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UNIT I - PARTIAL DIFFERENTIAL EQUATIONS

Notations: If z =f (x, y) then

0z 0z 9’z 9’z 0%z

=" ;0=_ ;r= _"_7S= o I= -
P dX q ay x> Xy Ve

Formation of PDE by eliminating arbitrary constants:

Let the given equationbe z=f(x,y,a,b) - - - - - (2)
Step 1: Differentiating (1) partially with respect to x

0z ,

_:p:f (Xiy! a, b) _____ (2)

X
Step 2: Differentiating (1) partially with respect toy

Z !
_:q:f (X,y,a,b) ————— (3)
ay

Step 3: Eliminate a & b from (1) using (2) & (3)

1. | Obtain partial differential equation by eliminating arbitrary constant ‘a’ and ‘b’ from
z=(x-a)’+(y-b)y

Solution:
Givenz=(x-a)’+(y-b)’----(1)
Diff Partially w.r.t x
ﬂzZ(x—a) +0
X
p=2(x-a)-~-~(2)
Diff Partially w.r.t y
E=O +2(y -Db)
ay
g=2y-b)----03)
Eliminate a & b from (1) using (2) & (3)
@=x-a)="----(@)
2
=9 __
@)=y-b= 5 (5)
Sub (4) & (5) in (1)
1pit gt
D)=>z=7 7 +1 T
@ 2l e
The required the PDE is

p*+q° =4z

2. | Form the partial differential equation by eliminating the arbitrary constants ‘a’ & ‘b’ from
z=(x*+a)(y*+Dh).

Solution:

Givenz = (X*+a)(y’+b) - - - - (1)
Diff Partially w.r.t x

% peax(yen) ---- ()

0x

Diff Partially w.r.t y

% _g=2y0¢+a) -~~~ @)

ay

Eliminate a & b from (1) using (2) & (3)




@)= (y+b)="--—-@

2X
@) =>x+b=9-—__(5)
2y
Sub (4) & (5) in (1)
W)=z=; pjl'?; %
5-_2X5 m —Zy_i
The required the PDE is
4xyz = pq
3. | Find the PDE of all planes having equal intercepts on the x and y axis.
Solution:
The intercept form of the plane equation is X_+ y_+ Z_= 1
a b c
Given that equal intercepts on the x & y axis=a =b
D O (1)
a a ¢
[iiff Partilaléy w.r.t x L 1
T40+ %207 ="Tp---—(2)
a C OX a ¢
Diff Partially w.r.t y
0+l@+1% 0511 3
a c ay a ¢
From (2) & (3) __1p = __1q The required the PDE isp = q
c c

4. | Obtain the partial differential equation by eliminating arbitrary constants ‘a’ and ¢ b’ from
(x—a]2 +[y—b]2 +2°=r°
Solution:

(x-a) +(y-b) +22=1----@1) -(1)
Diff Partially w.r.t x
2(x - a)(1-0) + 0+ 229 =0

0X

>2(x-a)+2zp=0----- (2)
Diff Partially w.r.t y

0+2(y-b)1-0) +22.% =0

ay
=>2(y-b)+22q=0 - ---- (3)
Eliminate a & b from (1) using (2) & (3)
2)=>x-a=-zp----- 4
@)=>y-b=-9----- ®)

Sub (4) & (5) in (1)
(-zp)*+ (-z9)’+ =1

The required PDE is 22 ( p? + +1) =1

Formation of PDE by eliminating arbitrary functions:

Iyl

]

1 Eliminate the arbitrary function f fromz =f and form the PDE.

ﬂ

i X7

Solution:




2= (1)

Ry
Diff Partially w.r.t x
0z iyl 1yl @Y1 _—px’
o PThat s T TR
X 1XT7 1 X P X7 y
%iszPartiaIIw.t? 1;
_:q:fl.y_.% -
dy RE

From (1) & (2) B:_y:px+qy:0

q X
1

---@)

o | Form the partial differential equation by eliminating f fromz = x>+ 2 f ﬁ_ ~+log x_w .
Y i

Solution: 11 g
Givenz=x*+2f ~+logx ----- (1)

17 I

1Y ﬂ
Differentiate (1? partially w,r. t x

N i

=2x+2f; +IogxM 0 +;

i N i
p=2X+2fM 1+Iogx" 11 :f_|_1+|ogx' =(p_2_x)x____(2)
y Xy 2

1 11
az=2f.u_ L log X_me_—1+0£

- | — ] [
oy gy Y
q=__22f'ﬂﬂ_1+logxg| =>f'ﬂ_+logxg=_qy ————— (3)
yoouy ﬁ Py P2
Eliminating f fron (2) & (3)

X —_—

ox

1

2 2
(p—2x)§ =T = (px—2x )= -qy

= px + qy°= 2%

Formation of PDE by eliminating f from f (u, v) = 0------- (1)

Method 1:
P q -
The required PDE of (1) is u, u, Uu,F0
v, Vv,V
Method 2:
The required PDE is Pp + Qq =R
Where
P:uy Vy ;Q:uZ VZ R: ux vx
u, v, u, v, Uy, vy
1.

Form the PDE from ¢ (ax +by +cz, X2 +y? + 2 ) =0
Solution:

Given ¢ (ax+by+cz,x2+y2+zz) =0
This is of the form f (u, vV) =Owhereu=ax + by + cz & v=x*+y°+2°?




P g -

The required PDE of (1) is ju, u, Uu,=0
Ve Vv,

p g -1

a b ckO0

2X 2y 2z

= p(2bz - 2cy) - q(2az - 2¢cx) + 1(2az - 2¢x) =0
2=>((bz-cy)p+(cx-az)q+(az-cx) =0

Form the PDE from ¢ (x2 +Yy2 + 7%, Xyz ) =0

Solution:

Given ¢ (x2+y2+22,xyz) =0

This is of the form f (U, v) =0 where u = X"+ y *+z2*& v = xyz

P q -
The required PDE of (1) is ju, u, Uu,F0
Ve VoV,
p q -1
2x 2y 2z|=0
yz Xz Xy

= p(2xy* - 2x2°) - q(2x°y - 2 yz*) +1(2x*z - 2y*2) =0
2= (Y -72)p+y(? -x*)+z(x* -y*) =0

Form the PDE fromd)f_y,x2+y2+ 2 -0

P X E
Solution:
Given ¢ Y xayts zz_H =0
T X 1

This is of the form f (u, v) =0Whereu=y&v=x2+y2+z2

X
p g -
The required PDE of (1) is|u, u, u,=0
Ve VoY,
qg -1
Yol ooko
x> X
2X 2y 2z
ol p-2yr I -2y*  2x1i
p; 01 -qg =05 +1g -1 =0
I X HZXZ L X

2zp 2yzq Ty 1@
= + - + =
S 20— Ip O
X x? x2 @
2 2
2= Zp+ yzq_mﬂ y +X ﬂm =0
X X2 i X*




:>xzp+yzq):2(y2+x2):0

xzp+yzq—(y2+x2):0

Solutions of standard types of First order PDE’s:

Different solutions of PDE:

If the number of arbitrary constants is equal to number of independent variables, then the solution is called Complete
integral.
inqul | (on) Singul lution:
Consider a PDE of first orderasf (x,y,z,p,q) =0---—- - Q)
It’s complete integral may be, f (X,y,z,a,b)=0----- (2
Diff (2) partially with respect to a & b respectively,

Eliminating a & b from (3) & (4) will get the Singular integral.

A Solution which contains number of arbitrary functions is equal to the order of the given PDE.
(or) A solution which contains the maximum possible number of arbitrary functions.

Type I:

Equations of the formf (p,q)=0----- (2)

To find Complete Integral:

Let the complete solution of (1)isz=ax+by+c----(2)

Letp=a&qg=bin(1)

f (a, b) = 0 and represent b = ¢p(a)
sD=zz=ax+Pp@)y+c ----(3)
To Find Singular Integral:

Diff (3) partially with respect to ¢

0 =1 which is impossible
There is no singular integral for this type.
To find General integral:

Putc =g(a) in (3)

(B)=>z=ax+d(a)y+g(a)----(4)
Diff (4) partially with respect to a
0=x(1)+d'(@y+9g'@@ ----(5)
Eliminating a from (4) & (5) we get general integral.

