; s3 55 < 0ands;s.Se... >0

4. Negative semidefinite: If s; 5355 < 0andsys,sSe..... > 0 and atleast one s; = 0
5. Indefinite: In all other cases
Example: 1.48 Determine the nature of the Quadratic form 12x% + 3x3 + 12x3 + 2x;x,

Solution:

12 1 0
A=({1 3 0
0 0 12

Sl = a11:12 > 0

5, = |a11 a12| _ |112 §| — 135>0

z1  Azz
A1 Q12 43 12 1 0

S3=|G21 Q2 Gx3l=[|1 3 0|=430> 0, Postive definite
az1 dzz dzz 0 0 12

Example: 1.49 Determine the nature of the Quadratic form x3 + 2x3

Solution:

1 0 O
LetA={0 2 0

0 0 O
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51=a11:1>0

|11 Qa2

&_Ln %J=2>0
11 Q12 A3 1 0 O

S3=|[Az21 Q2 az3|=1|0 2 O0]|=0,Positive semidefinite
31 Qdzz 0433 0 0 O

Example: 1.50 Determine the nature of the Quadratic form x? — y? + 4z? + 4xy + 2yz + 6zx

Solution:

1 2 3
LetA={2 -1 1
3 1 4

Sl=a11:1>0

ai1 Qg2

S, = | | =-5<0

2 a1 Ay
a1 Q12 Aq3 1 2 3

S3=|[A21 Q2 Gz3[=|2 —1 1|=0, Indefinite
asz; a3z dsz 3 1 4

Example: 1.51 Determine the nature of the Quadratic form xy + yz + zx

Solution:
0 1/2 1/2
LetA=<1/2 0 1/2)
1/2 1/2 0
s1=a;; =0
_ |%r Qa2
sz-—|a21 a22|_. 1/4 <0

a1 Q2 Qg3 0 1/2 1/2 )
S3=1(A21 Q22 ax3(=|1/2 0 1/2|= " > 0, Indefinite
az1 dzz 0Azs 1/2 1/2 0

RANK, INDEX AND SIGNATURE OF A REAL QUADRATIC FORMS

Let Q = XT AX be quadratic form and the corresponding canonical form is d;y;2 + d,y,% + - +d,y,2.
The rank of the matrix A is number of non —zero Eigen values of A. If the rank of A is ‘r’, the
canonical form of Q will contain only “r” terms .Some terms in the canonical form may be positive or zero or
negative.
The number of positive terms in the canonical form is called the index(p) of the quadratic form.

The excess of the number of positive terms over the number of negative terms in the canonical
form .i.e,p — (r — p) = 2p — r is called the signature of the quadratic form and usually denoted by s. Thus
s=2p-—r.

Example: 1.52 Reduce the Quadratic formx? + 2x2 + x2 — 2x,x, + 2X,X3 + 6X,X3 to canonical form
through an orthogonal transformation .Find the nature rank, index, signature and also find the non
zero set of values which makes this Quadratic form as zero.

Solution:
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1 -1 0
GivenA=(-1 2 1
0 1 1
The characteristic equation is 2> — s;1* + s, A — s3=0
s; = sum of the main diagonal element
=1+2+1=4

s, = sum of the minors of the main diagonalelement

=|i 1|+|(1) (1’|+|_11 ‘21|=1+1+1=3

1 -1 0
s;=]Al=|-1 2 1| =0
0o 1 1

Characteristic equation is A> — 40> + 3, =0
>A=0;(AM—414+3)=0

=>i1=0,13
To find the Eigen vectors:

X1
Case (i) When A = 0 the eigen vector is given by (A — AI)X = 0 where X = <x2>

X3
1 -1 0\ /%1 0
=>|-1 2 1][X2)=|{0
0 1 1/ \X3 0

X; — X, +0x3 =0...(1)

—Xq + 2%, +x3 =0...(2)

0x; + %, +x3 =0...(3)
From (1) and (2)

X1 __ X2 __ X3
-1 -1 241
X1 __ X2 __ X3
1 -1 1

()

X1
Case (ii) When A = 3 the eigen vector is given by(A — AI)X = 0 where X = <xz>

X3
1-3 -1 0 X1 0
> -1 2-3 1 X2 =10
0 1 1—-3/ \X3 0

—2X; — X, + 0x3 =0...(4)
—X; — X, +x3 =0...(5)
0x; +x, —2x3 =0...(6)
From (4) and (5)
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2_X_X

-1 2 1
-1

Xz = 2
1

X1
Case (iii) When L = 1 the eigen vector is given by(A — AD)X = 0 where X = <X2>

X3
1-1 -1 0 X1 0
> -1 2-1 1 X2 1=1{0
0 1 1-1/ \X3 0

0x; — X, + 0x3 = 0...(7)

