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2.5 Maxima and Minima
One of the best application of differentiation calculus is the optimization

problems, in which we find out solution to real value problem that requires minimizing or
maximizing.
Definition:

Let c be a point in a domain D of a function f. Then f(c) is the
= absolute maximum value of fon D if f(c) = f(x) for all x in D.
= absolute minimum value of fon D if f(c¢) < f(x) for all x in D.
Definition:

Let ¢ be a point in a domain D of a function f. Then f(c) is the
= local maximum value of f iff (c) = f(x) when x is near c.
= local minimum value of fiff (c¢) < f(x)when x is near c.
The extreme value theorem:

If f is continuous on a closed interval [a, b], then f attains an absolute
maximum value f(c) and an absolute minimum value f(d) at some points c and d in [a, b].
Fermat’s theorem:
If f has local maximum value or minimum value at ¢ and if f‘(c) exists, then

f‘(c) =0.
Critical Point:

A critical point of a function f is a point ¢ in the domain of f such that either
f'(c)=0
or f‘(c) does not exists.

If f has local maximum value or minimum value at c, then c is a critical point of f.
Example:
Find the critical points of the following functions

() f(x) =x3 +x%2 —x
(i) f(x) = x4 —2x3
(iii) f£(@) = 40 — tan®
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(iV)f(x) = 3x — sin1x
(V) £(8) = 2cos0 + sin?0
Solutions:
() f(x) =23 +x% —x
f'(x) =3x>+2x—1
ffx)=0= 3x*+2x—1=0
=>Bx—1Dkxx+1)=0

1
>x=-,—-1
3
- . 1
Critical points are x = 3 ,—1.

(i) f(x) = xg — Zx%

1
1) =2x5—72x s

Fla) =0 xiG-2x") =0

1
> -x3=0, (5-2x"1) =0

:xz%
Critical pointsare x = 0 %
(iii) £(6) = 46 — tand
f'(x) =4 —sec?d =4 — (1 + tan?0)
= 3 — tan®0
f'(x) =0=3—tan?6
= tan?0 =3
= tanf = +V3
tand =3 = 6 = tan" V3 =§

T

tand = —3 = 6 = tan"}(—V3) = —=

3
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Critical points are 6 =~ , —~
(iV)f(x) = 3x — sin"1x

f'x) =

1
Ji-x2
f(x)_0:>3x/1x “1_g

= 3Vl —x2 =
=9—-9x%2=1

= x2 =

Critical points are 6 = + 2\—F

(V) £(8) = 2cos0 + sin’*6
f'(8) = —2sin6 + 2sinfcosO
f'(@) =0= —2sin6(1 — cosf) =0
= 0 = nm,nis aninteger.
Critical points are 8 = nmr,n is an integer.
The Closed Interval Method:
To find the absolute maximum and absolute minimum value of a continuous
function
on the closed interval [a, b]
= Find the derivatives of fin (a, b)
= Find the critical points of fin (a, b)
= Find the values of f at the critical points of fin (a, b)
= Find the values of f at the end points of the interval [a, b]
= The largest of the values is the absolute maximum value and smallest of the values
IS the absolute minimum value.

Example:
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Find the absolute maximum and absolute minimum of
(i) f(x) = 3x* —4x3 — 12x% + 1on [-2, 3]
(i) f() = (x* = DPon [-1, 2]
(iff) f(x) = x +-0n[0.2, 4]
(iv) f(x) = x — 2sinx on [0, 2m]
(V) f(x) =x —logx on [% ,2]
Solutions:
(i) f(x) =3x* —4x3 —12x*> + 1
f(x) =3x*—4x3 — 12x? + 1 is continuous on [-2 , 3]
f(x) = 12x3 — 12x% — 24x
fl(x)=0=12x3—12x2—-24x =0
=>x(x+1Dx-2)=0
= x = 0,—1, 2 are the critical points.
The values of f(x) at critical points are
£(0) =3(0%) —4(03) —12(0>)+1=1
f(=1) =3(-1)*—4(-1)3 —12(-1)2 + 1
=3+4-12+1=—4
f(2)=3(2)*—4(2)°-12(2)? +1
=48-32—-48+1=-31
The value of f(x) at the end points of the interval are
f(=2)=3(=2)* —4(-2)3 - 12(-2)* +1
=48+ 32—-48+1 =33
f(3)=33)*—4(3) -12(3)2 + 1
=243 —-112-108+1 =28
Absolute minimum value is f(2) = =31