1. | Find the complete integral of p + q = pq

Solution:

Givenp+q=pq ----1)

This of the form f(p,q) =0

To find Complete Integral:

Let the complete solution of (1)isz=ax+by+c----(2)
Letp=a&qg=bin(1)

)= a+b=ab :a+b—ab=0=>b=i

a-1
Subbin (2)
Pai
Z=axX +; y+cC
5?1{

This is the required complete integral.




2. | Find the complete integral of p +q =1
Solution:

Givenp+q=1----(1)

This of the formf (p, q) =0

To find Complete Integral:
Let the complete solution of (1)isz=ax+by+c----(2)

Letp=a&qg=bin(1)
(1)=>a+b=1=b=1-a
Subbin (2)

z=ax+(l-a)y+c
This is the required complete integral.

3. | solve \[p ++/q =1

Solution:

Given,/p +/qg=1----(1)
This of the formf (p, q) =0

To find Complete Integral:
Let the complete solution of (1)isz=ax+by+c----(2)

Letp=a&qg=bin(1)

W= Va+vb=1=vb=1-va =b=(1-Va)

Sub b in(2)
z=ax+(1—\/5)2y+c ----(3

This is the required complete integral.
To Find Singular Integral:

Diff (3) partially with respect to ¢

0 =1 which is impossible

There is no singular integral for this type.
To find General integral:
Putc=f(a)in (3)

@)= z=ax+(1-va] y+ (@) ----(4)
Diff. (4) partially with respect to a

0= x(1)+2(1—\/§)§y+ f(a) ----(5)

Eliminate a from (4) & (5) we get the general integral.

Type II:
Equations of the formz=px+qy +f(p,q) - - ---- (1)

To find Complete Integral:

Putp=a & q=bin(l)
~(1l)=>z=ax+by+f(@@b)------ (2)
To Find Singular Integral:

Diff (2) partially with respect to a

0=x(1)+0+f'(a,b)---—-(3)
Diff (2) partially with respect to b
0=0+y(1)+f'(a b)----(4)

Eliminating a & b from (2) using (3) &(4), we get the singular integral.
To find General integral:
Putb = d(a) in (2)

(Q=z=ax+d (@y+g(@------ (5)
Diff (4) partially with respect to a




0=x(1)+d '(@y+g’'@----(6)
Eliminating a from (5) & (6) we get General integral.

1.

Solve z = px + qy + p*qf

Solution:
Givenz=px+qy+p°q’----- @)
Equations of the formz =px + qy +f (p, q)
To find Complete Integral:

Putp=a & q=bin(1)
~(l)>z=ax+by+ah’------ )

This is the required complete integral
To Find Singular Integral:
Diff (2) partially with respect to a

0=x(1) + 0+ 2ab*= x + 2ab’= 0 = x = -2ab’- - - —(3)
Diff (2) partially with respect to b
0=0+y(1)+0+2a%b=>y+2a’h=0=y=-2a% - - --(4)
Eliminating a & b from (2) using (3) &(4)
(3) > X=-2ab----(5)
b
(4)> Y= -2ab- - -~ ()
a
From (5) & (6)
§=y_= k (say)
b a
Xk & Yok
b a
:>b:X_&a:y—_———(7)
k K
Suba &bin (2)
X 2X2
2)= Z:Xx+_y+ y
k™ k?k?
xy xy Xy
Z=_"+__+
k k k*
2 2,,2
Z:ﬂ+_xy ————(8)
k k*
To find k
Sub (7) in (3) (or) (4)
3 ) y x° -2x%y 2
= X=- D> X=——— D> K=-2X
©) 2 % y
2 2y? 2
B8)= z= el Xy _Y X
k  k(-2xy) k 2k
_Axy-xy 3xy 3 27x%y® 3 27x%y®
2k 2k 8k? 8(-2xy)

162°= -27xy?

This is the required singular integral.
To find General integral:

Putb = d(a) in (2)
(2= z=ax+ f(a)y+a?[f(@)] ------ (9)




Diff (9) partially with respect to a
0=x(1)+f'(@y+2f(a)f'(a) - - --(10)
Eliminating a from (9) & (10) we get General integral.

Find the singular integral of z = px + qy + p2+ pq + q2
Solution:

Givenz:px+qy+p2+ pq+q2 _____ (1)
Equations of the formz = px + qy + f (p, Q)

To find Complete Integral:

Putp=a & q=hbin(1)

~(1)= z=ax+by+a’+ab+b® ------ (2)

This is the required complete integral
To Find Singular Integral:
Diff (2) partially with respect to a

0=x(1)+0+2a+b+0 =2a+b=-x----(3)
Diff (2) partially with respect to b
0=0+y(l)+0+a+2b=>a+2b=-y----(4)
Eliminating a & b from (2) using (3) &(4)
Mx2=>2a+4b=-2y----- 5)

X=2Yy

(3)-(5) ®-3b=-x+2y =b=

Sub the value of b in (3)

2a+b=-x :>2a:—x—b:~Za:_x_ﬁ_x_zyE

E

2a=—3x—x+2y

3 |
=>6a=-4x+2y= |5 Y~
3 3
Sub the value of a & b in (2)
1 y-2Xi 1 X-2y1 i y—2x2 P y=2Xii X=2yi i x—2y2
L= P X+] y+i Pt il ] *i ]
- A T A R R T 2 - I A R
Xy -2x> Xy -2y? Yy -4Axy +4y* Xy -2y’ -2x*+4xy Xx°-4xy +4y?
= + + + +
3 3 9 9 9
3xy = 3%+ 3xy - 6 Y2+ Y2 —Axy + 4 Y2+ Xy — 2 Y2 = 2x%+ Axy + X2 - 4xy + 4 y?

z

z

9
9z = -4X" + y* + Xy

Solvez= px+qy++/p>+q°+1

Solution:
Given

Z=pX+qQy++/ P>+ P+l ---—- @

To find Complete Integral:
Putp=a&qg=hbin(l)

(1) = [z=ax+by+a*+b’+1}+--—-(2)

This is required complete integral.
To Find Singular Integral:
Diff (2) partially with respect to a

0=x()+0+_ > () >|ye__ "8 | ____@3

Diff (2) partially with respect to b




0=0+yW)+_ - @) =ly-__P | @

y
ANa’+b’+1 Jai+bi+1
Eliminating a & b from (2) using (3) &(4)
2
| -a 10 -b
B +(4)* 2 X* +y* =] —=1 +I

——
ivat+b?+1i  ival+b*+1i
a’ b?
x> +y’ = +
a’?+b*+1 a’+b%+1
, , a*+b?
X +y :a2+b2+l
) 5 a.2_'_102
-y )=l
2 2 3.2+ b2+1_ az_bz
1-x -y =

?2 +0?+1
1- x2 _yz —
a’+b*+1
=1+ a’+b’ =
1-x% — yz
Taking square root on both sides

= [/1+ a’+Db’= ;
ll_xz_yz

Sub (5) in (2) and (3)

() =x= @ :x:—ay—_x?—_y% a= -X
1 ll_xz_yz

1_X2_y2
-b
@=y= 2y=-blFX-y'=> p- 7Y |
1 ll_xz_yz
1_X2_y2
Sub (5), a & bin (2)
z _ E i 7 1
(2= z=L X I X+1 y ly+
-l -x- - X - T-x7-y?
! y i ! Y y
2 2
T Y L
\/1—x2—y2 \/1—x2—y2 \/1—x2—y2
2_ 2
o 7= 1-x"-y
1_X2_y2

= z=,ﬁ—x2—y2

Squaring on both sides
’=1-X-y=>x+y+22=1

Find the singular integral of z = px +qy + p’- ¢°
Solution:

Givenz=px+qy + p°-q°- - - - - (1)
Equations of the formz =px + qy + f (p, Q)

To find Complete Integral:




Putp=a&q=bin(l)
s()>z=ax+by+a’-b------ 2
This is the required complete integral
To Find Singular Integral:
Diff (2) partially with respect to a
O=X(l)+0+2a+0=>a=__x————(3)

2
Diff (2) partially with respect to b

O:O+y(1)+0—2b:>b:y_____(4)
2

Suba &bin(2)
p-xi Byl 1-xi gyl
~(@)=mz=1 JTX+1 TYH+I
ﬁ222 252 i ﬁ22 12
(2)=> 7= —X +y_+X_—y_
2 2 4 4
_2X2+2y2+x2_y2
4
This is the required singular integral.