—X; + X, +X3 =0..(8)

0x; + X, + 0x3 = 0...(9)
From (7) and (8)

X1 _ X2 _ X3
—1-0 _0-0 0-1
X1 X2 X3
-1 F -1
X1 __ X2 X3
10 1

To check X;, X, & X are orthogonal

-1
XX, =(1 1 —1)(2)=—1+2—1=0
1

1
X;"X3=(-1 2 1)<0>=—1+0+1=0
1
1
X;"X;=(1 0 [ 1])=1+0-1=0
—1

Normalized Eigen vectors are

(5\(7) /2
G\ [\ [+
1 i \g
1 —_

%) \&/ \»

Normalized modal matrix

V3

/1
N = NG
-1
\3

Sl =] N
Sl- e
¥
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Thus the diagonal matrix D = NTAN

1 -1
/\/§ V6
_|Li
T 1V3 Ve
11
V3 V6

0 0 O
D=|10 1 0
0 0 3

Y1
Canonical form = YTDY where Y = (Yz)

Y3

0 0 0\ /M
Y'DY = (y1,¥2,y3) |0 1 0| Y2
0 0 3/\¥y3

=0y, +¥,% +3y5°
Rank = 2
Index = 2
Signature=2-0=2
Nature is positive semi definite.
To find non zero set of values:

Consider the transformation X = NY

X1
X2
X3

Puty, =0&y; =0

= 2.
\/5;

Puty, = V3

—¥1, —
X1 X2 =3 %55

x; = 1;x, = 1; x3 = —1 which makes the Quadratic equation zero.

o Fval-
Bl
¥

V2
i 1
ﬁ\ 1 -1 0 /@
0 |<—1 2 1)|‘—1
Ve
i/ 0 1 1 \1
V2 V2
1 -1 1
13 \/23 \/7\ Vi
s 1B
3 V6 V2
SR T 71
V3 V6 V2
Y1 . 2Y;
X =—=+—=+40
2 \/§ \/6 Y3
—Y1 Y2 V3
X3 = ——= + =+ =
T V3 Ve V2

° Ql~al-

S-Sl Gl
~
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Example: 1.53 Reduce the Quadratic form x2 + x2 + x% — 2x,X, to canonical form through an
orthogonal transformation .Find the nature rank,index,signature and also find the non zero set of
values which makes this Quadratic form as zero

Solution:

1 -1 0
A=|l-1 1 0
0 0 1

The characteristic equation is 1> — s;1* + s, A — s3=0
s; = sum of the main diagonal element
=14+14+1=3

s, = sum of the minors of the main diagonalelement

=I5 +lg 1L, T=1+1+0=2
1 -1 0
ss=1Al=|-1 1 0| =0
0 0 1

Characteristic equation is A> —30.* + 24 =0
>1=0;(AM=314+2)=0
=>Ai1=0,1,2
To find the Eigen vectors:

X1
Case (i) When A = 0 the eigen vector is given by (A — AI)X = 0 where X = <Xz>

X3
1 -1 0\ /%1 0
=>|—-1 1 O0]|[*2]=1(0
0 0 1/ \X3 0

X; — X, +0x3 =0...(1)
_Xl + X2 + 0X3 = 0 . (2)
0X1 + 0X2 + X3 = 0 . (3)

From (1) and (2)

1
t
0

X1
Case (ii) When A = 1 the eigen vector is given by(A — AI)X = 0 where X = <x2)

X3
1-1 -1 0 X1 0
> -1 1-1 0 X2 =10
0 0 1—-0/ \X3 0

OX]_ - XZ + 0X3 S 0 e (4’)
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—X1 + OXZ + 0X3 =0.. (5)
0X1 + OXZ + 0X3 =0.. (6)
From (4) and (5)

(3

X1
Case (iii) When L = 2 the eigen vector is given by(A — A)X = 0 where X = <X2>

X3
1-2 -1 0 X1 0
| -1 1-2 0 X2 ]1=10
0 0 1—2/ \X3 0

—X; — X, + 0x3 = 0...(7)

—X; — X, + 0x3 =0...(8)

0x; + 0x, —x3 =0...(9)
From (7) and (8)