Absolute maximum value is f(—2) = 33

(i) f(x) = (x2 — 1)30on [-1, 2]
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Solution:

f(x) = (x? —1)3 is continuous on [-1, 2]
f'(x) =3(x% —1)2(2x) = 6x(x? — 1)?
fl(x)=0=>6x(x2—1)2=0

= x = 0, +1are the critical points.
The values of f(x) at critical points are
f(O=0-1°=-1
f=QQ-1°=0
fD=(01-1°=0
The values of f(x) at the end points of the interval are
fD=(01-1°=0
f@)=@-1°=27

Absolute minimum value is £(0) = —1

Absolute maximum value is f(2) = 27
(iif) f(x) = x +-on [0.2, 4]
Solution:

flx)=x+ i is continuous on [0.2 , 4]

, 1
ff)=1-+
, x%-1
f'x)=0= = =0
=x%=1

= x = *1are the critical points.

The values of f(x) at critical points are
fA)=1+-=2
fD) =-1-2=-2
The values of f(x) at the end points of the interval are

f(02)=02+—=02+5=52
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f(4) =4+7=4+025=4025

Absolute minimum value is f(—1) = -2
Absolute maximum value is £(0.2) = 5.2
(iv) f(x) = x — 2sinxon [0, 2mx]

Solution:
f(x) = x — 2sinx is continuous on [0, 2r]

f'(x) =1— 2cosx
f'x)=0=1—-2cosx =0
1
= cOSX = -
2
pdi -1 (1
= x = cos (2)
= x = % 5?” are the critical points.

The values of f(x) at critical points are

= g —+/3 ~ 0.684853
51 51 . 5m
f(F)=%-2sm%

- 5?” ++/3 ~ 6.968039

The values of f(x) at the end points of the intervals are
f(0)=0—-2sin0 =0
f@2m) = 2n — 2sin(2n) = 2 = 6.28

Absolute minimum value is f (g) = —0.684
. . 51
Absolute maximum value is f (?) = 6.9680

(V) f(x) = x—logxon [% , 2]
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Solution:

f(x) = x — logx is continuous on [% ,2]

fle)=1--
fla)=0=>1--=0
=>x—_1:0

X

= x = 1 is the critical point.
The value of f(x) at critical point is
f)=1-logl=1-0 =1
The values of f(x) at the end points of the intervals are

1

f(5)=3-log;
= % — (=0.6931)
= 1.1931
f(2)=2-log?2
=2 —0.6931
= 1.3068
Absolute maximum value is f(2) = 1.3068
Absolute minimum value is f(1) =1
Exercise:

1. Find the critical values for the following function
2

(i) f(x) = 5x% + 4x Ans: —-
(i) f(x) = x1/3 — x=2/3 Ans: — 2

(iii) f(x) = x%e™3* Ans: 0,2/3
(iv) f(x) =x%—32V/x Ans: 4

(V) f(x) = x3/% — 2x1/* Ans: 0,4/9

2. Find the absolute maximum and absolute minimum values for the following

functions:
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1. f(x) = 8x — x*,[-2,1] Ans: Ab.max. is (1) = 7 ; Ab.min.is f(-2) = =32
2. f(x) = x?/3,[-2,3] Ans: Ab.max. is f(3) = 2.08 ; Ab.min. is f(0) = 0

_ . T . . T\ _ 3V3 . .. T\ _
3. f(x) = 2cosx + sin 2x, [0 ’E] Ans: Ab.max. is f (E) == Ab.min. is f (E) =0

4. f(x) = xe™' /%, [-1,4] Ans: Ab.max. is f(2) = 2e~/?;
Ab.min. is f(—1) = —e~1/8

1

5. f(x) =log(x?+x+1), [-1,1] Ans: Ab.max. is f (— 5) =0.75;

Ab.min.is f(=1) = 0

Rolle’s Theorem:
Let f be a function that satisfies the following three conditions:
1) f is continuous on the closed interval [a, b]
2) f is differentiable on the open interval (a, b)
3) f(a) = f(b)