———

~=1z= =47 =-Xx ¥y

Type IlI:
Equations of the formf (z, p,q) =0----- 1)

In this type x & y do not appear explicitly.

To find Complete Integral:

Let the complete solution of (1)isz=f(x+ay)------ (2
Letx +ay =u

2)=z=f(uUy------ (3)

By total derivative,
dz dz du dz - au
= =>p=_—(@1) Ju=x+ay=> _=1
dx du ox dx ox
dz dz du dz o au
— = =>Q0=a— Ju=x+ay= _—_=a
dy du oay du ay
Substitute the value of p & g in (1)

dz _dzi
1 ﬁf i Z, ’ a i = 0
@ e o
This may be solve by method of separation of variables
Other solutions can obtain as usual.

1. | Solvep(l+q)=0z.

Solution:

Givenp(l+q)=9gz----(1)

This is of the form f (z, p, q) =0

To find Complete Integral:

Let the complete solution of (1)isz=f(x+ay) - - --- - (2
Letx+ay=u=1z="f(u)

Thenp:E &q:ad_Z

du du
Substitute the value of p & g in (1)
1) dz adzg —adzz

= 1+ i =
dﬁ‘ﬁ au ‘i au




dz

l+a—=az
; du
_Z=az—1
du

dz —du
az-1

Integrating on both sides
dz
=|du
Iaz—l I

u=log(az-1)+c

O
. J' () dx =log f(x)
x+ay=1loglaz-1)+c

This is the required complete integral.
Other solutions can be obtained as usual.

Solve =1 +p*+

Solution:

Givenz?=1+p°+q°----(1)

This is of the form f (z, p,q) =0

To find Complete Integral:

Let the complete solution of (1)isz=f(x+ay) - - --- -
Letx+ay=u=1z="f(u)

Thenp=f &q=ad_Z

du du
Substitute the value of p & g in (1)
pdzit o dzi”
WM =2"= —; +1a—; +1
jdui 1 dui
pdzit idzrf
—; +a;— =2-1
1 dui i du |
Pdzi”
=>(1+a’); — g =2°-1
i dui
L dzmt. 22 -1
=P =
b r- 7

Taking square root on both sides
—

=

du  1+a’

dz _  du

= =
J2 -1 1+a?

Integrating on both sides

cosh™tz = ! u+c IL = cosh™x

a’-1 Jx2 -1

Tu=Xx+ay

cosh™'z =

1
—(X+ay)+C
s

This is the required complete integral.
Other solutions can be obtained as usual.




3. | Solve p (1— qz) =q(1-2)

Solution:

Givenp (1-¢’) =q-2)----(1)
This is of the form f (z, p,q) =0

To find Complete Integral:

Letx+ay=u=1z="f(u)

Thenp:E &q:ad_Z
du du
Substitute the value of p & g in (1)
dz! 1 dzifl dz
QD=—11l-ja—; 1=a—(1-2)
dui; [ dut g; du
dzi’
l-a+az=a*; — |
dut
Taking square root on both sides
aj—zz 1fa+az
u
a dz
E— [V}
J1-a+az

Integrating on both sides

2 m 1 1
2 favar ;(2\&)

a, =u+cC U —dx =
] a f\/5
2vl-a+az=x+ay+c u=Xx+ay

This is the required complete integral.
Other solutions can be obtained as usual.

Let the complete solution of (1) isz=f(x+ay) - - -- -

Type IV:
Equations of the form f, (x, p) =f,(y,q) - ----~- (1)

To find Complete Integral:

Letf, (x, p) =f,(y, q) = a(say)

~fi(xp=a ; f(y.0)=a

From the above we get p= f,(x,a); q= f,(y,b)

Substitute the value of p & q inz= j pdx + I qdy

Integrating we get complete integral
Other solutions can obtain as usual.

1. | Solve p*+q°=x>+Y?

Solution:
Given p*+ ¢° = X* + y?
p-x’=y’'-q'- -~~~ (1)

This is of the form f, (x, p) =f,(y, q)
To find Complete Integral:

Let p®- x*=y *- ¢’ = a’(say)

pz_Xz =32 ;yz_qz =32

pz =a2+x2 ;qz =y2_a2

p= ’a2+x2 |q = yz_az




Substitute the value of p & q in

z:J' x> +a’ dx+‘[\/y2—a2dy
2 2 7 7

X a 4l Xy a a4l yi
z="~Nx +a +_sinh ;=7 +_\y -a’ +— cosh E— +C

2 2 a2 2 aj

X a 4l x! y a’ alyi

1 +a dx=—./x +a +—sinh 122 [Jyr-atdy="[y2 g2 .= cosh vl

R 5V g2 [y =Syt et e Soosh o
Integrating we get complete integral
Other solutions can obtain as usual.

Find the complete integral of p’y(1+ X*) = gx*

Solution:
Given p?y(1 +x*) = qx?
pPPA+x’) _q
2 1)

y
This is of the form f, (x, p) =f,(y, q)
To find Complete Integral:
Let pPPA+x*) ¢

; =_=a(say)
X y
2 2
—p (1:)():3_;&:3_
X y
2
p=a_’_ jq=ay
T+x2
p= X | iq=ay
V1+¥%

Substitute the value of p & g in

z= ﬂdx+faydy
1+ x?

let 1+x2:t:>2xdx:dt:>xdx:OIt

1 dt y?

z=ﬁj‘ﬁ2_+a2_
2
\/a ay 1
=N_2/t+___ Sl dx=2
2= 2t Iﬁ X =2/X
2
z=~Jad+x’+ %+c

Find the complete integral of p + g =sinx + siny

Solution:
Givenp +g=sinx +siny
p-sinx=siny-q----- (1)

This is of the form f, (x, p) =f,(y, Q)
To find Complete Integral:
Letp-sinx=siny-q=a(say)
~p-sinx=a;siny-g=a
~p=sinx+a ; q=siny-a
Substitute the value of p & qin




(sinx+a)dx+ | (siny-a)dy
z=TOSX+ax+cosy-ay+c

Z=cosx+cosy—-a(x-y)+c
This is the required complete integral

Type V-
Equations reducible to standard form (ldentification:

1.

Solve Z2(p?+q°) = X2+ y?

Solution:

Given 22 (p°+q?) =x"+y°

This is of the form equations reducible to standard form

Z2 p2+ 22q2: X2+ y2

(zp)*+ (za)*=X"+y’

120717 1 | 2021° 0z 0z

i— +]—1 =x2+y2—————(1) Tp=—;0=—
1ooxi % ay i ax ay

Letz0z =09Z ; 0x =0dX; dy = dY

Integrating |— Z ; x X ; y Y

0z . _0Z
Q

X aY
This is of the form F,( X, P) = F,(Y, Q)
To find Complete Integral:
LetP?-X?=Y?-Q?=a’(say)
Pz_Xzzaz; Yz_Q2:a2
~P2=3%+X?2 ;Q2=Y2—a2

P=Ja’+X? ;Q=JY*-a’

Substitute the value of p & g in

1= X0 | ey

a’ LI XD Y 2 N4

X a
Z=_ /X" +a" +_sinh g—pg+—,/Y -a  +__cosh |_|+c
2 2 Pail 2 2 ai

X

a’ a’ i
JX +a” +—sinh 1|_|+Z4/y ~a’ +_cosh y+<:

ZZ
? 2 2 fai 2 2 ﬂ ai
7’ =X a?sinht 2% 8 :ava?cosh Y P g

\/ N fag+y\/ ) ﬁ!z]ﬁ

i
X , a

2

2
_[ /x2 +a2 dx=; /x2+a2 +i[sinh i I/y —a dy- /y -a +_2_cosh

This is the required complete integral
Other solutions can obtain as usual.

