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EC 8392 - DIGITAL ELECTRONICS
UNIT — | : DIGITAL FUNDAMENTALS

KARNAUGH MAP MINIMIZATION:

The simplification of the functions using Boolean laws and theorems becomes
complex with the increase in the number of variables and terms. The map method,
first proposed by Veitch and slightly improvised by Karnaugh, provides a simple,
straightforward procedure for the simplification of Boolean functions. The method is
called Veitch diagram or Karnaugh map, which may be regarded as a pictorial
representation of a truth table.

The Karnaugh map technique provides a systematic method for simplifying
and manipulation of Boolean expressions. A K-map is a diagram made up of squares,
with each square representing one minterm of the function that is to be minimized.
For n variables on a Karnaugh map there are 2n numbers of squares. Each square or
cell represents one of the minterms. It can be drawn directly from either minterm

(sum-of- products) or maxterm (product-of-sums) Boolean expressions.

Two- Variable, Three Variable and Four Variable Maps

Karnaugh maps can be used for expressions with two, three, four and five
variables. The number of cells in a Karnaugh map is equal to the total number of
possible input variable combinations as is the number of rows in a truth table. For
three variables, the number of cells is 2°= 8. For four variables, the number of cells

is2*=16.
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4 -V ariable map

Product terms are assigned to the cells of a K-map by labeling each row and
each column of a map with a variable, with its complement or with a combination of
variables & complements. The below figure shows the way to label the rows &
columns of a 1, 2, 3 and 4- variable maps and the product terms corresponding to

each cell.

It is important to note that when we move from one cell to the next along any
row or from one cell to the next along any column, one and only one variable in the
product term changes (to a complement or to an uncomplemented form).

Irrespective of number of variables the labels along each row and column must
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conform to a single change. Hence gray code is used to label the rows and columns

of K-map as shown ow.

— (Graycode Sequence

E EC
Q A 0 1 A a0 a1 11 10
0] 1 0 11nn 1 0 110 1 s mz
A
1 1 1 mz ms 1 114 115 mr 1N
1 -Variable map 2 Variable map 3 Variable map

oo ———* Gray code Sequence
AB on 01 11 10

Gray code (0]0] 1o 1 s 1z
Sequence

01 1 115 mr s

11| 1z | 1us 1015 1114

10 ms ms 111 10

4- Variable map

Grouping cells for Simplification:

The grouping is nothing but combining terms in adjacent cells. The
simplification is achieved by grouping adjacent 1’s or O’s in groups of 2i, where i=1,
2, ..., nand nis the number of variables. When adjacent 1’s are grouped then we get
result in the sum of product form; otherwise we get result in the product of sum

form.
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Grouping Two Adjacent 1’s: (Pair)
In a Karnaugh map we can group two adjacent 1’s. The resultant group is

called Pair.
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Examples of Pairs

Grouping Four Adjacent 1’s: (Quad)
In a Karnaugh map we can group four adjacent 1’s. The resultant group is

called Quad. Fig (a) shows the four 1’s are horizontally adjacent and Fig (b) shows
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they are vertically adjacent. Fig (c) contains four 1’s in a square, and they are

considered adjacent to each other.
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Examples of Quads

The four 1’s in fig (d) and fig (e) are also adjacent, as are those in fig (f)
because, the top and bottom rows are considered to be adjacent to each other and
the leftmost and rightmost columns are also adjacent to each other.

Grouping Eight Adjacent 1’s: (Octet)
In a Karnaugh map we can group eight adjacent 1’s. The resultant group is called

Octet.
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Simplification of Sum of Products Expressions: (Minimal Sums)

The generalized procedure to simplify Boolean expressions as follows:

1. Plot the K-map and place 1’s in those cells corresponding to the 1’s in the
sum of product expression. Place 0’s in the other cells.

2. Check the K-map for adjacent 1’s and encircle those 1’s which are not
adjacent to any other 1’s. These are called isolated 1’s.

3. Check for those 1’s which are adjacent to only one other 1 and encircle
such pairs.

4. Check for quads and octets of adjacent 1’s even if it contains some 1’s that
have already been encircled. While doing this make sure that there are

minimum number of groups.
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5. Combine any pairs necessary to include any 1’s that have not yet been

grouped. 6.Form the simplified expression by summing product terms of
all the groups.

Three- Variable Map:

1. Simplify the Boolean expression,

F(x,y,2)=3m(3,4,6,7).

