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Improper Integrals

The Integral I:f;f(x)dx Is said to be proper or definite only when the limits a and b

are finite and the integrand f (x) is continuous in the interval [a, b]
Types of Improper Integrals
There are two types of improper integrals
1. With infinite limits of integration
2. The integrand is discontinuous.
Type I (Infinite limits of integration )

L J; f()dx = lim [ f (x)dx
2. f_l;f(x)dx i tl_i)r_noO ftb f(x)dx

3. [7 f(xdx = fiof(x)dx + f:f(x)dx, 'a’is a real number.
Provided both the limits on right side exist.

Type Il (Discontinuous of the integrand)

1. If fis discontinuous at b, then

Lbf(x)dx = tl—igl‘ J:f(x)dx

2. If fis discontinuous at a, then

fbf(x)dx = tl_iglfbf(x)dx

a
3. If fis discontinuous at ¢, in [a, b] then

fbf(x)dx = fcf(x)dx + fbf(x)dx

= tl_i)r;n_ J:f(x)dx + tl_i)r;n+ J;bf(x)dx
Provided both the integral’s on right exists.
Note:
The improper integral is said to be convergent if the limit exists and is divergent if the limit
does not exist.

Example:

Determine whether the integral floo i dx is convergent or divergent.
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Solution:
The given integral is flw%dx
an improper integral , since upper limit of integration is infinite then,
I Jm Ji i

= lim[logx]}
= li_r)g[logt —log1]
= li_l)g[logt —0] = »

The given integralis divergent and it diverges to o.

Example:

1
1+x2

Determine whether the integral f0°° dx is convergent or divergent.

Solution:

1
1+x2

The given integral is f0°° dx an improper-integral, since upper limit of integration is

infinite then,

o 1 . t 1
Jo dx = lim [, dx

1+x2 t—00 1+x2
= lim[tan™tx]}
t—>oo
= lim[tan~1t — tan=10]
t—o

=lim tan~1t

too

-1

= tan™"o0 =

2
The given integral is convergent.

Example:

For what values of p the integral f1°° xip dx convergent?

Solution:

et ot
Ifp # 1,tlLrgf1x—p dx:tlggflx Pdx

. [xPtit
= lim ]
tooo L—p+1 1
. t—p+l 1
= lim [ — ]
tooo L—p+1 -p+1
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= lim—|1 — 1]

toop—1 tp-1
_ pTl’p > 1,converges
0, p < 1,diverges
Example:
© logx
Evaluate [, ——dx
Solution:
Take I = | lofx dx
Put u = logx dv=idx du = idx v = logx

_ logx r 1
I=[=—dx= (logx)* — [logx (;) dx
I =(ogx)?—1= 2= (logx)?=>1= %(logx)2

<1 t 1
f °5% dx = lim %dx =lim (— (logx)z)
1 X t—>00 \2

X t—ooo

t

1 1

~ lim |5 (log0)? = (tog1>?|
= lim E (logt)z] =o  [logl =0,logco = 0]
The given integral is divergent.
Example:
Evaluate [~ xe™ dx
Solution:
Consider [ xe *"dx
Put u= x? du = 2xdx
[xe™*"dx = fe‘”%u = % —]

=1 —u_ _1 -«
=—je = —cet (D)
© —x2 0 2 © .2
Jo xe™dx = [ xe™dx+ [ xe™* dx...(Q2)
_ 0
Take f_owxe‘xzdx = lim ftoxe‘xzdx = lim %e‘xz] by (1)
——00 ——© t

o 2L, _tz]_—1
T AaAmST TR [T
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0 _ t
Take/, xe ™ dx = lim fotxe‘xzdx = lim [716""2] by (1)

t—lclnm —e 2]
-~ (2 Py = —— 4=
():f_wxe dx = 2+2 0
Example:
Evaluate [ ———dx
f (x- 2)3/
Solution:

. 1
Consider | 2 dx...(1)

Putu=x—-2 ' = du=dx

1) o [y, AW T xS
():f(x—zf/z x= [—pdu= [u U =

_3/2+1 B _1/2

—_2_ -2
\/ﬂ_ Vx—2

= 1 : t 1 _ I -2
J; o T A [f3 (x—-2)/2 dx] v/ & \/—x-zL

=lim|(Z)=(F)]
= hm(m) +2 =042 = 2 (finite)

t—o

The given integral f —)—dx is convergent.