R
1
e

Solve p* + X’yq°=x"7

Solution:
Given p*+ X y’9°=x"7
This is of the form equations reducible to standard form




p 2

+x on bothsides ©_~ +y?q*=7°
XZ
i p@z
1+ (ya)’=7
PX]
162 L+ yaz -z op=0z. g = 0z
xax‘ i ay ox ay
|a ﬁ @2 9] 0
] z z
+ﬁ aZ 2 _____ 1 = . -
| @ p= %
y
ay
Let 0z=0Z ;xdx=0X ; —=aY
y
X2
Integrating |z=Z2 ; ?=X;Iogy=Y
9z " | 62 ,
D= __ *1__1 =2
1 0X1 E)Y o7 o7
P2+ Q2= 272 ————(2) TP="Q="
oX aY

Thisis of the form F (Z,P, Q) =0
To find Complete Integral:
Let the complete solution of (2)isZ=F (X +aY)

Let X+a¥Y=U =2Z=F(U)

ThenP=_"" az &Q=a dz
du du
Substitute the value of P& Qin(2)
[ VAR 12
(2) I —I +a£[=z2
PdUT 1 dU i
| dZ Z°
dU P (1+ @)
Takmg square root on both sides
“u__z
dU  J1+a?
4z __d
Z J1+a°
Integrating on both sides
logZ = ! U
Vi+a’
1
log Z = (X +aY)
V1+a?®
This is complete integral of (2)
1 11X [

logz =ﬁ Ezmz—+alogy;3[ +C

This is the required complete integral .




Other solutions can be obtained as usual.

Find the complete integral of ~ z2 (x2 p? + q2) =1
Solution:

Given 72 (x2 p? + 0P ) =1

This is of the form equations reducible to standard form

X2p2+q2 :i
ZZ
1
(xp)* +0" =
z
i 0z 0zl 1 0z 0z
i X—1 +i =— = q=—
FToxg oy 77 paxqay
I
Loz 1 0zl 1
ol i = (1)
0% oy 7
I X1

Let 9z=07 : “X=0x : ay=aY
X

Integrating z=Z;logx=X;y=Y
@aZﬂ ;74
oX; iavi Z7
]----@ p="20=%
72 X aYy

Thisisofthe foom F (Z,P, Q) =0

To find Complete Integral:

Let the complete solution of (2)isZ=F (X +aY)
Let X+aY =U = Z=F(U)

This is of the form F (Z, P, Q) =0

Then P = az &Q=aOIZ

du du
Substitute the value of P & Q in (2)

pdzit o odz 1t

1)=

2 ﬁ a =
@ dU MEPA VAR L
l -dU L(_l_-l-_a_)
Taklng square root on both sides
dz _ 1
au 7 ¥+ a
ZdZ = v
+a
Integrating on both sides
2
Z7_ 1y
2w
2
222 1 xsay




This is the complete integral of (2)

L 1

(Iog X+ ay) e

2 1+ a?

This is the required complete integral .
Other solutions can be obtained as usual.

4. | solve x*p*+yq*=17°

5. | Solve x*p?+y?zq = 27°

Lagrange’s Linear Differential Equations:

0z 0z
Equations of the foom Pp+Qq=R (or)P _+Q _=R
ox ay
Where P,Q,R are functions of X, y, z or constants.
Procedure :
de = dy _ dz]

1. Write the auxiliary equation P o R
2. Solve the auxiliary equation by using

a) Method of grouping

b) Method of multipliers
a) Method of grouping: In the auxiliary equation, if the variables can be separated in any pair of equations, then we
get a solution of the form u(x, y, z) =¢, & v(x, Yy, z) =¢,

- The general solution is ¢ (u, v) =0
b) Method of Multipliers:
i) Choose any three multipliers I, m, n which may be constants or functions of X, y,z we have

dx dy dz ldx + mdy +ndz
3_6_ R IP+ mQ + nR
If it is possible to choose I, m, n such that IP + mQ + nR =0 then Idx + mdy + ndz=0
Integrating this we get u(x, y, z) = ¢,
ii) Choose another any three multipliers I’, m’, n" which may be constants or functions of x, y, z wehave
dx dy dz Il'dx+m'dy+n'dz
P Q R IP+mQ+nR
If it is possible to choose I’, m’, n" such that | ‘P + m’Q + n'R = 0 then I'dx + m’dy + n'dz =0
Integrating this we get v(X, Y, z) = C,
- The general solution is ¢ (u, v) =0

1. | Solvex(y-2)p+y(z-x)g=2z(x-Y)
Solution:
Givenx(y-2)p+y(z-x)g=2z(x-Y)
Thisis of the form Pp + Qg =R
Where P=x(y-2); Q=y(z-Xx); R=2z(x-Y)
The auxiliary equation be

dx dy dz

P Q R

dx d dz
=Y - ----

x(y-2)  y(@z-x z(x-y)
i) Choose the multipliers as (1,1,1)
1)= dx _ dy _ dz
x(y-2) y@z-x z(x-y)




_ dx+dy +dz _dx+dy +dz
XYy =XZ+YyZ-Xy+XZ-YyzZ 0

~dx+dy+dz=0

IntegratingJ' dx +J' dy+'f dz=0
X+y+2=C,

11 1 110
)= = 4

1 XYZ]
dx dy dz

x(y-2) y@z-x z(x-y)

dx dy dz

_ +_ "+

x_y z _dx+dy+dz
Yy-Z+Z-X+X-Y 0

0

if) Choose the multipliers as

1=

.'.2(+iy+_dzz
X 'y z
Integratingj'%+J'gY+J'Q=0

X y z
logx+logy+logz=1logec,

log xyz=logc, =xyz=c¢,

~The general solution is | (x+y+2z,xyz) =0

Solve x(ZZ-y?) p + y(xX* - 22)q = z( y* - X°)
Solution:

Given x(Z2-y*) p +y(xX*-2°)q = 2( y*- %)

This is of the form Pp + Qq =R

Where P = x(Z - y*); Q =y(x*- 2°); R =z(y*- X°)
The auxiliary equation be

de _dy _dz
P Q R
dx d dz
=Y - )
X@* -y*)  y(x*-z%)  z(y*-x7)
i) Choose the multipliers as (x,y,z)
xdx ydy zdz
(1):>22_2:22_2:22_2
(27 -y) y(x-z7) °(y -x9)
B xdx + ydy + zdz _ Xdx +ydy + zdz
xzzz—x2y2+x2y2—y222+y222— x272 0

< Xdx +ydy +zdz=0
Integrating _[ xdx + I ydy + J' zdz=0

X2 y2 22 Ci

X2+y2+ZZ=C21

i) Choose the multipliers as :




dx dy dz

(1)$ X =—b= Z
X@-yt) Loe-7) E(y-x)
X y z
dx dy  dz dx  dy dz
_ X Yy z _X Yy 7
-y +x2 =" +y =X 0
.'.E(+E/+_d2:0
X y oz

Integratingj'%+jgy+'|'@:0
x Yy %

logx+logy+logz=1logec,

log xyz=logc, =xyz=c,

=~ The general solution is ¢ (x2 +y2+ 72, Xyz ) =0

Solve (X - y*- 7°) p + 2xyq = 22X
Solution:

Given (X* - y*-7%) p + 2xyq = 2zX

Thisis of the form Pp + Qg =R

Where P = (x* - y* - 7°); Q = 2xy; R = 2zx
The auxiliary equation be

de _dy dz
P Q R
dx _dy dz

- -

x> -y?-z7" 2xy 2zx

1) by method of grouping, from last two ratios

1) :>d_y= ‘o
2xy 22X

dy dz

vz

Integrating I dy = I dz
y z

logy =logz +logc,
logy -logz =logc,
Iogy

=logc
1
z

= =C
7 1

ii) Choose the multipliers as (x,y,z)