Soln:

~N° ¥E ¥z oyz yE oo §B ¥zoyz I
00 01 11 10 00 01 11 10
golo0flo |10

0 1 3 2 ::> x 0 0 0 ﬂ.——m———_yz
® 1 14051?15 | lllifIUl

F=yz+ xZ’

2.F(x,y,2)=3m (0,2, 4,5, 6).

Soin:

oC B ¥2oyz yE N° B §5oyz yE

00 01 11 10 00 01 11 10" °
_ _ T 5 ™
0|1 0|01, 0|1 0 U(ﬁ
1 ' i
x1 |1 101 s (i | o @1
S

F=2'+xy

3.F=A’C+A’B + AB’C + BC Soln:
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=A'C(B+B’)+ A’'B(C+C’) + AB'C+ BC (A+ A’)
=A’BC+ A'B'C+ A’'BC+ A’'BC’ + AB’'C+ ABC+ A’BC
= A’BC+ A’'B'C+ A’'BC’ + AB’C + ABC

= M3+ M+ My+ Ms+ My

=2m(L,2,3,5,7)
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F=A'C+B
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Four - Variable Map:

1. Simplify the Boolean expression,

Y =A’BC'D’ + A’BC'D + ABC'D’ + ABC'D + AB’C’'D + A’B’CD’ Soln:

CL): _

ABNED €D €D €D

xe] 0 | o | o O 38D

AB| (1 1 0 0
g oL

— ﬂ] 0| o

Therefore, Y=A’B'CD’+ AC'D+ BC’

2. F(w,x,y,2)=¥Ym(0,1,2,4,5,6,8,9,12, 13, 14) Soln:
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Therefore,

F=y'+w?2z'+xZ
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3. F=A’B’C’'+ B’CD’+ A’'BCD’+ AB’C’
= A’B’C’ (D+ D’) + B'CD’ (A+ A’) + A’BCD’+ AB’C’ (D+ D’)
= A’B’C’'D+ A’B’C’'D’+ AB’CD’+ A’B’CD’+ A’BCD’+ AB’C’'D+ AB’C’'D’
= M1+ Mo+ Mg+ Mo+ Mg+ Mo+ Mg

=2m(0,1,2,6,8,9,10)
[ (]
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Therefore, F= B’'D’+ B’C’+
A’CD’.

4. Y= ABCD+ AB’C’'D’+ AB’C+ AB
= ABCD+ AB’C'D’+ AB’C (D+D’)+ AB (C+C’) (D+D’)
= ABCD+ AB’C'D’+ AB’CD+ AB’CD’+ (ABC+ ABC’) (D+ D’)
= ABCD+ AB’C’'D’+ AB’CD+ AB’CD’+ ABCD+ ABCD’+ ABC’'D+ ABC'D’
= ABCD+ AB’C’'D’+ AB’CD+ AB’CD’+ ABCD'+ ABC'D+ ABC’'D’
=ml1l5+ m8+ m1l+ m10+ m14+ m13+ m12

=3 m (8,10, 11, 12, 13, 14, 15)
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Therefore, Y= AB+ AC+AD’.

5. Y(A, B,C,D)=3m(7,9,10, 11, 12, 13, 14, 15)

D D
AB o0 o1 11 10 AR Eh: B O oD
oo | O 0 0 0 AEl O 0 0 0
o [ L : L 1 : = : _ = BCD
4 5 7 § :D gE| P z i e
111 1 1 1 1 AE [1 o 17 1]
12 12 15 14 2
ol o |1 |1 |1 swar~ -8 (P
2 a 11 10 i I
AD
Therefore,

Y= AB+ AC+ AD+BCD.

6. Y=A’B’C'D+ A’BC’'D+ A’BCD+ A’BCD’+ ABC'D+ ABCD+ AB’CD

= ml+ m5+ m7+ m6+ m13+ m15+ mll

=Ym(1,5,6,7 11,13, 15)
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In the above K-map, the cells 5, 7, 13 and 15 can be grouped to form a quad
as indicated by the dotted lines. In order to group the remaining 1’s, four pairs have
to be formed. However, all the four 1’s covered by the quad are also covered by the
pairs. So, the quad in the above k-map is redundant.

