ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

UNIT - 11
FUNCTIONS OF SEVERAL VARIABLES

3.1 Introduction

The students have studied in the lower classes the concept of partial differentiation
of a function of more than one variable. They were also exposed to Homogeneous
functions of several variables and Euler’s theorem associated with such functions. In this
chapter, we discuss some of the applications of the concept of partial differentiation, which
are frequently required in engineering problems.
Functions of Two Variable

If for every x and y a unique value f (x, y) is associated, then f is said to be a

function of two independent variables x and y. It is denoted by z = f(x,y).
Limits and Continuity
Limits

A function f(x, y) is said to tend to the limit # asx — aandy — b, ifand only if
the limit € is independent of the path followed by the point (x,y) asx - aand y — b.

Then,lim f (x,y) =
y=b

Continuity

A function £ (x, y) is said to be continuous at the point (a, b) if lim f(x, y) exist and
y-b

equal to f(a, b).
If a function is continuous at all points of a region, then it is said to be continuous in that
region.

A function which is not continuous at a point is said to be discontinuous at that point.
Note

Generally lim[lim f(x,)] = lim(lim f(x,)]

Results
LIf limf(x,y) =¢and limg(x,y) =m
y-b y—-b
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Then (i) Lm[f(x,y) £ g(x,y)]=4tm
y—=b

(i) Im[f(x,y).g(x,¥)] =£.m
y—-b

(iii) Iim[fCx,y)/g(x,y)] = £/m
y—b

2. If (x,y), g(x,y) are continuous at (a, b) then the following functions are
continuous.
0 fxy)xgxy)
(i)  f(xy).9(xy)and

(i) f(x,y)/g(x,y) provided g(x,y) # 0
Example:

Evaluate !ri_l)‘l(‘)l(xz + y2%)

y-0
Solution:
lim( x?2 2y = lim[lim(x?2 2
lim (RGN ~\ i ihim (v =)
y—0
=limx2=0
x—0
Example:
. xXy+5
Evaluate lim—>—
X000 x442y
y-2
Solution:
i T lim[lim xy+5]
X500 x242y2 x—00 y—2 xX2+y?
y-2
_ 2x+5
o X—00 x2+8
x(2+2)

m > 5
X—00 X (1+x_2)

24>
[ee]

oo(1+°%)

MA3151-MATRICES AND CALCULUS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

2+0 2
o(1+0) o 0
Example:
2+y
Evaluate lim
x—>1 3x+y?
y-2
Solution:
24 24
im = yz = lim[lim y]
x—13x+y x—-1 y—2 3x+y?
y-2
& x2%+2
i x—1 3x+4
e
7 ST
Example:
2xy+1
Evaluate lim =
x-0 x +y
y-2
Solution:
2xy+1 2xy+1
00 NN ey
x—-0 x2+y? X0 y—2 x2+y?
y-2
. 4x+1
= lim—
x—0 X“+4
U TRAREE
G
Example:
X
- N o ——, (x,y) # (0,0)
Discuss the continuity of f(x,y) = {v**+»*
21 (x)y) = (O) O)
Solution:
lim —= = lim[lim
x=0 x2+y? x—>0[y—>0 \/x2+y]
y-0
= lim—
x—>0\/_
X
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lim —
yaOJx2+y

x—-0

here llm — #

(N

Y*O

= lim[lim
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y—=0 x—-0 \/x2+y ]

.0
= lim—

y—>0\/5E

lim —
yﬁ04x2+y2

x—0

=0

=~ The function is discontinuous at the origin.

Evaluate the following:

1.

6. Given f(x,y) = { 2

x%+4y3

1m
x—2 2x%y
y-3

X—y
x—-0 x+2y
y-0

x(y—2)

x-1y(x—2)
y-1

2xy-3

X—00 x3+4y3
y-3

Discuss the continuity of f(x,y) = {

Exercise:

T, (6y) # (0,0)
0, (1,) = (0,0)

31

24

Ans:
Ans: limit does not exist

Ans: 1

Ans: 0

x2
—, (x,v) # (0,0 i )
Jx2+y2 (x, 22X G0 Ans: Discontinuous

0, (x,y) = (0,0)

show that f is discontinuous at origin

3.1 Partial, Homogeneous and Euler’s theorem

Partial Differentiation

Letu = f(x,y) be afunction of two independent variables x and y, then

Differentiating ‘u’ with respect to ‘x’ keeping “y’ as a constant and it is denoted by g—z or u,

_ 2 : . : o
, Similarly % or u,, means differentiating ‘u’ with respect to ‘y

keeping ‘x’ as a constant.

9 9 . . o
——and % are called first order partial derivatives.