Xy _ Xy __ X3
1-0  0-1 0-0
X1 __ Xz X3
1 -1 o

1

X3 =1|-1

0

1 0 1

Hence the corresponding Eigen vectorsare X; =(1) ;X,=( 0 |; X5=|-1

To check X;, X, & X are orthogonal

0
"X, =1 1 0)<o)=0+0+0=0
—1

1
X,"X;=(0 0 —-1)[-1]=0+0+0=0

O == O

XX, =1 -1 0)( )=1—1+0=0

Normalized Eigen vectors are

1 1
vz (0) vz
1 0 -1
vz [\ V2
0 0

Normalized modal matrix
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1 1
z 0z
N=(1 -t
V2 V2
0O —1 0
1 1
z 7w 0
NT=[0 0 -1
1 1
z 7w 0
Thus the diagonal matrix D = NTAN
1 1 1 1
z e 2\/1 -1 0/w Y &
={o 0 -1]{-1 1 ofJfL 4 =%
L 1 ) 0 o 1/\Vv2 V2
V2 W2 0O -1 0

0 0 O
D=10 1 0
0 0 2

Y1
Canonical form = YTDY where Y = <y2)

V]
0 0 0\ /Y
Y'DY = (y1,¥2,y3) |0 1 0| Y2
0 0 2/ \¥3
=0y, +y,° +2y5°
Rank =2
Index = 2

Signature=2-0=2
Nature is positive semi definite.
To find non zero set of values:

Consider the transformation X = NY

N
<X X
w N =
N—
Il

o ul=Sl=
o o
Sl Sl
7N
=~
N—

Y2
Y3

-1 0
Y1 y3
X, =—=+0+—=
V2 V2
Y1 y3
X, =—=4+0——=
2 V2 V2
X3:0_yZ_0

Puty, =0&y; =0

— L.
\/EI

Puty, = V2
x; = 1;x, = 1; x5 = 0 which makes the Quadratic equation zero.

— Y1, —
Xl Xz—E,X3—O
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Example: 1.54 Reduce the Quadratic form 2x% + x2 + x2 + 2x,X, — 2X;X3 — 4X,X3 to canonical form

through an orthogonal transformation .Find the nature rank, index, signature
Solution:

2 1 -1
A=l 1 1 -2
-1 -2 1

The characteristic equation is A — s;1* + s, A — s3=0
s; = sum of the main diagonal element
=24+14+1=4

s, = sum of the minors of the main diagonalelement

=_3 ]ﬂ+Li 1ﬂ+ﬁ ﬂ=—3+1+1=—1

2 1 -1
ss=1Al =1 1 =2 =-4
-1 -2 1

Characteristic equation is A> — 42\ — A +4 =0

Ar=-114
To find the Eigen vectors:

X1
Case (i) When A = —1 the Eigen vector is given by(A — ADX = 0 where X = <Xz>

X3
2+1 1 -1 X1 0
= 1 1+41 =2 X2 =10
-1 —2 141/ \Xx3 0

3% + X, —x3 =0...(0)

X1 + 2%, —2%3 =0...(2)
_Xl - 2X2 + 2X3 = 0 . (3)
From (1) and (2)

X1 _ X2 _ X3

—242 -146 6-1

X1 _ X2 _Xs

0 5 5

o

X1
Case (ii) When A = 1 the Eigen vector is given by(A — AI)X = 0 where X = <xz>

X3
2—1 1 -1 X1 0
= 1 1-1 =2 X21=10
-1 -2 1-1/\X%3 0
Xl + X2 - X3 = 0 e (4’)

Xl + OXZ - 2X3 = 0 e (5)
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—Xq — 2X, + 0x3 = 0...(6)
From (4) and (5)

X1 _ X2 _ X3
240  -1+2 0-1
X1 _ X2 _ X3
2 1 -1

(3

X1
Case (iii) When L = 4 the eigen vector is given by(A — AD)X = 0 where X = (Xz>

X3
2—4 1 -1 X1 0
= 1 1—-4 -2 X2 ]1=10
-1 -2 1—4/ \X3 0

—2x;+ X, —x3=0...(7)
X; — 3X, —2X3 = 0...(8)
—X; — 2%X, —3%x3 = 0...(9)
From (7) and (8)

X1 Xz _ X3
—2-3  -1-4  6-1
X1 __ X2 __ X3
5 -5 5
X1 __ X2 __ X3
11 -1

()

0 2 1
Hence the corresponding Eigen vectors are X; = (1) ; Xy = <—1); X; = ( 1 )
1 1 -1

To check X;, X, & X are orthogonal

2
XX, =(0 1 1)(—1)=0—1+1=0
1

1
XzTX3=(2 -1 1)( 1)=2—1—1=0
-1
0
X;'X;=(1 1 -1D|(1]=0+1-1=0
1
Normalized Eigen vectors are

Nl"‘ﬁ\
/_\
éll"‘ m|laé||~
¥_/
/_\
all &l-Gl-
¥_/

Normalized modal matrix
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2 1
(%%
1 -1 1
Nzlﬁﬁﬁ)
101 -1
VZ V6 V3
1 1
Oﬁﬁ\
T_|2 -1 1
N‘lvavaval
101 -1
\ﬁﬁﬁ/
Thus the diagonal matrix D = NTAN
2 1 1 1
/Oﬁﬁ\z 1 —1/055\
| = 1] |2 = 1|
Sl v s\l 1 21N"% % &
\11—_1/—1—2 1\11—_1/
VZ V6 V3 3 V3 V3
-1 0 0
D=0 1 0
0 0 4

Y1
Canonical form = YTDY where Y = <y2)

Y3
0 0 0\ /Y1
YTDY = (y1,y,,¥3)({0 1 0]]|Y2
0 0 3/\¥3
= —y.2 +y,% +4y5°
Rank =3
Index =2

Signature=2-1=1

Nature is indefinite.