Then there exists a number c in (a, b) such that f ‘(c) = 0

Example:
Verify Rolle’s theorem for the following functions on the given interval
a) f(x) =x3—x*+6x+2,[0,3]
b) f(x) = VX~ 3,[0,9]
) f(x) =sinx,[0,m]
Solutions:
a) f(x) =x3—x*+6x+2,[0,3]
f (x) is continuous on [0, 3]
f(x) is differentiable on [0, 3]

f(0) =2
f(3)=27-9+18+2 =238
f0)#£(3)
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Hence the Rolle’s theorem is not satisfied.
b) f(x) = vx —3,[0,9]
Solution:

f(x) is continuous on [0, 9]
f(x) is differentiable on [0, 9]

f(0)=0
f®=v9-2=3-3=0
f(0)=0=f(9)
=) =vx—3
> ) =53
=>f’(x)=0=>%—%=0
=>\/E=§

Squaring, x = z = 2.25€ (0,9)
Hence Rolle’s theorem is verified.
) f(x) =sinx,[0,m]
Solution:
f(x)is continuous on [0, ]
f (x)is differentiable on [0, 7]
f(0)=sin0=0
f(m) =sint =0
= f(0) = f(m) =0

f'(x) = cosx
f'(x)=0=>cosx=0
x =€ (0,m)
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Hence Rolle’s theorem is verified.
Example:
Prove that equation x3 — 15x + ¢ = 0 has atmost one real root in the interval
[-2,2]
Solution:
Let f(x)=x3—15x+c=0
f(=2)=—-8+30+c=22+c
f(2)=8-30+c=-224c¢
f'(x) =3x%2-15
Now if there were two points X = a, b such thatf (x) = 0
~By Rolle’s theorem there exists a point x = c in between them, where f'(c) = 0
Now f'(x) =0=>3x2—-15=0
=>x2=5
= x = +V5 = +2.236
Here both values lies outside [-2, 2]
=~ f has no more than one zero.
= f(x) has exactly one real root.
Example:
Let f(x) = 1 — x?/3, Show that f(—1) = f(1)but there is no number cin (-1, 1)

such that f '(x) = 0. Why does this not contradict Rolle’s theorem?
Solution:

Given f(x) = 1 — x?/3

S f(-1) =1-(-1)5=0

=>f(1)=1-1*2=0

A f(-D) = F(D)

/ 2 _
= f'(x) =—x7°

> fl(x) =02 —2x73 =0
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=>x"1/3 =0

= (x‘1/3)3 =03

=>x1=0
1

>=-=0
X

= X = 00

There is no number cin (—=1,1)
f is not differentiable on (—1,1)
Mean Value Theorem:
Let f be a function that satisfies the following conditions:
1) f is continuous on the closed interval [a, b]

2) f is differentiable on the open interval (a, b)

Then there is a number C in (a, b) such that f'(c) = %
Example: Verify Lagrange’s mean value theorem for the following functions:

a) f(x) =x3+x—1in]0,2]
1

b) f(x) =x+§, [E ,2]
c) f(x) = e7**, [0,3]
d) f(x) =1+ x%/3, [-8,1]
Solution:
a) f(x) =x3+x—1in[0,2]
f is continuous on the closed interval [0,2]
f is differentiable on the open interval (0,2)
f'(x) =3x%2+1
f'(c) =3c*+1,
Puta = 0,b = 2
>f(b)=f2)=234+2-1=9
=>fa)=f0)=0+0—-1=-1
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' _ f)-f(a)
fle)=—-—
>3c24+1=22
2—0

= 2(3c?+1)=10
=3c?4+1=5

2

4
>cl=-c=+
3 3

= +1.1547

Sl

¢ = 1.1547 € (0,2)

Hence Mean value theorem is verified.

b) f(x) =x+7, |5,2]
Solution:

f is continuous on the closed intervaIE y 2]

f is differentiable on the open interval G ,2)

Puta =

N |-

, b=2
> fb)=f@)=2+5=1
= r@=7()=3+2=3
f@=1-5=f@=1-

/ _ f)-f(a)
f(e) = 1@

1 5.5
=>1——2=—2 21=0
c 2—

>c?-1=0
>ci=1>c=+1
>c=1€(5,2)
Hence Lagrange’s MVT is verified.
c) f(x) = e7?%, [0,3]
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Solution:
f is continuous on the closed interval [0, 3]
f is differentiable on the open interval (0, 3)
Puta=0,b=3
=>fb)=f3)=e°
= fla)=f(0)=1
= f'(x) = —2e7% > f'(c) = —2e7%¢

e -1
3

fl(c) — f(b;:Z(a) = —2p~2C —

= —6e = t—-1

—t
- e 1

> e ZC—___|__—
6 6

[N

A\l
Taking log on both sides,

= loge™2¢ = log E (1- e‘6)]