Symbolically, if u =

u(x,y) then
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u . u(x+Ax,y)—u(x,
o _ im X y)—uxy)

dox Ax—0 Ax

u . ulx,y+Ay)—u(x,
ou _ iy 2y +Ay)-uxy)
0y  Ay—0 Ay

Rule’s of partial differentiation:
(i) Differential co-efficient of a sum:

Ifu =v+ w + -, where v,w,--- are functions of x, y, --- then

ou _ dv aw
ax  ox ox

ou _ ov ow

% £+E+ .- and so on.

(ii) Differential co-efficient of a product:

If uwand v are functions of x, y, z etc, then

0 (uv) au
0x + dx
0 (uv) + au
dy ay

(iii) Differential co-efficient of a quotient:

If u and v are functions of x, y, z etc, then

u ov
2 (4) = Vet
dx \v v2

du av
9 (E) _ Yoy~ "y
oy N V2

(iv)Derivative of a function:

If u is a function of ¢ where t is a function of the variables x,y, z --- then
du _du, ot
dx  dt O0x
Ju du

—=—><— and so on.
dy dt dy

Successive partial Differentiation
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Letu = f(x,y) be afunction of two independent variables x and y. Then g—z
and Z—;‘ will represent the first order partial derivative of ‘u’ with respect to ‘x” and ‘y’. Here

both Z—Z and Z—; are again in general a function of x and y. Hence each of these partial

derivatives may again be differentiated with respect to ‘x’ and ‘y’ respectively and it is

9%u  9%u 0%u
ox2 ' dy2 ' 0x0y

denoted by

Upr= Pu_ 0 (au) dlfferentlatlng—W|th respect to ‘x’ keeping ‘y’ as a
0x? 0x \od

constant.

Uyy= 22712‘ = % (Z—;) = differentiating Z—;‘ with respect to ‘y’ keeping ‘x’ as a
constant.

Uy = °u 0 (au) dlfferentlatmg—Wr[h respect to ‘x’ keeping ‘y’ as a

axay dx \0y
constant.
Note:
0%u _ 9%u

oru,,= u
dx0y 0xdy xy yx

Example:
Ifu = (x—y)*+ (y—2)* + (z — 2)*, show that > + ‘;—'y‘+3—“ 0
Solution:

Given u = (x—)*+(y—2)*+ (z—x)*
= 4 —y)? + 4z - 203(-1) ()

= 4(x -y D +4y —2)°..(2)

ay
5= 40— 2D+ 4z -0 ..(3)
WM+2)+@) = _x+ Z_;t_l_z_z

=4(x -y -4(z-x) —4(x -y +4(y -2’ -4y -2 +4(z—x)* =
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Example:

If f(x,y) = log+/x? + y?, show that by o7 4 ﬂ
Solution:

Given f = log+/x? + y?

0 1 1
o - X X 2x
ox x2+y?  2x2+4y?
_ X
x2+y?

9%f _ (x%+y?)1—x(2x)

ox2 (x%2+y?)2
_ (%-x?)
= iy (1)
of _ 1 1
Dl | 7 ey 2
y
x2+y?
o°f _ (x*+y?)1-y(2y)
9y2 - (x2+y2)2
N )
= e (2
oy L o2f _ P=x?) | (x-y?)
(1) + (2) = 9x2 + ayz - (x2+y2)2 + (x2+y2)2
_ (yZ_xZ_l_xZ_yZ) i 0
- (x2+y2)2 -
Example:

9%r 62 _ 1 (or
2 _ 42 2 —_— — —— |\
If r* = x* + y“ then show that Py + " [(ax)

Solution:
Givenr? = x? + y?
Diﬁerentiating partially with respect to ‘x’

or _ x
2r —=2x =>—==
ox ax r

2 4 (Z_;)Z]
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2 ril—-x. —
2°r — dx
0x?2 r2

X

r—x. =

e T
72

T2 T3
.. %r _  r?-y?
Similarly IR .. (2)
d%r d9%r
1 2 = — 4+ —
D) + @) Ty
r2_x2 p2_y2 2_ 5242 12
N y:_ riox*4ri-y
r3 r3 r3

B
_2r?-r?
= =
s (W L.H.S
BN NG
ox “\r/)  r2
Similarly (é) = (%) = Z—Z
ar\2  [(9r\% _ x%+y? 12
—_— + | — = e — . 2 — 2 2
(6x) (63/) T2 T2 (o7 x“+y°)
. il g 2 or\ 2
Rus = 20(5) +(G)
= l)( 1 = l
T T
L.HS= RH.S
ar ot _ 1[(61)2 n (ﬁ)z]
0x2 oy? r "\ox oy

Homogeneous Function
Consider the expression f(x,y) = aox, + aix,_1y + axxp_2y, + -+ anyy ... (1)
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The degree of each term in the above expression is ‘n’. Such an expression is

called a homogeneous function of degree ‘n’, Equation (i) can be written as f (x,y) =

0

Note:
A function f(x,y) is said to be a homogeneous function in x and y of degree ‘n’ if
fltx,ty) = t"f(x,y)

3 3
Forexample,  f(x,y) = xxtz

/ t3x3+t3y3
flxty) = —(—

t3(x3+y®)
t(x—-y)
203 4+y3)
x—y
fltx,ty) = t* f(x,y)

~ f(x,y) is a homogeneous function in of degree 2°.