Example: 1.55 Reduce the Quadratic form x? + y? + z22xy — 2yz — 2zx to canonical form through
an orthogonal transformation .Find the nature rank, index, signature.

Solution:

1 -1 -1
A=l-1 1 -1
-1 -1 1

The characteristic equation is A°> — s;1%* + s, A — s3=0
s; = sum of the main diagonal element
=1+1+1=3
S, = sum of the minors of the main diagonalelement
=14 T+ T =0
1 -1 -1

-1 1 -1
-1 -1 1

53:|A|: = —4
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Characteristic equation is A* — 30> + 4 = 0
A=-12,2
To find the Eigen vectors:

Case (i) When A = —1 the eigen vector is given by(A — AI)X = 0 where X = (

1+1 -1 -1 X1 0
-5 e ca)(e)= (o)
-1 -1 1+1/ \X3 0

2X1 — X, —X3 =0...(1)
—Xq + 2%, —x3 =0...(2)
—X; — X, +2x3 =0...(3)
From (1) and (2)
X _ X X3

1+2 142 4-1

1 _X% _ X

3 3 3

)

X1
X2
X3

X1

Case (ii) When A = 2 the eigen vector is given by (A — AI)X = 0 where X = <Xz>

X3

1-2 -1 -1 X1 0
= -1 1-2 -1 X2 1=1{0
-1 -1 1-2/ \X3 0

—X; — X, — X3 =0...(4)

—X; —X; —X3 =0...(5)

—X; — X, — X3 = 0...(6)
Putx; =0 = —x, = x5

X2 X3

1 -1

()

a
Case (iii) Let X5 = (b) be a new vector orthogonal to both X, and X,
C

(i.e) XIX3=0& XIX53=0

a a
1 1 1)<b>=0&(0 -1 1)<b>=0
c c

a+b+c=0..(7)
0da—b+c=0..(8)
From (7) and (8)

)
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“= ()

Hence the corresponding Eigen vectors are X; =

Normalized Eigen vectors are

Normalized modal matrix

1
1] ;X5
1

1
/—3 0 %
1 -1 -1
N=1%F % |
\L 1 1
3 2 6
1 1 1
/\/5 V3 3
NT=| 0 __1 i
2 2
\i -1 1
Ve 6 6
Thus the diagonal matrix D = NTAN
11 1
V3 3 3\ 1
-1 1
=10 3 —2|<—1
2 1 —_1/ -1
V6 6 6
-1 0 O
D=0 2 0
0 0 2
Y1
Canonical form = YTDY where Y = | ¥2
Y3
0 0 O\/YM
Y'DY = (y1,y2,y3) |0 1 0| Y2
0 0 3/ \¥3
= —y1% +2y,% +2y;°
Rank = 3
Index =2

Signature=2-1=1

Nature is indefinite.

S-Sl e

2
V6
-1
V6
-1

7
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Exercise: 1.6

1. Reduce the Quadratic form2x? + 5x3 + 3x3 + 4x, X, to canonical form through an orthogonal

transformation .Find the nature, rank, index, signature.

0 2

V5
0 L|CF=y?%+3y,%+6y” ;R=3,1=3,5=3, N: positive definite.
0 1 0

NG
2. Reduce the Quadratic form 3x2? — 3x2 — 5x% — 2x;X, — 6X,X3 — 6X3x; to canonical form through an

Ans: N =

Gl Gl

orthogonal transformation .Find the nature, rank, index, signature.

-3

1
TR ﬁ\
Ans:N=| 0 = | CF=4y? -y, —8y;? ;R=3,1=18=-1;N: Indefinite,
1 1 3
Vo V35 iz

3. Reduce the Quadratic form 3x? + 2x2 + 3x% — 2x,x, — 2X,X;3 to canonical form through an orthogonal

transformation .Find the nature, rank, index, signature

111
/\/6 7z \/5\
Ans:N=|% 0 %l C.F=y,% +3y,% + 4y, : R=3,1=3,S =3, N: positive definite.
e
6 Vi V3

4. Reduce the Quadratic form 10x? + 2x3 + 5x3 — 4x;X, + 6X,X3 — 10x3x, to canonical form through an

orthogonal transformation .Find the nature, rank, index, signature.