= —2c = log E 1- e‘6)]

> ¢ = —%log E(l — e‘6)]

= 0.3896 € (0, 3)
Hence Lagrange’s MVT is verified.
d) f(x) =1+ x%/3, [-8,1]
Solution:

f(x) is continuous on the closed interval[—8, 1]
f'(x) = Ex‘1/3does not exists at x = 0

=~ f(x)is not differentiable in (-8, 1)
Hence Lagrange’s MVT is not applicable for this function.
Example:

Suppose that f(0) = — 3 and f ‘(x) < 5 for all values of x. How large can f(2)
possible be?

Solution:
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Given f is differentiable (and therefore continuous) everywhere.
In particular, we can apply the Mean Value Theorem on the interval [0,2]
There exists a number ¢ such that £(2) — f(0) = f'(c)(2 - 0)
f@2)=1@0)+2f'(c) =-3+2f"(c)
Given f’(x) < 5forall x,s0 f'(c) <5
we have 2f'(c) < 10
2 f(2Q)==34+2f'"(c)<-3+10=7=f(2) <7

The largest possible value for f(2) is 7
Example:

Show that the equation x3 + e* = 0 has exactly one real root.
Solution:

Let f(x) = x3 + e*, assume f(x) has two roots, thatis f(a) = f(b) = 0

The mean value theorem states, since f is continuous and differentiable

There exists ¢ € (a, b) such that f'(c) = f(b;:i(a) 7S 2:2 =0

However, f'(x) = 3x%2 + e* > 0 for all x.
which is a contradiction.
=~ f(x)cannot have two roots and can have atmost root.
Since, f(0) > 0and f(—10) < 0, by the intermediate value theorem there exists ¢ €
(—10,0) such that f(c) =0
Thus f(x) has exactly one root.

Example:

Use Lagrange’s MVT to prove 1% <log(1l+x)<xforallx>0
Solution:
Let f(x) =log(1 + x)
f(0) =logl =0
fle) =z (N f'(6x)=——, 0< 0 <1
Then by MVT , for the interval [0, x]
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we have f(x) = f(0) +xf'(6x), 0<6O<1

(or) log(1 +x) = 0<o<1..(1)

X
1+0x’
0<Ox<x, sincex >0

=21<1+60x<1+4+x (v14+0<1+60x<1+x)
1 1

1+60x 1+x

1 1
5 —<
1+x 1+6x
x x

1+x 1+6x

21>

<1

<x,x>0

= 1i—x <log(1+ x) < x by (1) ( log(1+x) = 1+xex)
Exercise
1. Verify Rolle’s theorem for the following functions:
(i) f(x) = x3 + 5x% — 6x, [0,1]
(it) f(x) = (x = D(x = 2)(x = 3), [1,3]
(iii) f(x) =3+ (x — D3, [0,2]
2. Show that the equation x3 + 3x + 1 has exactly one real solution.
3. Verify Lagrange’s Mean Value theorem for the following functions:

() f(x)=x*+3x+2in1<x<2

(i) f(x) = iin—l <x<1

(iii) f(x) = —=in [1,4]

(iv) f(x) = x?/3in [0,1]

4.1f f(1) =10and f'(x) = 2 for 1 < x < 4 how small can f(4) possibly be? Ans: f(4)
=16

5. Does there exists a function f such that £(0) = =1, f(2) =4 and f ’'(x) < 2 for all x

Ans: Does not exist.

6. Show that vI+ x < 1 +§xifx > 0.

Increasing/ Decreasing Test
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Definition:
(@) If f'(x) > 0 on an interval, then f is increasing on that interval.
(b) If f'(x) < 0 on an interval, then f is decreasing on that interval.
The first derivative test
Definition:
Suppose that c is a critical number of a continuous function f.
(@) If f “changes from positive to negative at ¢ , then f has a local maximum at c.
(b) If f  changes from negative to positive at ¢ , then f has a local minimum at c.
(c) If f' does not change sign at ¢ ( for example if f' is positive on both sides of ¢ or
negative on both sides), then f has no local maximum or minimum at c.
Definition:
If the graph of f lies above all of its tangents on an interval I, then it is called
concave upward on I. If the graph of f lies below all of its tangents on an interval 1, then it

is called concave downward on I.