Euler’s theorem on homogeneous function:

If u is @ homogeneous function in x and y of degree ‘n’ then x g—u +y Zz =nu
Proof:

Given ‘u’ is a homogeneous function of degree ‘n’

~u(xy) = 2f (%)

ou

2wy @)+ 7 () ()
- () -y ()
SR SRACIC

— xn—lfl(z

X

inx and y

du

)
e <2y = g €y () e )
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= nx"f (Z) =nu
X
ou _

nu
dy

ou
Xa + y
Note:

(i) If ‘u’ is a homogeneous function of three variables x,y and z of degree ‘n’, then

ou

the Euler’s theorem is x ™

u u
— T Z— =nu
+y6y+ 0z

0%u

(ii)Euler’s extension theorem is  x2 233

0%u 2 0%u _ .
+2xy%+y a—yz—n(n 1)u
Example:

Verify Euler’s theorem for the function u = x3 + y3 + z3 + 3xyz

Solution:
Givenu(x,y,z) = x*+y*+z3+3xyz
u(tx, ty, tz) = t3x3+e3y3+t323+3txtytz
= t3(x*+y3+23+3xyz)
= t3u(x,y,z)
~ u(x,y,z) is a homogeneous function in of degree ‘3°.
: ST T T
Euler’s theorem is x Ty 3 AL 3 3u
ification: - _ o
Verification: Consider L.H.S=x =Ty % +z -
ou _ 4 -
T 3x°+3yz
ou _ 5 3
X = 3x°+3xyz ....(1)
ou _ 5.2
3y 3y“+3xz
ou _ 5.3
Yoy = 3y°+3xyz ...(2)
ou _ , -
5 3z°+3xy
ou _ 5.3
z~ = 3z°+3xyz ...(3)
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M+@+@) = LHS=xZ+y5+25
= 3x*+3xyz + 3y3+3xyz + 3z°3+3xyz
= 3x%+ 3y3 +32°+9xyz
= 3(x*+y*+z°+3xyz) = 3u = RH.S

Hence Euler’s theorem is verified.
Example:
Verify Euler’s theorem for the function u = (x% + y%) (x™+y")

Solution:
Givenu(x,y) = (xE + y5) x"+y™)

I &3 L
U(tx, ty) = (tzxz + tzyZ) e ")

1
u(tx, ty) = t"zu(x,y)
~ u(x,y) is a homogeneous function in of degree ‘n + %

, 3 Ju ou _ 1
. Euler’s theorem is x ) 3y (n+ 2)u

Verification: Consider L.H.S = xa—u + ya—u
ox dy

A J—"
= 5% (" +y") +nx" T (xz + y2)
ou_1 1 1 1

xa—Z:ExZ(x”+y”)+nxn(x2+y2)...(1)
ou _1_ -1 1 1
oy = 2Y PGy +ny" (ke + y2)
ou _1 1 1 1
a—; =syz(x™ +y") +ny” (xz + yZ) - (2)

T
D+ @)= LHS=x+y"
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1 1 1 1 1 1
Ex2(x"+y”)+nx”(x2 + y2) +5y2(x"+y")+

1 1
ny"(xz +yz)

~ (2 +y) (@™ + y™) + nxz + y2) @™ + y")
1 1

=(n+)(x2 +y) (" +y™)

= (n+ %)u =R.H.S

Hence Euler’s theorem is verified.

Example:

Verify Euler’s theorem for the function u = sin~! G) + tan™! G)

Solution:

Given u(x,y) = sin™?! G) + tan™? (Z)

= t[sin 1()+ta 1()

u(tx, ty) = t%u(x,y)

~ u(x,y) is a homogeneous function in of degree ‘0’.

u(tx, ty) = sin 1(tx) tan~ ( )

.8 d
Euler’s theorem is x — + y—u =0.u=0
ox dy

T 4 0 9
Verification: Consider LH.S = xZ£ + y—“
0x oy
ou 1 1 1
2 D)
0x 1-= Y 143 x
y?
1 y

du X xy

Xa = W—xz_l_yz (1)
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ou 1 -X 1 1
poll > X () + —5 X =
y 1-%2 y 1+ x
72 x
_ X x
Ty fyZexz x2+y?
du X Xy
— = — .. (2
yay Jy2+x2 +x2+y2 (2)
ou ou
(HL+((2) = LHS Xaﬁ'y@
. x iy Fa x n xy
T fyZex?Z x2+y2 Jy2+x? - x2+y?