11 =3
/\/ﬁ V3 Via
Ans: N = | % % \/% | C.F=3y,2 +14y,2 ;R=2,1=2,S=2, N: positive semidefinite.
4 1 2
Viz V3 Via

5. Reduce the Quadratic form 5x? + 26x3 + 10x% + 6x;X, + 4X,X5 + 14x3x, to canonical form

through an orthogonal transformation .Find the nature, rank, index, signature.

162 1
V378 14 m\
Ans: N = k% %4 \%} C.F = 14y,% + 27y,% ;R=2,1=2,S =2, N: positive semidefinite.
11 3 1
V378 V1& V27

1.7 CAYLEY HAMILTON THEOREM
Cayley Hamilton Theorem
Statement: Every square matrix satisfies its own characteristic equation.

Uses of Cayley Hamilton Theorem:
To calculate (i) the positive integral power of A and

(i) the inverse of a non-singular square matrix A.
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Problems based on Cayley — Hamilton theorem
Example: 1.56 Show that the matrix [2 ] satisfies its own characteristic equation.
Solution:
=2
LetA._[2 1]

The characteristic equation of the given matrix is |A — AlI| = 0
)\2 - Sl}\ + Sl - 0
Where S; = sum of the main diagonal elements.

—1+1=2
SZ=IA|=|% _12|=1+4=5

= The characteristic equation isA? —2A+5 =0

D DG

-2l Deslh )
e G RRAN )
LER

Therefore, the given matrix satisfies its own characteristic equation.

To prove: A2 — 2A + 51 =

= AA

A% — 2A + 51

-1
2
-1

Example: 1.57 Verify Cayley — Hamilton theorem find A*and A~ when A = |-

N

Solution:
The characteristic equation of Alis [A —AIl = 0
i.e., A3 —S;A% +S,A = 0 where
S, = sum of its leading diagonal elements =2 +2+2 =16
S, = sum of the minors of its leading diagonal elements
=125 Z1E S
=4-1)+4-2)+(4-1)=3+2+3=8
=|Al=24-1)+1(-2+1)+2(1-2)
=23)+1(-D)+2(-1)=6-1-2=3
= The characteristic equation of Ais A3 —S;A2 + S,A—S; =0
i.e.,A3—6A2+81—-3=0
By Cayley-Hamilton theorem
[Every square matrix satisfies its own characteristic equation]

(i.e.) A —6A2 +8A—31=0 (D)

2
-1
2
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Verification:
-2 -2
A2=A%XA=]|-1 2 —1 -1 —1 6
1 1
-2 -1 7 —28
AB=AxA=]|-1 2 —1 -5 6 —6 —28
1 -1 2 5 —22 29
—28 7 -6 9
A3 —6A%?+8A—3]= 22 23 —28 —6|-5 6 -6
22 =22 29 5 =5 7
-2 -1 2 1 0 O
+8|—-1 2 —=11—-310 1 O
1 -1 2 0O 0 1
[ 29 —28 38 42 —-36 54 16 -8 16 3 0 0
=|-22 23 —-28{—1-30 36 -—-36|+|-8 16 —-8|—|0 3 O
| 22 =22 29 30 =30 42 8 -8 16 0 0 3
[0 0 O
=|0 0 0|=0
0 0 O
To find A*:
(1) = A3 —6A2—-8A+3] ..(2)
Multiply A on both sides, we get
A4=6A3—8A2+3A=6[6A2—8A+3I]—8A2+3A by (2)
= 36A% — 48A + 181 — 8A%? + 3A
A* = 28A2 — 45A + 18I .(3)
7 —6 9 2 -1 2 1 0 0
(1)> A*=28|-5 6 —6| —45|-1 2 —1(+18|0 1 0
5 -5 7 L 1 -1 2 0O 0 1
[ 196 —168 252 (90 —45 90 18 0 0
=1-140 168 —-168|—|—45 90 —-45({+|0 18 O
L 140 —-140 196 | 45 —45 90 0 0 18
(124 —123 162
= |-95 96 —123
| 95 —-95 124
To find A~1:
(DXx A'=2A2-6A+81-3 A 1=0
3 A1 =A% — 6A + 8I
7 —6 9 2 -1 2 1 0 O
3 A 1=|-5 6 —-6|—6|-1 2 —11+8(0 1 0
5 -5 7 1 -1 2 0 0 1
7 —6 9 —-12 6 —-12 8 0 0
-5 6 —6|+ 6 —12 61+|0 8 0
5 -5 7 -6 6 —-12 0O 0 8
3 0 -3 3 o -3
3 A= 1 2 O:>A‘1=§ 1 2 0
-1 1 3 1 1 3
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1 -1 4
Example: 158 Find A"1ifA=|3 2 —1], using Cayley- Hamilton theorem.
2 1 -1