Note:

Concave upward = convex downward
Concave downward = convex upward
Concavity Test

Definition:

(@) If f""(x) > 0 for all x in I, then the graph of f is concave upward on I.
(b) If f""(x) < 0 forall x in I, then the graph of f is concave downward on I.
Definition:
A point P on a curve y = f(x)is called an inflection point iff is continuous there
and the curve changes from concave upward to concave downward or from concave

downward to concave upward at P.

The Second Derivative Test
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Definition:
Suppose f"' is continuous near c,
@ If f'(c) =0and f'"(c) > 0, then f has a local minimum at c.
(b) If f'(c) =0and f""(c) <0, then f has a local maximum at c.
Example:
Find where the function f(x) = 3x* — 4x3 — 12x? + 5 is increasing and where
it is decreasing.
Solution:
Given f(x) = 3x* —4x3 — 12x?+5
f'(x) = 12x3 — 12x% — 24x
= 12x(x? —x — 2)
=12x(x —2)(x + 1)
ff(x)=0=>12x(x—2)(x+1)=0
=>x(x—-2)(x+1)=0
= x = 0,2, —1are the critical values.
We divide the real line into intervals whose end points are the critical points. x =
0,2,—1 and list them in a table

Interval 12x | x—2 | x+1 | f'(x) f(x)
x< —1 - - - - decreasing
-1<x<0 - - + + increasing
0<x<?2 + - + - decreasing
x> 2 + + + + increasing

~The function is increasing in —1 < x < 0 and x > 2 and it is decreasing in x < —1 and
0<x<?2

Example:
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Find the local maximum and minimum values of y = x> — 5x + 3 using both the
first and second derivative tests.
Solution:
Giveny = f(x) = x> —5x + 3
f'(x) =5x*-5
flx)=0=>5x*—-5=0
>x*—-1=0=>x*=1=x%=+1

= x = 1, —1are the critical points.

Interval Sign of f’ Behaviour of f
-0 < x <1 + increasing
-1<x<1 - decreasing
l<x<o0 + increasing

First derivative test tells us that
(i) Local maximum at x = —1
f(-1)=—-1+5+3=7
Second derivative test tells us that
(if) Local minimumat x = 1
f)=1-5+3=-1

f"(x) = 20x3
f"(x)=0=>20x3=0=>x=0
Interval (0 Behaviour of f
(-00,0) - Concave down
(0,00) + Concave up

f'(1)=0,f"(1) =20,f(1) = —1is alocal minimum
f'(-1)=0,f"(-1) = =20, f(-=1) = 7 is a local maximum
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Example:

If f(x) = 2x3 + 3x% — 36x find the intervals on which is increasing or
decreasing, the local maximum and local minimum values of f, the intervals of
concavity and the inflection points.

Solution:
Given f(x) = 2x3 + 3x%2 — 36x
f'(x) = 6x% + 6x — 36
ffx)=0=>6(x*+x—6)=0
=>6(x+3)(x—-2)=0
= x = —3, 2are the critical points.
f'"(x) =12x+6
We divide the real line into intervals whose end points are the critical points x = 2, -3

and list them in a table.

Interval 6(x + 3) xX—2 f'(x) f(x)
x < -3 — — + increasing
—-3<x + - — decreasing
<2

x> 2 + + + increasing

Now we apply the first derivative test to find the local extremum values.

f (x)changes from increasing to decreasing at x = —3 . Thus the function has a local

maximum x = —3 and local maximum value is f(—3) = 2(—3)3 + 3(—3)? — 36(—3)
= 2(—27) + 3(9) + 108
=—-54+27+108 =81

f (x) changes from decreasing to increasing at x = 2. Thus the function has a local

minimum x = 2 and local minimum value is f(2) = 2(2)% + 3(2)? — 36(2)

=2(8)+34)—-72
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=16+12—7 = —44

For concavity test ,f"'(x) =0

=>12x+6=0
1
=>x=—=
2
We divide the real line into intervals whose end points are the critical points x = —% and
list them in a table.
Interval f7(x) concavity
x<—=1/2 - downward
x>—-1/2 + upward
Since the curve changes from concave downward to concave upward at x = —%

-9 =2(- 42 -36(-3

Hence the point of inflection are (—% 32—7)

Example:
Find the interval of concavity and the inflection points. Also find the extreme

values on what interval is f increasing or decreasing.
a) (x) =sinx+cosx,0<x<2m
b) f(x) =e** +e™*

c) f(x) =x+2sinx,0 <x <27
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a) (x) =sinx+cosx,0<x<2m

f'(x) = cosx — sinx

f'(x) = 0= cosx = sinx

5 .y .
> x = % ,T”are the critical points.