=0

=R.H.S

Hence Euler’s theorem is verified.

Example:

= X4¥.z 2 o NN P
If = y+z+x,showthatxax+yay+zaz

Solution:

0

Givenu(x,y,z) = §+§+§

tx  ty  tz
u(tx, ty, tz) = — <"
= t9 (ﬁ + y + E)
y 4 x
u(tx, ty, tz) = t°u(x,y,z)
~ u(x,y,z) is a homogeneous function in of degree ‘0’.
, ou du ou _ i
By Euler’s theorem X +yay tz— = 0Ou=20
Example:
3 3
Ifu=tan1 (x J_ry ) then prove that xg—'; + yg—; = sin2u
Solution:
. 1 (x3+y3
Givenu(x,y) = tan~ (—)
x-y
x3+ 3
tanu = 4
x=y
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x3+ 3
Let z = tanu = —=
xX=y
x3+y3
Consider z(x =
Cy) = =5
t3x3+t3y3
Z(tx,t = ——— = = t?z(x,
(tx, ty) oty (6, y)
~ z(x,y) Is ahomogeneous function in of degree 2’.
s 0z 0z
By Euler’s theorem x — AN el
Put z = tanu
d(tanu) d(tanu) _
7 A 2tanu
xsec2uZ + ysec2u?® = 2tanu
ox y ay 0
ou ou sinu
X—+y—=2—m8
dx yay cosusec?u
sinu
{3 cosu
TRwy )
cos2u
= 2sinu cosu
= sin2u

Hence proved.

Example:
a1 xty 2 62_u *u 2 az_u _ —sinucos2u
Ifu = sin (ﬁw})’ then prove that x°—— + 2xy oy TV 52 acostm
Solution:
- _ . 1 x+y
Given u(x,y) = sin (\/§+\/§)
sinu = =22
Vx+y
. x+y
Letz = sinu =
Vx+/y
. tx+ty
Consider z(x, = —_——
®Y) = FEas
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x+y
)

1 1
2tnty) = G(ER) = tz(xy)

~ z(x,y) is a homogeneous function in of degree %

. 0z Jz _ 1
By Euler’s theorem, x =TV 3y - 2 Z

d(sinu) d(sinu)
0x y dy

. 1 .
Putz = stinru =x - ESan

xcosua—u+ cosua—u - lsinu
0x y dy ER

xau_l_ Ju _ 1sinu
0x yay 2 cosu

= Ztanu = D)

By Euler’s extension theorem
2T 2y Tl 2 I = FIf'() — 1]

o | 2.7
- tanu(2 sec‘u—1)

1
2cos?u

(

_ 1 sinu(—cos2u)

1 sinu

=3 o

2 cosu

1—-2cos?u

_ 1 sinu

)

2 cosu 2cos?u

4 cos3u

—sinucos2u

4cos3u

Hence proved.

Example:

&u

Ifu = (x—y)f( ) then find x? —+2xy—+ Za

[AU May

2001,Dec2014]

Solution:

Givenu(x,y) = (x —y)f G)
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u(tx,ty) = (tx—ty)f ()

= tlu(x,y)
~ u(x,y) is a homogenecous function in of degree “1°.

: ou . ou _ oo
. By Euler’s theorem, xax+yay = lu=u= f(u

By Euler’s extension theorem

2 0%u 9%u 20%u _ PN
x 0x2 + ny 0xdy +y 9y?2 = f(u)[f (u) 1]

= u(l—1) = u.0 =0

Exercise:

1. Verify Euler’s theorem in the following cases.
(i) z = ax®+2hxy + by?
(i)u = x*+y*+2°+3xyz

z y
@iiu = evsin (5) + excos (Z)
y X

(iv)u = x3cos G)

2.1fu = log(x*+y?) + tan™! G),show that ZZTZ + ZZTZ =2

3.If = j;:z; prove that xZ—Z+yZ—;‘ = %u

4. 1fu = log(x*+y>+z?) show that that xg—z + yz—; =2

5. Ifu=sin? (%), then prove that xZ—Z + yg—; = %tanu

6. Ifu=tan™? (xstyg), then prove that x? 22712‘ + ny% + y? 3% = 2cos3usinu

7.Givenu(x,y) = x*tan™?! G) — y’tan™! G) find the value of x*uxx+2xyux+y*uyy.
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