Therefore, the simplified expression will be,

Y = A’C’'D+ A’BC+ ABD+ ACD.
7.Y=3m (1,5, 10, 11, 12, 13, 15)
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|0 |1 |00 e IEY m 0| 0
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Therefore, Y= A’C’'D+ ABC’+ ACD+ AB’C.
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8.Y=A’B’CD’+ ABCD’+ AB’CD’+ AB’CD+ AB’C’'D’+ ABC’'D’+ A’B’CD+ A’B'C’'D’

Therefore, Y= AD’+ B’C+ B’D’
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9.F(A,B,C,D)=3m (0, 1,4,8,9, 10)
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Therefore, F= A’C'D’+ AB’D’+ B’C’.

Simplification of Sum of Products Expressions: (Minimal Sums)

1. Y= (A+ B+ C’) (A+B’+ C’) (A’+ B+ C’) (A’+ B+ C) (A+ B+ C)

= Ml- Mg. M7. M4. Mo

=[TM(0,1,3,4,7)

=2m(2,5,6)
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Y’ =B'C’'+ A’C+ BC.
Y=Y" = (B'C’'+ A’'C+ BC)’
= (B’C’)". (A'C)’. (BC)
= (B”"+ C”). (A”+C’). (B’+C) Y =
(B+ C). (A+C’). (B’+ C’)

2.Y=(A’+ B'+ C+ D) (A’+ B'+ C'+ D) (A’+B’+ C'+ D’) (A’+ B+ C+ D) (A+ B’+ C'+ D) (A+
B’+ C’'+ D’) (A+ B+ C+ D) (A’+ B’+ C+ D’)
= M12. M14. M15. M8. M6. M7. MO.
M13=T[M (0, 6,7, 8, 12, 13, 14, 15)

cD oo o I, cD
AB i ey fE s AB L B
00 01 11 10 0+ B¢ B0 D
ABO0O| O 1 |1 ] 1 ZiE LQJ 1 1 1
AR 01 Y ]
AE L1 o) o o AES 1 1 0 DH‘
:,/ BCD BC
AB 11 ] 0| 0 0 0 AE go 0 0 oj
12 13 15 14
E 10 = "““ELAB
AE ol 1 f1 b1 AR f@ 1|1 ] 1

Y’ = B'C’'D’+ AB+ BC
Y=Y” = (B’C’'D’+ AB+ BC)’
= (B’C’'D’)". (ABY). (BCY
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= (BH+ CII+DII). (AI+BI). (BI+ CI)
=(B+ C+ D). (A’+B’). (B'+ C')
Therefore, Y= (B+ C+ D). (A’+ B’). (B’+ C’)

3.F(A, B, C,D)=T[M (0, 2, 3,8, 9, 12, 13, 14, 15)

CD 0O €D CL. :CD CD 4D
AB AB _ _
oo 01 11 10 Ch-CD WCD

CD
RE00| 0|1 |0 |0, EE| U 1 01
REOL| T /1 )1 )1 = | 1|1 |1 | T—ainc
AB 11| 0] 0 o 1 AE_ AB ﬁ(o 0)| 1 | —~ABD
aB 10|00 |1 |1 Ao | o] 1 |

Y’ = A’B’D’+ A’B’C+ ABD+ AC’
Y=Y” = (A'B'D’+ A’B’C+ ABD+ AC")’
= (A’B’D’)". (A’B’C)’. (ABD)'. (AC")’
= (A”+ B”+ D”). (A”+ B”+C’). (A’+ B’+ D’). (A’+ C”)
= (A+ B+ D). (A+ B+ C’). (A’+ B’+ D’). (A’+ C)
Therefore, Y= (A+ B+ D). (A+ B+ C’). (A’+ B’+ D’). (A’+ C)

4.F(A,B,C,D)=5m(0,1,2,5,8,9,10)
=TIM (3, 4,6, 7,11, 12, 13, 14, 15)
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AE 00| 1 |1

AB 01| O 1

AB 11| D 0

00 01 11 10
0 | 1

0 1 3 2
0| o

4 5 7 G
1o | o

12 13 15 14
0o |1

AB 10| 1 i

Y’ =BD’+ CD+ AB

Y=Y” = (BD’+ CD+ AB)’

= (BD’)". (CD)’. (AB)’

= (B’+ D”). (C'+ D’). (A’+ B’)
= (B’+ D). (C’+ D’). (A’+ B’)
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Therefore, Y= (B’+ D). (C’'+ D’). (A’+ B’)

Don’t care Conditions:

0 o cp D /BD

1
1 1 f@,f l/lf,.-cn
o1 1 |0l o’
AB
@l o (o] o
1 |1 Bol 1
-

A don’t care minterm is a combination of variables whose logical value is

not specified. When choosing adjacent squares to simplify the function in a map,

the don’t care minterms may be assumed to be either 0 or 1. When simplifying the

function, we can choose to include each don’t care minterm with either the 1’s or

the 0’s, depending on which combination gives the simplest expression.