Example:
21
Evaluate | Sdx
Solution:

Here, infinite discontinuity occurs at x=0

2 1 2 1/
o —=dx = lim x T2dx
_];) VX t—-0*

t

; [ /2]
= lim |=—
t->0+ 1/2 t
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= lim [2v2 - 2v1]
= 2+/2 (finite)

The given integral f02 \/i} dx is convergent.

Example:
31
Evaluate [ — dx

Solution:
Here, infinite discontinuity occurs at x = 1

[
)y x—1 x_ox—lx 1x—1x

Take fl I ] 1_f s llm 1 [log(x — 1]

= tl_i)r}q_ log(t—1) = —o0
f — dx is divergent.
= fl — dx is also divergent.
The given integral f;ﬁ dx isdivergent
Example:

Evaluate f;\/% dx

Solution:

The infinite discontinuity occurs at x = 2
5
1

5
1
dx = lim
fz x—2 t=2% ), Vx —2
glrél [ZVx — |

= tlir£1+(2\/3_— 2/t—2)
= 2v/3 (finite)

dx is convergent.

dx

The given integral f
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Example:

Evaluate f — 7 dx
(x— 1)

Solution:
Here infinite discontinuity occursat x = 1

1 1 3 1
1) fO 1) dx = fo_—%dX-Fflmdx (1)
Take fo —(x—1)2/3 dx = tlir fo AT

=lim[36— ']

- =243

=3
3 1 1
Take [, =8 dx = tlll+ ft LA dx

= Im[3Ge- %],

= lim [3 [21/3 - (- 1)1/3”

to1t

324

)= [ ——r dx_3+3( /a)

(x=
=3 [1+2%]
Comparison test for improper integrals
Let f; f(x)dx be an improper integral.
i) If there exists a g(x) such that |f(x)| < g(x) for all x in [a, b] and f:g(x)dx
converges then f; f(x)dx also converges.

i) If there exists function g(x) such that f(x) = |g(x)| forall x in [a, b] and f: g(x)dx

diverges then f: f(x)dx also diverges.
Limit form of comparison Tests.

Let f(x) >0and g(x) > 0and lim % =kwherek #0
X =00
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Then, the improper integrals faoo f(x)dx and faoo g(x)dx converge or diverge together.
If k = 0, only the convergence of [~ g(x)dx implies that of [~ £ (x)dx
Absolute Convergence
The improper integral f; f(x)dx is said to be absolutely convergent if f:l f(x)|dx is

convergent.
Note:

1) The same definition holds for [ £(x)dx also

2) When the improper integral changes sign within the limits of the integration, then the above

test is applied.

Example:
. o xtanTlx
Discuss the convergence of [ N d
Solution:
~ xtan"'x = tan"'x A\
Let fO = "1 77 v [le0ds =
I f(x) I tan”'x
1m-——-= 11mm ———
xoe0 g(x)  x-e0\[1 + 43
_ T
"

Hence, by comparision test 2, the integrals floof(x)dx and floog(x)dx converge or diverge
together, Now floog(x)dx is divergent.
floof(x)dx is also divergent.
Example :
Discuss the convergence of f1°° s;#d
Solution:

|foos%dx| < f

1

sinx
x4

oo dx
dx < fl F
= convergent
foo sinx

e dx is absolutely convergent and hence convergent.

Example:

Test the convergence of fooo e dx
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Solution:

The given integral f0°° e~*" dxis an improper integral of first kind and the integral can be
written as foooe"‘2 dx = fole‘xz dx + [ e~ dx
The first integral in the right hand side f01 e~ dx is proper integral. So it is enough to check the

second one.
We have that,

Slet Loy <2

Hence by comparison test the given integral is convergent.
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