1= xdx _oydy _ zdz
x(xz—yz—zz) y(2xy) z(2zx)
xdx + ydy + zdz _ xdx + ydy + zdz

X =Xy —=Xz2° +2Xy° +2X2° X+ Xy +Xz°




_ xdx +ydy + zdz
- X(X2+y2+22)
From 3™and last ratio
dz _ xdx+ydy +zdz
(22x) x(® +y?+2%)
dz _2xdx +2 ydy +2zdz
7_ (XZ + yz +72 )
_ 2xdx + 2 ydy + 2zdz
J (XZ + y2 + ZZ )

Integrating J' 4z
z

Iogz:log(x2+y2+zz] '.'J'f—(ﬁdx:log[f(x)]
f(x)
Iogz=|og(x2+y2+zz)+logc2
Iogz—log(x2+y2+zz)=logc2
lo ’ =logc
eyt
YA =C
X2+y2+22 2
. Ay z
The general solution is , i =0
J d)g‘z XL-FyL-rz‘LJ
4. | Solve (3z-4y)p+(4x-22)g=2y - 3x

Hint:
The multipliersare (x,y,z ) & (2, 3, 4)

The general solution is dp(x2 +y? +72°,2x+3y + 42) =0

5 | Solve(y-x2)p+(yz-x)g=(Xx+y)(x-Y)
Hint:
The multipliers are (x,y, ) & (y, x,1)

The general solution is ¢(x2 + Yy + 2% Xy + z) =0

6. | Solve x(y*+2) p +y(x*+2)q =2(x*-y*)
Hint:
1-111
The multipliersare j —,—,—7 & (X,-y,-1)
P Xy

The general solution is c|>ﬂ E Xe-y?-2z F 20
i
y

Homogeneous Linear PDE of second and higher order with constant co-efficient:
%gnsider tgg second 35der homogeneous linear PDE
z z z

2 & a, , fxY) @
ax axay ay P

Let the differential operator D = i &D'="
0x ay

= (D*+ aDD'+ aZD’Z) z=f(x,y) ----- ()

The general solution of equation (2) is
z = complementary function+ Particular Integral=C.F+P.I




To find complementary Function:
1. Write the Auxiliary equation by putting D =m, D' =1,z=1, & RHS =0
(2)=>m2+arp+a§0

2. Solve the auxiliary equation, we get the roots of m. Say the roots are m,, m,
3. Comparing the roots of m and write the complementary function.
Case 1: The Roots are real and distinct : say m, # m,

CF=f(y+mx)+f,(y+m,x)
Case 2: The Roots are real and equal : say m;=m,=m
C.F=1f(y+mx)+xf,(y+mx)
Note: If the rootsare m = X +if8
then C.F =f[y+ (x +iB)]+f,[y+ (x -iB)]

To find Particular Integral :
Type : 1

If RHS = e then

PI — 1 ea><+by
f(D,D")
Rule:D=a&D'=b
1 . .
P.l= e Provided Denominator # 0
f(a,b)
If Denominator = 0, then 1) multiply the numerator by x 2) differentiating denominator partially w.r.to D
PI — X ax+by
f'(D,D")
1 . .
P.l = meax*by, Provided Denominator # 0 " ReplaceD =a & D' =b
Continuing this process until we get Dr #0 .

Type : 11
If RHS =sin(ax + by) (or) RHS =cos(ax+by) then

1
P.l= sin(ax + b
f(Dz, DDI,DIZ) ( y)

Rule: D*=-(a%); DD’ = (-abh); D"*= -(b?)
P.l = L sin(ax + by) , Provided Dr = 0
f(-a’, -ab, -b?)
Note 1: After substitutions the denominator will be in terms of D & D’ . Multiply and divide by D so that the

denominator will have D’ & DD’ terms.
Note 2: After substitutions the denominator will be in terms of D & constant terms,

Foreg. P.I = sin(x - 2y)
D-5
Take conjugate of denominator with constant term and multiplied with both numerator and denominator.
1 D+5 . .
A= x sin(x - 2y) = sin(x -2
D-5 D+5 ( y) D?-25 ( )

Then apply the rule as usual.

Type : 111
If RHS=x"y" (polynomial type) then




P.l= x"y", we bring this into a standard binomial format, by taking out highest power term of D.

f(D, D)
(i.e) P.l=[1£f (D, D] 'x"y"
This will be expanded by using the formulae
(1-X)"= 1+ x + X+ X+ ...
(A+x) = 1-x +x =X+ ...
(1-X)% =1+ 2x +3x" +4x° +...
(1+X)?=1-2x+3x* - 4x* + ...

Note:

1 ,_ 0
I:)-_fdx,D = 5y

Type : IV (Exponential shifted rule)
If RHS = e™** cos(ax + by) (or) RHS = ™" sin(ax + by) (or) RHS = ¥ x"y" then
1

Pl=— " e®Ysjn(ax+b
f(D,D") ( y)

P.l =¥ 1 sin(ax + by)
f(D+a,D +b)

Here after apply the rule as we discussed in Type l1&IlI

Type : V
If RHS=ycosx (or) RHS=ysinxthen
Case 1:
P.l= ~y COSX
D-mD
1
P.I = (c - mx) cosxdx ““Rule :y =c - mx
>l /
Case 2:
1
P.l =———y cosx
D+mD
1
P.l == (c + mx)cos xdx "“Rule:y=c-mx
5 (g y

Note: After integration we have to replace c - mx =y

1| solve (D? - DD’ - 20D")z = €*” +sin(4x - y)
Solution:
Given (D? - DD’ - 20D"?)z = € +sin(4x - y)

To find C.F
The auxiliary equation is

m’-m-20=0 “replaceD=m,D'=1,z=0
(m-5)(m+4)=0
m=5, -4
-~ CF=1f(y-4x)+f,(y+5x) . The roots are real and distinct = C.F =f, (y + mx) + xf, (y + mx)
To find P.1
P.l = L 1 e +sin(4x - yJ
D’ - DD'-20D"? " !
P1=P.l +Pl,




1

Pl = g™y Rule: replaceD=5&D'=1  Type:l
' D?-DD’-20D"
= ;e“* y :Ee5X+y " Introducing xin Nr.Diff Dr.partially w.r.to D
25-5-20 0
=L,e5X+y Rule: replaceD =5&D’ =1
2D -D
- X eS X+y
10 -1
p.o=" g
o9
Pl = ! sin(4x - ) herea=4&b=-1 (Type:2)

’ D’-DD’-20D"
Rule: replace D°= -(a%) = -16; D'*= -(b*) = -1& DD’ = -(ab) =4
Pl = ! sin(4x -y) :Esin(4x -Y)

2 -16-4-20(-1) 0

— sin(4x -y) "." Introducing xin Nr.Diff Dr.partially w.r.to D
2D -D'

D .
x —sin(4x -
2D_DI D ( y)

“ 207-por )

= Lsin(4x -Y)
2(-16) -4
_xD (sin(4x -y) )
C -32-4
= W = __1x cos(4x +3) d_(sin nx) =N cos nx
’ -36 9 dx

p1 iy cos(4x +3)
29

P.l

Le” ~ cos(4x+39

P =Zeoy —lx cos(4x +3) :l‘
9 9

The general solution is

z=C.F+P.l

l 5X+y

z=f(y-4x)+ fz(y+5x)+9§e — cos(4x +3),

3 3
d°z d°z x+2y

Solve —,-27,—=e  +4sin(x +y)
_OX ox°ox

Solution: same as previous problem

Hint:

3 3
d0°z d°z x+2y

Given . 2, =e  +4sin(x +Y)
X 0X“0X 9 9
(D*-2D?D")z =% +4sin(x+y) D= &D'="
ox ay
m=0,0,2

C.F=1(y) +xf,(y) +f,(y+2x)




P.l= %e“zy— 4 cos(x +2y)

Solve (D2 + DD’ - 6D’2]z =x’y+e¥"”
Solution:

Given (D2 +DD' - 6D’2)z = x’y +e¥"
To find C.F

The auxiliary equation is

m’+m-6=0 “replace D=m,D'=1,z=0
(Mm-2)(m+3)=0
m=2, -3

~ CF=1f(y-3x)+ f,(y+2x) . Theroots are real and distinct = C.F = f,(y + mx) + f,(y + m,x)

To find P.1

P.l = ! I x’y+e
D?+DD’-6D"' :

P1=P.l +P.,

P.I = ! X2y

1 D2+DDIE6DIZ

3x+ym

(Type:3)

,I 1 DD'-6D"%i1
Dilyy — 11
1 D 1]

1@ D 6D%@, , 0

= pl—t— s X D= —
o o o dy
18, D'(xy) 6D?*xYy)E

AR +

D ﬁ D D? ,
11 , X
Y T

_ Ll ey g 1
—U}Exyfdxm . —df
11, x4

o T

_11' ;X
—J Xy + X
ot XY*ard
_ x3y_x“ﬂj dx
R

5

-x“y X
ETRRNY
1

P.I,

2 D2+ DD'-6D"

ﬂ 2 -1 2 3
LAXY (14 X) =1l-X+X-X+..
!