Solution:
The characteristic equation of Ais |[A —AI| = 0
(i.e.) A3 — S;A% + S,A — S3 = 0 where
S; = sum of its leading diagonal elements
=1+2+(-1)=2

S, = sum of the minors of its leading diagonal elements
=l Sl S+l 7
=(-2+1)+(-1-8)+(2+3)
=(-D+(=9)+5=-5

1 -1 4
S;=]Al=1[3 2 -1
2 1 -1

=1(-2+1)+1(-3+2)+(3—-4)
=1(-1) + 1(-1) + 4(-1)
=-1-1—-4=-6
~ The Characteristic equation is A3 — 2A2 = 50+ 6 =0
By Cayley Hamilton Theorem we get
[Every square matrix satisfies its own characteristic equation]
~A3—2A>-5A+6] =0 - (D)
To find A1
(D)X A1 =2A2-2A-5l+6A"1=0
A> —2A—-51+6A1=0
6 A"l =—A% +2A + 5]

1
A =2 [-A” +2A +51] (2
A’ =AxA
1 -1 4711 -1 4
=3 2 -1||3 2 -1
2 1 -1ll2 1 -1
1-3+8 —1-2+4 441-41 [6 1 1
=|3+6-2 -3+4-1 12-2+1|=|7 0o 11
2+3-2 —2+2-1 8-1+1 3 -1 8
-6 -1 -1 1 -1 4 100
—A2+2A+51=|-7 0 -11|+2[3 2 —1|[+5/0 1 o
-3 1 -8 2 1 -1 00 1
-6 -1 -1 [2 -2 8] [5 0 O
=|-7 0o -11|+|6 4 =2[+]0o 5 0
3 1 -8l la 2 -2 lo o 5
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1 -3 7
= [—1 9 —13]
1 3 -5
1 -3 7
From(2) = A™! = % [—1 9 —13]
1 3 =5

Example: 1.59 If A = [(1) ;] then find A™ interms of A and I.

Solution:

1 2
0 2

The characteristic equation of Ais [A —AI| = 0

LetA=[

S, = sum of its leading diagonal elements

—14+2=3
52=|A|=|(1) §|=2—o=2

Therefore, the characteristic equation of A is

A2—=3A+2=0
>A-2)A-1)=0
=2>A=2,A=1
Hence, the Eigen values of A are 1, 2.

To find A™
When A" is divided by A2 — 3A + 2
Let the quotient be Q(A) and remainder be aA + b.

AM=A2-32+2) Q) +ar+b .. (1)
whenA =1 when A = 2
1"=a+b 2"=2a+b
2a+b=2" .. 2

a+b=2" .. 3

Solving (2) and (3), we get

(2)-(3) > a=2"-1"

(2) -2 x (3) = b= -2"+2(1")
ie, a=2"-1"
b=2(1")—-2"
Since, A2 — 3A + 21 = 0 by Cayley-Hamilton Theorem
(1) = A" = a4 + bl
A" = (2" — 1MA + [2(1™) — 2"]1
Example: 1.60 Use Cayley — Hamilton theorem to find the value of the matrix given by

(i)f(A) = A® — 5A7 + 7A% — 3A5 + A* — 5A3 + 8A%2 —2A +1



Engineering Mathematics -11

(ii)A® — 5A7 + 7A® — 3A° + 8A* — 5A3 + 8A% — 2A + 1 if the matrix A = (2)
1
Solution:
The characteristic equation of Ais [A —AI| = 0
A3 —S;A%2 + S,A — S; = 0 where
S; = sum of the main diagonal elements
=24+1+2=5
S, = sum of the minors of main diagonal elements
ol B A P R
=2-0+@-D)+2-0=2+3+2=7
=(-1)+(-9)+5=-5
2 1 1
S;=IAl=[0 1 0
1 1 2
=22-0-10-0)+10-1)=4—-1=3
Therefore, the characteristic equation is A3 —5A2 + 7A—3 =0
By C — H theorem, we get
A3 —5A2+7A-31=0..(1)
Let i) f(A) = A® —5A7 + 7A% — 3A5 + A* — 5A3 + 8A%2 — 2A +1
ii) g(A) = A% — 5A7 + 7A5 — 3A5 4 8A* — 5A3 + 8A2 — 2A + |