Interval Sign of £~ Behaviour of f
0 < x <E + increasing
4
[ cx< 5 + Increasing
4 4
51 - decreasin
T <x<2m g
. . T (T _ i @ T
(i) Maximum at o f (Z) = sin_ +cos
1 1 2
NN
(i) Minimumat =, f' (2£) = sin > + cos =
- V2
f"(x) = —sinx — cosx = —(sinx + cosx)

f"(x) =0= —(sinx + cosx) =0

= SIinNX = —CoSXx

3
=>2X=—,—
4 4

7T

Interval Sign of f” Behaviour of f
3 — Concave down
0<x<—
4
3 7T + Concave up
4 S
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3 — Concave down
— < x<2n
4

Inflection points are (%ﬂ 0) ) (%ﬂ 0)

Since f (%n) =0,f (%n) =0
b) f(x) =e** + e
fl(x) =2e** —e™™
ffx)=0=>2e**—e™ =0
= 2e?* =e7*

= 3% =1

2
= 3x = log G)
= x ==-[log1 — log2]

= x =-[0 — 0.693]

Wk Wk

= —0.23are the critical points.

Interval Sign of f ¢ Behaviour of f
—oo < x < —0.23 — decreasing
—023<x <™ + increasing

The first derivative test tells us that there is a local minimum at x = —0.23

f(~023) = f (~110g2) = f (log2™5)

-1/3 _ -1/3
— eZlogZ +e log?2

_ plog(273)" | ,log(271/3)"
_ (2—1/3)2_,_(2—1/3)‘1
= @7+

f'(x) =4e* +e™*

f'(x)=0=>4e** +e™* =0
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= —~(log4) =—046

Interval Sign of f" Behaviour of f
—o00 < x < —0.46 + Concave up
—046 <x < + Concave up

No inflection points.
C) f(x) =x+2sinx, 0<x <2m
f'(x) =1+ 2cosx
f'(x) =0=2cosx = -1
1
= CoSXx = —=
2

2 4 e .
= x = ?n,?nare the critical points.

Interval Sign of f’ Behaviour of f
0<x<l + Increasing
3

21 41 — decreasing
— < x<—=

3 3

4r ' '

= < x <21 + Increasing

The first derivatives test tells us that there is a
(i) Local maximum at 2?”
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2 2 . 2
f(£) =% +2sin(¥) =383
3 3 3
.. .. 4
(ii)Local minimum at ?”

41T

41T . 41
f(5)=F+2sin(T) =246
f"(x) = —2sinx
f'"(x) =0= —2sinx =0

=>sinx=0=>x=0,m, 21

Interval Sign of f" Behaviour of f
O<x<m + Concave up
T<x<2m — Concave down
Inflection

points are (1, )
Example:

Find a cubic function f(x) = ax3 + bx? + cx + d that has a local maximum
value of 3 at x = —2 and a local minimum value of 0 atx =1
Solution:

Given f(x) = ax3 + bx*>+cx +d
f'(x) = 3ax? + 2bx +c

f'® =0=3ax*+2bx+c=0
Given the critical pointsare x = -2, x =1

= 3ax?+2bx+c=(x+2)(x—1)

= 3ax?+2bx+c=x*+x—2
Equating the like terms we get
3a = 1, 2b = 1, c = —2

Given f(=2)=3and f(1) =0
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f)=0=>a+b+c+d=0

S-4+--24d=0
3 2

=

Sd=2—-—-=
3

N
q 1IN

~f(x) = §x3 +%x2 —2x+=
Exercise:

1. Find the interval on which f is increasing or decreasing:

(i) f(x) =x*—2x%+3

Ans: Decreasing on (—oo, —1) U (0,1)and increasing on(—1,0)and (1, )