PT = e Rule: replaceD=a=3&D'=b=1

Type:1




1 1

e3><+ y— _e3x+y

"~ 9+3-6(1) 6
P.I=1_e3x+y
2 6
X'y xX° 1.
pr=2 Y X g
12 60 6
The general solution is
z=C.F+Pl

4 5
X'y X 1y

z=f(y-3x)+f,(y+2x)+—— —+ ¢
(Y =3+ By + 20+ o= o+ o

Solve (D* +2DD'+ D)z = X’y +e*-
Solution: same as previous problem

Hint:
m=-1,-1
CF=f(y-x)+xf,(y-X)

Xy x° X%,
pr=2Y_ % X

12 30 2
Solve (D2 —6DD'+5D’2]z = xy+e*sinhy
Solution:

Given (D2 —6DD’+5D’2)z = xy +e*sinhy

_ el -e e®-e
Txy+e g L lsinh © =7 ,here@ =y
T2
_ Be’e’-e'e”’ 0O
B VRS s —
s
ex+y 'ex—y i
(D?-6DD'+5D")z=xy+ ——-=— ree” =g
2 2
To find C.F
The auxiliary equation is
m’-6m+5=0 “replaceD=m,D'=1,z=0
(m-1)(m-5)=0
m=1,2

~CF=f(y+x)+f,(y+5x) . Therootsarereal and distinct = C.F = f,(y + m,x) + xf,(y + m,x)
To find P.1

i Xty o aXy i
PI=_, 1 ,ny+%_—eﬁ_
Pl=Pl+Pl,-Pl,----- (1)
To find P.1;
P.l = 1 Xy (Type:3)
' D?-6DD’ +5D”
= 1 Xy

;T T -6DD +5D"1 1
Dilt) ————11

(. i




_ Milz -6D" 5D"*1 !
Dz Eﬁ D D’ mﬁjﬁ

1 -6D’ 5D E‘] a1 2 3
Dzm-l_ﬂﬁ b +D_2ﬂﬁ+ Xy (1+Xx) =1l-X+X-X+..
1@ 6D 5D” '

D2m1+ = o temXy

17  6x 5(0) 1 o P , PE
R T ()”“EW Dy =2y=1&0m =" (y=0
- b ay

Xy

ay
1 m 6x’1 1
W.xy+6jxdx. ﬁT.xy+ 3 . ﬁ—J'dx
1 11 x*y 3x%1 ' ]
= .f(xy+3x2)dx= y I y+X35 dx
D D_ 2 _3_ 2

X+Yy
1 € Type:1

X+y:H 1ﬂ . e’ Rule: replaceD =a=1&D'=b =1

Tofind P.15
X-y
P'I3 = ll 12 ¢
6D1D +5D 2

1 e’ Rule: replaceD =a=1&D'=b=-1
_2 1+6+5

Type:1

(1)$PI =P.|1+ P.IZ—P.|3= X3y X4 1

Xex+y_ ex+y

+ -
6 4 8 24

The general solution is
z=C.F+P.

Xy x* x o, 1

z=f,(y+x)+f,(y+5x) + - e
(y+x)+f(y+5)+ + -e -,

X+y

Solve (D2 +2DD’ + D’z] z = sinh(x + y) +e*+?’
Solution: same as previous problem




Hint:
(D? +2DD’+ D"?) z = sinh(x + y) + e*+*!

x+y (X*Y) X+Yy - X-y
(D?+2DD'+ D)z = € & heew b 8 Leew
2 2 2
e><+y e—x—y
(D2+2DD’+D’2)Z e +ex+2y
2 2

m=-1,-1
CF=f(y-x)+xf,(y-X)

PI _ ex+y _ e—x—y _ e><+2y
8 8 9

Solve (D*-4DD’+4D" )z ="
Solution:

Hintt m=2, 2
CF=f(y+x)+f,(y+5x)

2
X 2x+y

Pl=—¢
2

Solve (2D? -5DD’ +2D"? )z = 5sin(2x + y)
Solution:
Given (2D? -5DD’ + 2D"* )z = 5sin(2x + y)
Tofind C.F
The auxiliary equation is
2m?-5m+2=0 “‘replaceD=m,D'=1,z=0
-b+./b”-4ac
m= 2a
_ ~(-5)£4/25 -4(2)(2)
) 2(2)
_5+4/25-16 _5++/9
B 4 4
_5+,/25-16 _5+./9_5+3

4 4 4

5+3 5-3 1
= yM=—— = Im=2,m=—

4 4 2
A CF=f(y+2x) +f'
1

2

herea=2,b=-5,c=2

m

"."The roots are real and distinct = C.F=f(y +mx) +f(y + mXx)
1 1 2 2

X1
y+
C

To find P.1
1 .
P.l= 5sin(2x + Type:2
257=5pD w20 oY) TP
P.l = .
2D*-5DD’ +2D"*
Rule: replace D°= -(a%) = -4; D'*= -(b?) = -1& DD’ = —(ab) = -2
P.l = .
2(-4)-5(-2) +2(-1)
P.l= L 5sin(2x +Y) :_1 5sin(2x+Yy)
-8+10-2 0

5sin(2x+y) herea=2&b=1

5sin(2x +Y)




X ) ) . ) )
=——5sin(2x + Introducing xin Nr.& Diff Dr.partially w.r.to D

X D_ .
=——x—>5sin(2x +
4D-5D' D ( )
xD .
=5————sin(2x +
4D? -5DD’ ( ) D[sin(2 !
xD|sin(2x +
5D g s y) = s RASINEX )]
4(-4)-5(-2) -16+10

Oy [2 cos(2x + )]
-6
-5
P.l = _"xcos(2x +Y)
3

The general solution is
z=C.F+P.

z:f(y+2x)+fB y+XH —5xcos(2x +Y)
1 2] Eﬂ 5
i !
Solve the equation (D’ + D’D’-4DD" - 4D")z = cos(2x + y)
Solution:
Given (D®+ DD’ -4DD"* - 4D")z = cos(2x + y)
To find C.F
The auxiliary equation is
m*+m’-4m-4=0 “replace D=m,D'=1,2=0

m?(m +1) -4(m +1) =0
(m+1)(m?-4) =0

m=-1,-2,2
W CE=f(y-x) +f,(y-2X) +f(y+2x)
To find P.1
P.I = cos(2x+y) herea=2,b=1 (Type:2)

D+ D?D’ - 4DD'?- 4D"
Rule: replace D°= -(a*) = -4; D'*= —(b*) = -1& DD’ = —(ab) = -2
1

P.l = cos(2x +Y)
-4D - 4D - 4D(-1) - 4(-1)D’
1

= cos(2x +Y) ::_1 Cos(2x +Y)
0

-4D -4D'+4D +4D’

X ) ) ) )
Pl = cos(2x + Introducing xin Nr.& Diff Dr.partially w.r.to D
3D?+2DD’' -4D"?-0 ( A 9 P y }
X X
= cos(2x +y)=——cos(2x +
3(-4)+2(-2)-4(-1) ( y) -12-4+4 ( y)

-X
P.I = —cos(2x +
T (2x +Y)

The general solution is
z=C.F+P.l

2= f(y-x)+ f (y-2%)+ f (y+2x)—écos(2x+y)




10.