(i) AS +A
A3 —5A% + 7A — 31| A% — 5A7 + 7AS — 3A5 + A* — 5A3 + 8A% — 2A + |
A8 — 5A7 + 7A5 — 3A°

(=) A* — 5A3 + 8A% — 2A
A* —5A3 + 7A2 — 3A
) A2+ A+11

f(A) =(A3—5A2+7A—-31)(A2+A)+A>+A+1
=0+A2+A+1 by(1)

=A2+A+1 (2
(2 1 1112 1 1
Now,A2=10 1 0|0 1 O
1 1 2111 1 2
[5 4 4]
=0 1 O
4 4 5l
5 4 4 2 1 1 1 0 O
~A2+A+1=]|0 1 ol+|0o 1 o|/+]0 1 O
4 4 5 1 1 2 0 0 1

66



Engineering Mathematics -11

8 5 5
=10 3 O
5 5 8
(ii) A5 + 8A + 351

A3 —5A% + 7A — 31| A8 — 5A7 + 7A® — 3A> + A* —5A% + 8A2 —2A + 11
A8 — 5A7 + 7A5 — 3A5
(=) 8A* — 5A3 4+ 8A% — 2A
8A* — 40A3 + 56A% — 24A
(=) 35A% — A2 +22A+11
35A3% — 175 A? + 245A — 1051
) 127 A? — 223A+ 1061

g(4) = (A% — 5A% + 7A — 31)(A* + 8A + 35]) + 127A% — 223A + 106]
=0+ 127A% — 223A + 1061
= 127A% — 223A+ 106 1

5 4 4 2 1 1 1 0 0

=127]0 1 0 —-223[0 1 0 +—106[0 1 0]

4 4 5 1 1 2 0 0 1
295 285 285
glAH=]0 10 0 ]
285 285 295

Example: 1.61 Use Cayley Hamilton theorem for the matrix A = [; g] to express as a linear

polynomial in “A”is A5 —4A* —7A3 + 11A2 - A+ 101
Solution:

1 4
2 3

The characteristic equation of Ais |A —AI| =0

Given A = [

i.e., A2 —=S;A+ S, = 0 where
S; = sum of the main diagonal elements
=1+3=4
SZ=|A|=|% g —3-8=-5
= The characteristic equation Ais A2 —4X —5 =0
By Cayley Hamilton Theorem we get
A2 —4A+51=0 .. (1)
To find: (i) A® — 4A* — 7A3 + 11A2 — A+ 101
A3 — 2A + 31

A2 —4A+51=0
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A5 —4A* —7A3 — 11A% — A — 101
A5 —4A* — 773
—2A% —11A2 - A
—2A3% — 8A% — 10A
3A% — 11A — 101
3A% — 12A — 15]
A+ 51

W A5 —AA* —TA3 + 11A2 — A+ 101 = (A% + 4A — 51)(A3 — 2A + 31) + A + 5I

=0+A+51=A+5I by (1)
which is a linear polynomial in A.
1 0 3
Example: 1.62 Using Cayley Hamilton theorem find A~*when A=(2 1 -1
1 -1 1

Solution:
The Characteristic equation of A'is |A — Al| =0
A3 —S;A% + S,A — S3 = 0 where
S; = sum of the main diagonal elements =1+ 1+4+1=3
S, = Sum of the minors of the main diagonal elements.
=15 Tl Al

=1-D+1-3)+1-0)

=0-2+1=-1
1 0 3
1 -1 1

=11-1)-02+ 1) +3(-2-1)
=0-0+3(-3)=-9

= The characteristic equation Ais A3 =332 =2 +9 =10

By Cayley - Hamilton Theorem every square matrix satisfies its own Characteristic equation

~A3—3A—-A+91=0

Al =—[A2—-3A- 1] . (1)
1 0 371 0 3
A=2 1 -1ffz2 1 =1
1 -1 11l -1 1
140+3 0+0—-3 34+0+3] [4 -3 6
=[2+2-1 0+1+1 6-1-1|=[3 2 4
1-241 0-1-1 3+1+1 lo -2 5
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-3 0 -9
—-34 =|-6 -3 3
-3 3 -3

) 4 -3 6 -3 0 -9 1 0 O
(1)=>41 =<5 I\3 2 4)+({-6 -3 =3)—-{0 1 0
0 -2 5 -3 3 -3 0 0 1

) 0 -3 -3
=?—3 -2 7

-3 1 1
0 3 3
=5 3 2 =7
3 -1 -1
1 3 7
Example: 1.63 Verify Cayley- Hamilton for the matrix A=14 2 3
1 2 1
Solution :
1 3 7
GivenA=1[4 2 3
1 2 1

The characteristic equation Ais |A — AI| =0
A3 — 85,22 + 5,08, = 0-+- (1) where
S; = Sum of the main diagonal elements
=14+2+1=4