(i) f(x) =V3x — 2cosx, 0 < x <2m

Ans: Increasing on (O, 4?”)and decreasing on(%”, Zn)

8x
x2+4

c) f(x) = Ans: Decreasing on (—oo, —2) U (2, o)and increasing on(—2,2)

2. Find the local maximum and minimum values of f
(i) f(x)=4x3+3x?—6x+1

Ans: Local minimum isf G) = —= Local maximumis f(—=1) =6

2
(i) f(x) = 5 Ans: Local minimum is f(0) = 0
(iil) f(x) =x —sinx, 0<x<2m Ans: neither maximum nor minimum

3. Find the interval of concavity and the inflection points:
(i) f(x) =x*—8x%+ 16

2 2
Ans: concave up on (—oo, — —) U (ﬁ' oo)and concave down on(—

e #)

(i) f(x) = e¥* Ans: concave down on(—oo, —%) and concave up on (—% 0) U (0, o)
(iii) f(x) =x + 2sinx, 0 <x <2m

Ans: concave up on (0, )and concave down on(r, 2m)

4. Suppose f” is continuous on(—oo, o)

(i) If f'(2) = 0andf''(2) = —5, what can you say about ?

(i) If f'(6) = 0andf''(6) = 0, what can you say about ?
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Ans: f has a local maximum at 2 and f has a horizontal tangent at 6.
5. Show that the curve y = e ™ and y = —e™* touch the curve y = e™ sinx at its

inflection points.

Indeterminate Form and L’ Hospital Rule

. . 0
The indeterminate forms are- , 0 x oo = ,00—00,0%,000,1%,

Type: | (For Indeterminate form of %)

I fx) .
im lim

x~ag(x) x-ag'(x)

Example:

Evaluate the following

. xX%=1. . 1+2x—/1-4x
1. lim 2. lim—
x->—1 X+1 x>0 X
x—(n+D)xt14nxn*2 . 1-x
3, lim 2= 4.lim ==
x—1 (1-x)2 x—1logx
. a*-x2 . e*—1-x
5. lim 6. lim
x—a X*—bP x-0 %2
1+cos2x tan hx
7. lim ( ) 8.1
x-m/2 \(T—2x) x—0 tanx
. sin"lx . e
9.lim 10. lim —
x-0 X x—->0 Sinx
Solution:
. ox%-1 -1)2-1 0
1. lim =D = —
X—->—1 x+1 —-1+1 0
Applying L Hospital’s Rule:
x%-1 . 2x
= lim —=-2

x-—-1 X+1 x->-11

Vit2x—V1—4x _ 1-1 _ 0

2. lim
x—0 X 0 0

Applying L’Hospital’s Rule:
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2 =4
ljm V2V g VIR o
x—0 X x—0 1
=1+2=3
3. lim x—(n+D)x" 1 4nx™?2  1-(n+1)+n _ 0

Applying L’Hospital’s Rule:
1-(n+1)%x24+n(n+2)x™"1  1-(n+1)%+n(n+2)

= lim 2(1-x)(-1) 0
o
0
— lim —n(n+1)%x" 4+n(n+1)(n+2)x™
x—1 2
_ —n(n+1)2+n(n+1)(n+2)
a )
R (nt Y Gpaa tnk2)
b 2
__ n(n+1)
iz
4. lim—= =2
x—1logx 0
Applying L’Hospital’s Rule:
f=x _ =1 _
xl—>1 log x a 1/x o
5. lim £ =2
x—a X*—b 0
& Letu = x*

logu = xlog x

L Joga—2 = x 2 +logx
u dx udx = x g

d d
Sy Iogaﬁ =u[l + logx]

= a*loga = x*(1 + logx)
Applying L’Hospital’s Rule
a*logx—ax®*~1 _ a%loga—aa®a~?!