Solve (D*-7DD" -6D" )z = cos(x + 2y) + 4

Solution:

Given (D*-7DD"” -6D" )z = cos(x + 2y) + 4

Tofind C.F

The auxiliary equation is

m*-7m -6=0 ‘replaceD=m,D'=1,2=0

m=-1 1 0 -7 6
0 -1 1 6
1 -1 -6 0

m=-1,m°-m-6=0
m=-1,(m-3)(m+2)=0

~[CF=f(y-x)+f,(y -2 +f,(y+3x)
To find P.1 1
P.I= [cos(x +2y) +4]
D*-7DD"?-6D"
Pl=P.l +P.l,
1
P.l, = cos(X + 2 herea=1b=2 (Type:2
1 D3 _ 7DD12_ 6Dl3 ( y) ( yp )
Rule: replace D°= -(a°) = -1; D'*= -(b*) = -4 & DD’ = —(ab) = -2
Pl = ! ~COS(X +2y) = L -COoS(X +2)
(-1)D-7D(-2)-6(-2)D -D +14D+12D
1 D
———x—COS(X + 2
13D +12D" D ( y)
- D cos(x +2y)
13D*+12D'D
_ D cos(x+2y)=DCOS(X+2y)
13(-1) +12(-2) -13-24
Pl = —sin(x + 2y)
- 37
To find P.1,
1 0x+0
P'I2: D3_ 7DD/2_ 6D13 ! e°=l Typel
=— 1,2 —4e"% = “Lge Ryle: Replace D =0, D" =0
D°-7DD"-6D 0
- X 4 Ox+0y _4e0x+0y
3D*-7D"?-0 0
- X 4 0X+Oy _4€0x+0y
6D -0 0
=X 4




- 2
P.I= isin(x +2y) + 2]
37 3

The general solution is
z=C.F+Pl

T 7%
z=f,(y-x)+f,(y-2x) +f;(y +3x) —§7sin(x+2y)+?

111 Solve (D? +3DD’ - 4D" )z = xy + cos(2x + y)
Solution: same as previous problem
Hint:
m=-41
C.EF=1f(y-4x) +xf,(y +X)
3 4
P.l= __1COS(2X+y)+ﬂ—X_
6 6 8
12.1 solve (D? +3DD’'-4D"2)z = x +siny
Hint:
m=-41
C.EF=1f(y-4x) +xf,(y +X)
1 x* siny
Pl= . L [x+sinOx+y)]=..=__+
D +3DD'-4D’ 6 4
131 Solve (D* - DD'-2D" )z = (2x+3y) + ™
Hint:
m=-1,2
CF=f(y-x)+f(y+2X)
5x 3x’y 1 sy
Pl=—+ +__e
6 2 35
14. | solve (D* - 2DD'+D'?) z = (2+ 4x)e*™
Solution:
Given (D2 -2DD' + D’Z)z = x2y’e*®
To find C.F
The auxiliary equation is
m’-2m +1=0 ‘“replaceD=m,D' =1,z=0
(m-1)(m-1)=0
~|C.F = f,(y+x) + xf,(y + X)|
To find P.1
P.I= (2 +4x)e”®’  herea=2,b=1 (Type:4)
D?*-2DD’ + D"
Pl=— T _ — (2 +4x) ¥
(b-D)

RulexreplaceD=D+a=D+1;D'=D'+b=D"+2

x+ 1
P.l=¢"? (D+1-D -2y (2 +4x)




= e)(+2y ! (2 +4X)
(D-D' -1y’
1

=e"? L (2+4x) =% (2 +4x)
[-@-D+D)] 1-(p-DY,°

=e"?1-(D-D'); " (2+4x)

=e*»11+2(D-D)+3(D-D) +..l (2+4x) “(L1-X)2=1+2x+3x2+4x>+..

- ex+2y§1+2D -2D'+3(D*-2DD' + b’z) +...3ﬁ (2 +4x)
_ eX+2y+ 2D - 2D’ + 3D%- 6DD’ + 3D"1; (2 + 4x)
= "2V lyl+ 2D + 3D’ B2 + 4x) "." there is no y term in RHS, neglect the term D’
= %7 (2+44x)+2D(2+4X) +3D* 2+ 4),
=ex+2y[2+4x+2(4) +0]
P.I =e2¥ [4x+10

The general solution is
z=C.F+P.

= Uy TAJTARUYTA)TE

x2y LTATHY]

15.

9’z 9%z .y

Solve — -, =e sin(2x +3
x> oy’ ( )
Solution:
0’7 _0°7 _ .y .\
Given _ e sin(2x "3
x> ay? ( )
(D2 -D"? ) z=¢e~Ysin(2x + 3y)
Tofind C.F
The auxiliary equation is
m? -1=0 “replace D=m,D' =1,z =0

m=1=>m=-1,1
~CF=f(y-x)+f,(y+Xx)

To find P.Il
P.I = e ’sin(2x+3y) herea=1,b=-1 (Type:4)
D’- D"
Rule:replaceD=D+a=D+1;D'=D'+b=D"-1
1 .
Pl=¢"" sin(2x +3
G-
1 .
=e’ sin(2x +3
D?+2D +11— D”“+2D"-1 ( y)
=e sin(2x + 3y) Herea=2,b =3

D?+2D -D'*+2D’
Rule: replace D°= -(a%) = -4; D'*= -(b®) = -9 & DD’ = -(ab) = -6

=e"’ 1 sin(2x + 3y)=¢e*"’ . sin(2x +3y)
-4+2D -(-9)+2D’ 2D +2D'+5
=e’ . xEsin(Zx +3Y)

2D+2D'+5 D




=e’ D7+ ZE?D’ T sin(2x +3y)

=e"’ D sin(2x +3y) =e*”’ D sin(2x +3y)

-8-12+5D 5D -20
If we multiply and divide by D, we can not get the term D* D" term, so we take conjugate for constent term and multiplied with both Nr. & Dr.
D > SB ;?)SII’](ZX 3y)
o %'B oo
sin(2x 3y)
_x ySS sg1(2x +%y) + 20D sin(2x + 3y)
€
25(-4) - 400
_,5D cos(2x + 3y)x 2 + 20 cos(2x + 3y)x 2
-100 - 400
_ e y—20 sin(2x + 3y) + 40 cos(2x + 3y)
-500

P.I=

]

The general solution is
z=C.F+P.

x=y

z=f,(y =x) +f,(y +x) +eZ_S[Sin(2x+3y)—ZCos(2x+3y)]

16.

Solve (D?+ DD’ - 6D2 ) z=y cosx
Solution:

Given (D? + DD’ - 6D" )z =y cos x
To find C.F

The auxiliary equation is

m’+m-6=0 ‘replaceD=m,D'=1,z=0

(m-2)(m+3)=0

m=2,-3

-~ CF="f(y-3x)+ f,(y+2x) . Theroots are real and distinct = C.F = f,(y+mx) + f,(y + m,X)
To find P.1

P.l = . ! = y COS X Type: 5
D’+ DD’ - 6D’
1
- ((:osxD+3D')(D—29)y
( )f(c 2x)cosxdx  ~ Rule:y=c-mxherem=2
D + 3D’
= (D%BD’) [(c -2x)(sinx) - (-2)(- cosx)] Iuvdx =uy - u'y+...
1 .
= T sinx-2
(cosx] D +3D) Ly
=(—1)].[(c +3x)sinx—Zcosx]dx " Rule:y=c+mxherem=3
D +3D'