S, = Sum of the minors of its leading diagonal elements
_12 3 1 7 1 3
_|2 1|+|1 1|+|4 2
=Q2-6)+1-7)+2-12)

=—4—-6—10=-20

1 3 7
4 2 3
1 2 1

=12-6)—-3(4—-3)+7(8-2)
=—4—-3(1)+ 7(6)
=—4—-3+42=35
2(1) 223 -422-201-35=0
By Cayley —Hamilton theorem
(2) > A3—44%2-20A-351=0
To find A and A3:

1 3 7111 3 7
A2 =4 2 3][4 2 3
1 2 1411 2 1
[1+12+7 3+6+14 7+9+7
=14+8+3 12+4+6 28+6+3
[ 1+8+1 3+4+2 7+6+1

S; =|A| =
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20 23 23
=|15 22 37
10 9 14
20 23 23111 3 7
A> =115 22 37||4 2 3
10 9 14111 2 1
20+92+23 60+46+46 140+ 69+ 23
=|(15+88+37 45+4+44+74 105466+ 37
10+36+14 30+ 18+28+ 70+27+14
135 152 232
=140 163 208
60 76 111
A3 — 442 —204—-351
135 152 232 20 23 23] 1 3 7 1 0 0
=1140 163 208|—4|15 22 37|—20(4 2 3|—-35|0 1 O
60 76 111 10 9 141 1 2 1 0 0 1
135 152 232 —-80 —-92 -92 [—20 —60 —140 -35 0 0
=140 163 208|+|—-60 —88 —-148(+|[-80 —40 —-60|+]|] 0O —-35 0
L60 76 111 —40 -36 =56 [—20 —40 -20 0 0 =35
0 0 O
=10 0 O
0 0 O
~ The given matrix A satisfies its own characteristic equation.
Hence, cayley Hamilton theorem is verified.
Exercise: 1.8
1.Verify Cayley — Hamilton Theorem and find its inverse.
[ 7 2 =2] 1[-3 -2 2
(@|-6 -1 2 Ans:A‘1=§ 6 5 =2
L6 2 -1l -6 -2 5
[ 3 1 1 17 -2 -3
MB)-1 5 -1 Ans:A‘1=% 1 4 1
1 -1 3 -2 2 8
_ [1 2 1
1 0 -2 |_1 1 _2|
©2 2 4 Ans:A‘li 2 |
0 0 2 1
l 0 O 5 J
1 2 a1 1r=3 2
(d)_4 3] Ans: A —5[4 _1]
4 3 1 1[5 -1 =7
@elz 1 -2 Ans:A‘1=H -4 3 10
1 2 1 3 -5 =2
(1 2 -2 3 —4 2
(N2 5 -4 Ans:A™'=|-2 1 0
3 7 -5 -1 -1 1
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13 7 {[-4 11 -5
@4 2 3] Ans: A7t =£[—1 -6 25 ]
1 2 1 6 1 -10
1 2 2
2.1fA=12 1 2],then prove that A3 — 342 — 94 — 51 = 0 Hence, find A*.
2 21

Ans: A* =1208 209 208

208 208 209

209 208 208]

3. Find A™ using Cayley —Hamilton theorem, taking A = [; 2] also find A3.

Coan _ [9-4"1[7 2 947497171 O 3 _ [463

Ans: A" = [2= ]3 6]+[ - ]0 1]anolA_399

2 1 2 16 32

4. Calculate A* for the matrix A=10 2 3 Ans: |180 16
0 0 5 0 0

5. Verify Cayley —Hamilton theorem for the matrix (i) A= [_31 _51] (i) A= B ;L

' _Hami 3 1 4 141 84
6. Using cayley —Hamilton theorem, compute A° for A= 5 3] Ans: 42 83]
1 2 1
7.Giventhat A =|0 1 —1|,Express A® — 5A4°% + 84* — 243 — 942 + 354 + 61
3 -1 1
as a linear polynomial in A, using cayley Hamilton theorem. Ans: 4A +42 |
0 0 2 —34 0
8. Obtain the matrix A® —25A42% + 122A where A =| 2 1 0| Ans:|-20 -54
-1 -1 3 10 10
1 0 3
9.Giventhat A= |2 1 —1]|, compute the value of
1 -1 1

(A% — 545 + 84* — 243 — 9A4?% + 314 — 36 1), using Cayley — Hamilton theorem. Ans:

10. Find A™, using Cayley Hamilton theorem, when A = [i g], Hence find A*.

e = 2 3 222 9 2%

11. Find A™, using Cayley Hamilton theorem, when A = [; 2] ,Also find A3.

266
330

577
609
625

—20

3

—74

0
0

Ans: A" =[] ; 2]+[9-4"‘4-9"] [é 2],[463 399

5 5

266 330

|
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