= lim =
x*(1+logx) a%(1+loga)

aX—-x?%

lim
x—a x*=bb  x5q
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eX-1-x _e’-1-0 0

6. lim ——— = = -
x—0 X 0 0
Applying L’Hospital’s Rule
. e¥—1-x . e*-1 0
lim ——— =lim ==
x—0 X x—0 2x 0
= lim =
x—0 2
AR
TE
1+cos2x 1+cosm 0
7. e e e 5[. cost = —1]
Applying L’Hospital’s Rule
—2sin2x

. 1+cos2x
lim ——— =
x-m/2 (T—2x)

—2sin2m/2

Again Applying L Hospital’s Rule

. 2c0S2x -2
= lim =—=
2
. tan hx 0
8. lim = -
x—0 tanx 0
Applying L Hospital’s Rule
. tanhx . sech?’x 1
lim =lim—s=-=-=1
x—0 tanx x—0 sec4x 1

-1
. sin” *x 0
9.lim =-
x—0 X 0

Applying L’Hospital’s Rule

o2 2(m—2x)(~2)

ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

a%(loga-1)
a%(1+loga)
loga—loge
loge+loga
_ log(5)

= m('i loge =1

= 2m-21/2)(-2) _ 0

1
2
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. e 1-1 0
10. lim =—=-

x—0 Sinx 0 0

Applying L’Hospital’s Rule

e3*_1 . 2e%x 2

im——= =-=2
x—0 Sinx x—0 COSX 1
Type: Il (For Indeterminate form of g)
Example:
Evaluate the following
. eX . log sin2x
1.1im — 2. lim 232X
xX—co X x—0 log sinx
. 1 .
3. lim —= 4. lim xlogx
x—0 cosecx x—0
: 1 1
5. lim (— - — )
x—0 \X e*—1
Solutions:
X [ee]
Llim &= =2
X—00 X o oo
Applying L Hospital’s Rule
e* X Ioe)
lim - =—=—
x—00 X x 0
. ex 0
=lim—=—=o
x—oco 2 2
2 lim log si.an _®
x—0 logsinx 00
Applying L’Hospital’s Rule
1 2 SianZCOSZX
M = lim .1 COSX
x—0 logsinx x—0 Sinx
— lim 2cot2x ©
- x—0 cotx T
— lim 2tanx __ 9
_x—>0 tan2x o 0

Again Applying L Hospital’s Rule
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. 2sec’x 2
= lim =-=1
x—0 2sec?2x 2

logx

3. lim
x—0 cosecx

Applying L’Hospital’s Rule

. log x . 1/x o

lim = |lim————=—

x>0 cosecx  x—( —cosecxcotx oo
. —sinx sinx . —sin®’x 0
= lim———— = lim = -
x—0 Xcosx x—0 Xcosx 0

Again Applying L’Hospital’s Rule
k 2sinxcosx 0
=lim———————=-=0

x—0 —Sinx+cosx 1

Type: 111 (Indeterminate formare 0 X o0, 0 — 00,00 and 1%)
Example:
Evaluate

1.lim xlogx
x—0

2 lim (1 - )

x—0 \X eX—1

Solution:

limxlogx = o0 X o0
x—-0
. logx (o)
= lim>2Z =2
x—0 1/x ©

Applying L’Hospital’s Rule

. g /e g _
S alogs = Mo = Ipos) =0
. 1 1
2'91c1—r>r(1) (; B ex—l) X
Consider- — — =<21=%x_2
x e*-1 x(eX-1) 0

Applying L’Hospital’s Rule
lim(l— L ) — limL—g

x—0 \Xx eX-1 x—0 xe*+(e*-1) )

Again Applying L’Hospital’s Rule

) e* 1
= lim =
x—0 xeX+eX+eX 0+1+1
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Exercise:
1. Evaluate
(i) llmm Ans: —2
x->1 x3-1 3
.8
(ii) ltllr}ts - Ans: -
(ifi) lim Y2 Ans: 1
x—0 X
(iv) lim =8X Ans : 1
x-1 x—1
(v) lim w Ans: 3/2
x-0 X
tan x—x 1
(vi) }Cl_)o = Ans: 1/3
(vii) lim 221080+%) Ans: 1
x—>0 log(1+sinx) ;
3x, ,—3%_
viii) lim ns:
lim &2 Ans: 9/5
x—0 5x
e*+sinx—1 :
(IX) xﬁom Ans: 2
(X) 1 cosecx—cotx AnS 1/2
x—>0
2. Evaluate
. . logx -
(1) J}erolo 7 Ans: 0
(ii) lim Ans: 0
X—00
(i) lim =8~ Ans: 0
x—oo cotx
3. Evaluate
(i) lim x3e™*" Ans: 0
X—00
(i) lim x1/* Ans: 1
X—00
(iii) 11%1 x* Ans: —1
X—
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