= (c+ 3x)(=cosx) = (3)(-sinx) = 2sin x Uy =cC+3X




= -y CoSX+3sinXx -2 sinx
P.I =sin x -y cos x

The general solution is
z=C.F+P.
z=f,(y-3x)+f,(y+2x) +sinx -y cosx

17.1 solve (D2 - 5DD’ + 6D"? ) z=ysinx

Solution:
Given (D2 - 5DD’ + 6D ) z=ysinx
To find C.F
The auxiliary equation is
m’-5m+6=0 “replaceD=m,D'=1,z=0
(m-2)(m-3)=0
m=2,3
-~ CF=f(y+3x)+ f,(y+2x) " Theroots are real and distinct = C.F = f,(y + m;x) + f,(y + m,x)
To find P.1 1
P.l= ysinx Type: 5
D*-5DD’ +6D"
1
" (sinxD-3D") (D-20"
:—1 (c-2x)sin xdx " Rule:y=c-mxherem=2
( D - 3D*
1 .
=~ |(c-2x)(-cosx) - (-2)(-sinx o fuvdx =uy -u'v+...
(030 [€"29Ce0s0-(2)simn] - y -y
=—1[—ycosx—23in x] =————[ycosx+2sinx]
(D—3D’) (D—3D’)
= —I[(c—Sx)cosx+23inx]dx "~ Rule:y=c-mxherem=3

= -[(c -3%)(sinx) - (-3)(-cosx) +2(-cosx) | " y=c-3x
=-[ysinx-3cosx-2cosx ]
P.I=5cosx -ysinx

The general solution is
z=C.F+P.
z=f(y+3x)+f,(y+2x) +5cosx -y sinx

Non-Homogeneous Linear PDE of second and higher order with constant co-efficient:
Consider the second order non-homogeneous linear PDE

0%z 0%z .\ 0%z , 0z, oz
., a a, ., a,_ a,_  f(x 1
a2 1axay 2 ay? Iy ay (x,y) @

Let the differential operator D= _ &D'=__
oX ay
2 ’ 2 ! =f(x vy) = = — — —
w=(p +aPD'+aD +a[3>+a[3)z_f(x,y) )
The general solution of equation (2) is
z = complementary function+ Particular Integral=C.F+P.I

To find complementary Function:
Case : |




The given PDE will bring into the form of (D - m,D' - C,)(D - m,D' -C,)z=0
C.F =e* fl(y + mlx) +e%" fz(y + mzx)

Case : 11
The given PDE will bring into the form of (D- mD’ - C)?z=0

C.F= e°xfl(y + mx) +xe°xf$y + mXx)

Note: Particular Integral can be obtained, similar like in Homogeneous types.

L1 sove (D2 +2DD’ +D"? - 2D - 2D') z=e>Y+sin(x +2Yy)
Solution:
Given (D2 +2DD’ +D"? - 2D - 2D’) z=eY +sin(x +2Y)
To find C.F
((D+Dy-2(D+D))z=0
(D+D)D+D'-2z=0----- (1)
This is of the form
(D-mD'-C))(D-m,D'-C,)z=0----- (2)
Comparing (1) & (2)
m,=-1,C,=0,m,=-1,C,=2.
C.F =e™ fl(y + mlx) +e7" f2(y + m2x)

CF=fi(y-x)+e, f(y-X% e=l
2
To find P.1
1 .
P.I= ™Y +sin(x +2
D*+2DD’ +D'?-2D —2D’[ ( y))
P.l=P.I,+P.l,
To find P.1; 1
P.l = e*¥  Rulereplace D =3 & D' =1 Type:1
' D?+2DD’ +D?-2D -2D’
— 1 3x+y
9+6+1-6-2
p.i=t e
'8
To find P.1, 1
Pl = sin(x +2y) herea=1b=2 type:2

? D’+2DD"+D"*-2D -2D’
Rule: replace D°= -(a*) = -1; D'*= —(b®) = -4 & DD’ = -(ab) = -2

Pl = ! sin(x + 2y) = ! sin(x + 2y)
? T1+2(-2)-4-2D-2D’ -1-4-4-2D-2D’
-1 D .
= x__sin(x+2
5 (x+2y)

2D+2D"+9

= - sin(x +2y)
2D+ 2D"*+9D
-D . -D .
= sin(x +2y) = sin(x +2y)
-2-8+9D 9D -10
If we multiply and divide by D, we can not get the term D?,D"*term, so we take conjugate for constent term and multiplied with both Nr. & Dr.

_ -D _9D+10
9D-10 9D +10

sin(x + 2y)




_-9D*-10
T s 2
g1p?-100 "¢ * )
_-9D’sin(x +2y) 10D sin(x + 2 y)
-81-100
- 1 [-9D cos(x +2y) -10 cos(x +2y)]

-181
P.I= 1_[gsin( X +2Y) =10 cos(x + 2 )]
181

pi=temy,d [9sin(x +2'y) -10 cos(x + 2 y)]

8 181
The general solution is
z=C.F+P.

x I N
z=f$y—x)+e2f2(y—x)+§e3 Y4 I[8_§:JLS|n(x+2y)—1Ocos(x+2y)]

Solve (D? -D?-3D +3D')z=e%""+4

Solution:

Given (D? -D'2-3D +3D')z=€>"V+4

To find C.F

((D +D')(D-D')-3(D - D’)) z=0
(D-D)YD+D'-3)z=0----- (@)

This is of the form
(D-mD'-C)(D-m,D'-C,)z=0----- (2)

Comparing (1) & (2)
m=1C,=0,m,=-1,C,=3.

C.F=¢% fl(y + mlx) + %% fz(y + m2x)

CFr=fi(y+x)+e, f(y-x) e=l
2
To find P.1
P.I = L (e +4]
D?-D'*-3D +3D’
P.1=P.l,+P.l,
Pl = L e¥’  herea=3,b=1 type:1
' D*-D'’-3D +3D
= ;e“” Rule:Replace D =3,D' =1
9-1-9+3
P.I=1_e3X+y
2
Pl = 1 4% herea=0,b=0 type:1
? D’°-D"?-3D +3D'
1

= 64e°“°y Rule:Replace D =0,D' =0

Introduce x in Nr. and Diff. Dr. Partially w.r.to.D in the previous step

- X 4eo><+0y
2D-0-3+0

_ 4x
-3




—4x
Pl= —
27 3
p.i=temy M
2 3

The general solution is

z=C.F+P.l
z:f(y+x)+e3xf(y—x)+1_e3x*y—4x_

1 2
2 3

Solve (2D? - DD’ - D2 + 6D +3D') z = xe’
Solution:
Given (2D2 - DD’ - D'2+ 6D +3D') 2 = xe’
To find C.F

(2D?-DD'-D2+6D +3D') 2=0

(2D +D')(D-D")+3(2D+D")z=0

(2D + D',)(D -D'+3)z=0

D+ (D-D'+3)2=0

L2
This is of the form

(D-mD' -C,)(D-m,D'-C,)z=0----- (2)

Comparing (1) & (2)

m:'l,c:o,mzl,c:—s.
1 ? 1 2 2
C.F=e" fl(y+m1X)+e2 fz(y+m2X)

CFh=fl y- ! ve¥f(ysx)  e°=1
1] E[ 2
i f
To find P.1
1
Pl = xe’ Type: 4
2D°- DD’ -D'*+6D +3D’ P
1

xe™Y  herea=0,b=1

P.l =
2D’-DD’-D"+6D +3D’
RuleireplaceD=D+a=D+0=D;D'=D'+b=D"+1

N 1
P.1 =g X

2D* -D(D’ +1) - (D’ +1)* +6D +3(D’" +1)
e , - 1 i X Type:3
2D° -DD —Dl— D“-2D'-1+6D +3D"+3
=e’ X
2D°-DD’ +5D -D"”*+D" +2
y 1
=e X
I 12D°-DD'+5D-D™”+D'l !
2@ 1+* i
P 2 i
[ normally we take out highest power term of D in the homogeneous type, but it is not necessary in the non-
homogeneous type]

2t
[

-1

_e’l 12D°-DD'+5D-D"*+D’'i! ~a , 0

= —pl 11X D~—,D T—
25 2 % ox ay




Y 2 _ ! N2 I ] -
1 _t 2b7-Db+5D-D7+D % +...@ X [neglectthetermsD’, since D'(x) =0]

j 2 P

==

P i 9 -
;1 1 71 ...x "D (x) -0

ey
P.I =7r[2x—5]

The general solution is
z=C.F+P.

x e’
2=fi(y +x) e fuly=0+—[20-5]
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