ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
One Dimensional Heat Equation

1. A rod of length | has its ends A and B are kept at 0°C and 100°C until
steady state condition prevail. If the temperature at B is reduced suddenly
to 0°c and kept so while that of A is maintained. Find the temperature

u(x,t) at a distance x from A and at time t.

Solution:

2
The 1-D heat equation is a_u:aza_l: where o =
ot OX oC

To find steady state solution u(x,0) = u(x)

In steady state t=0 then %u =0

2 O°U _
ox?

2 2
8_2:0 :d_l;:O
OX dx

0=
Integrating twice we get [u(x) = Ax+B|-—-—(1)

The boundary conditions are i) u(0)=0°C i) u(l) =100°C
Applying condition (i) in (1)

()= u(0)=0+B=>[B =0

SubBin (1)

u(x)=Ax ————(2)
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Applying condition (ii) in (2)

u(l) = Al=100= Al =|A=1%0

Sub Ain (2)

u(x) = 1OIOX

The boundary and initial conditions are
i) u(0,t)=0C
i) u(l,t)=100°C

i) u(x,0) = f(x)=10|ﬂ, 0<x<|

The correct solution is

u(x,t) =(Acos px+Bsin px)Ce""z”Zt ————— ()]
Apply condition (i) in (1)

u(0,t) = (AcosOJrB,siﬂﬁ)Ce‘“zpzt

0=ACe ™"

Here C#0, e“"*%0 ~.[A=0

Sub A in (1)
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2

u(x,t)=(Bsin px)Ce’“Z‘” ————— (2)
Apply condition (ii) in (2)

u(l,t) =(Bsin pI)Ce"’zpzt

0=(Bsin pI)Ce"‘szt

Here B#0,C#0,e“ "' %0 .-[sin pl =

!

sinpl=sinnz = pl=nz =|p=—

Sub pin(2)

a*n’rt

u(x,t) =(Bsin @JCe §

a’n’r’t

u(x,t) = blsin@e‘ " BC=b(say)

The most general solution is

a’n?z?t

u(x,t):ansin@e‘ R (3)
n=1

Apply condition (iii) in (3)

u(x,0=>b, sin@e0
n=1

f(x):ansin@ e =1
n=1

MA8451-PROBABILITY AND RANDOM PROCESSES



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

This is Fourier sine series of f(x) in (0,1)
2| nzX
b, :ij(x)sinl—dx
0

|
= 21_100x sin @dx
[ 1 I

=£[Icosnn—o]
Inz

_ —200(-12)"

nz

bn — @ (_1)n+1
174

Sub by in (3)

0 a n’z’t
u(x,t) = Zzni;(—l)”*lsin @e 1’

n=1
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22 2
1)n+l . NxX - r:zﬂt
Sin e

n |

u(x,t) = 27(305: =

This is the required temperature.

2. The ends A and B of a rod | cm long have their temperatures kept at
30°Cc and 80°C, until steady state conditions prevail. The temperature of the
end B is suddenly reduced to 60°C and that of A is increased to 40°C . Find

the steady state temperature distribution in the rod after time t.
Solution:

2
The 1-D heat equation is Zt—uzaz% where o? =&

2 o

To find steady state solution 1 u(x,0) =u(x)

In steady state t=0 then %u =0

2 2
O _ o e BITH

20U _ _ 0u
ox? dx?

e 0=
Integrating twice we get [u(x) = Ax+B|-—-—(1)
The boundary conditions are i) u(0)=30°C ii) u(l)=80°C
Applying condition (i) in (1)

)= u(0)=0+B=[B =30

Sub B in (1)
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u(x)=Ax+30————(2)

Applying condition (ii) in (2)

u(l)=Al+30=80=Al+30 = |A="2

Sub Ain (2)

u(x) :¥+30: f(x)

This u(x) will be treated as the initial conditionsu(x,0) = f (x)

To find steady state solution 2 u(x,0) = u(x)

Integrating twice we get |u,(x) = Ax+B|-———(3)

The boundary conditions are i) u,(0)=40°C i) u,(I)=60°C
Applying condition (i) in (3)

(3)=u,(0) =0+ B =>[B =40]|

Sub B in (1)

U, (X) = AX+40————(4)

Applying condition (ii) in (4)

u(l)=Al+40=60=Al+40 = |A=—
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Sub A in (2)

ut(x):¥+40

This u,(x) will be treated as the transient state temperature.

The required temperature is

u(x,t) =u,(x,0) +(Acos px+ Bsin px)Ce""z”z‘
u(x,t) = ¥+40+(Acos pX + Bsin px)Ce‘“zpzt ————— (5)
The boundary and initial conditions are
i) u(0,t)=40°C
i) u(l,t)=60"C
i) u(x,0)= f(x):$+3o, 0<x<|
Apply condition (i) in (5)
u(0,t) =0+40+(Acos0+Bsin O)Ce"‘szt
40 = O+40+(ACOSO+B8M)CE_“2p2t

0= ACe ™ ""

This C=0,e %0 . [A=0]
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Sub A in (5)

u(x,t) =¥+40+(Bsin px)Ce ™ Pt 6)
Apply condition (ii) in (6)
u(l,t) = 20+40+(Bsin pl)Ce™ "
60 = 20+ 40 +(Bsin pl)Ce™ ™"

0=(Bsin pI)Ce’“sz‘

B=0,C=0,e“" %0 ..sinpl =0

sinpl=sinnz = pl=nz = |p=—

Sub p in (6)

22t

u(x,t)=¥+40+(85in@jCe_ '

nrx 7a2n27r2t

u(x,t):¥+40+blsinTe ! BC=h

The most general solution is

© _aznzﬂzt
u(x,t)=$+40+2bnsin@e [ (7)
n=1

Apply condition (iii) in (7)
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u(x O)_L+4O+Zb sin Txeo

%+30 2(|)x 40+Zb sml—x

| =]

K -10= Zb sin n7|rx

B =

To find bn:

|
b, :IZI f(x)sin%x

0

|
=3j(¥—10] —d”’lrx X

Rt

-2
- —[(20)cosnz +10]
-20
b, = — ——[2(-1)"+1]
Sub by in (7)
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0 a’n’r?t
u(x,t)_@ z [2(—1)n +1]sin @e_ |

n=1

a?n?z?t
u(xt)_@ 0——2 [2( "+ 1]smuef !
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