1. F(x,y,2)=3m(0,1,2,4,5)+3d(3,6,7)

VI
X

o0 01 11 10
D 1 1] 1 1 X 3 1 3
| ¥ e | | ax
4 5 T 5]
F(x,y,z)=1

—

Yz

s

¥Z ¥z ¥z YZ
(1 1] 1 1 i 3 112
Ll 1 X xj\““"ﬂ-l
4 5 T ]
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2.F(w,x,y,2)=>m(1,3,7,11,15)+ 5d (0, 2, 5)

VZ VZ
e oo 01 11 1o WX FZ ¥Z ¥I  ¥I
o0 | X 1 1 X 1 T o
) ] % 3 Wi (: 9— Wi
ol 0 X 1 0 wz | 0 X 1 0
4 5 T G

1110 0 1 0

Wlo | o1 |0

F(w,x,y,2z)=wx+yz

3.F(w,x,v,2)=2m (0, 7,8,9,10,12)+ 3d (2, 5, 13)

VI vz
W 00 01 11 10 VEINOFE, F2 o oyr yE

oo | 1 0 0 X wz | 1 0 0 X =%z
1] 1 K] ] 1 -
01
o x| 1,0, % wiz | 0 [IX 1}"‘(1“-—*wn
mlq |x |o|o ’ wz [(1 | x]| 0 | o0
12 13 15 14 J
01 |1 |o |1 wg | [1]]v1 )] o o
& g 11 10 i _
\.\h—_——;fﬁw
F(w, x, v, z) = wxz+ wy'+ x’Z’.
4. F(w, x,y,2)=5m (0, 1, 4, 8,9, 10)+ >d (2, 11)
Soln:
YZ YZ
WX o0 01 11 10 WX ¥z ¥z ¥z @ yz
ool 1 |1 |0 |x 55 wz |1 DL“T:m
0 1 3 2 Wi "“-—-___‘T_}i_ I 1 3HX““H X
o111 | 0 ! 0 . 0 ] W \ql_” 0 S 0 , 0
11| 0 1] 0 0 WE | 0 0 0 0
12 13 15 14 12 13 15
10 X WE [ X
! g ! ] 11 ! 10 [1 1 Klj Wi
\___ﬁ__ﬂ—:r
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F(w, X, vy, z) =wx'+ xX'y+wy'z.

5.F(A,B,C,D)=5m (0, 6,8, 13, 14)+ 5d (2, 4, 10) Soln:

cD cD
AE AR sy e ==
00 01 11 10 €D Ch 'ep b
110 |0 = J o | o [Ix]

DD 0 1 3 & a3 AB— % .
o1 x |0 o)1 Zp| x| o | o |1 =P
1 1 : 1

11 I:I 12 13 I:I 15 14 AB I:I @ I:I
10 0 | o | x == i ] o\ | o [(lx
. g g 11 10 BDkﬂﬁl \ (\._J
|

F( A, B, C, D) = CD’+ B'D’+ A’B’C’D’.

Five- Variable Maps:

A 5- variable K- map requires 25= 32 cells, but adjacent cells are difficult to
identify on a single 32-cell map. Therefore, two 16 cell K-maps are used.

If the variables are A, B, C, D and E, two identical 16- cell maps containing B, C,
D and E can be constructed. One map is used for A and other for A’.

In order to identify the adjacent grouping in the 5- variable map, we must
imagine the two maps superimposed on one another ie., every cell in one map is
adjacent to the corresponding cell in the other map, because only one variable

changes between such corresponding cells.
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DE =0
o0 01 11 10
S
"
oo | o il 3 2 .\Kﬁ
e,
01 | 4 5 7 & S
BC “‘-\_\
11|12 | 12 |15 | 14 | A=17~
N'h-.._ DE \""*\
10| & 9 11 | 10 S 0o 01 11 10w
0 ~, 00|18 | 17 | 19 18
"MM .y
Sa o110 | 21 | 23 | 22
k'\ BC hﬁ‘"\.
T 11]28 |28~ 31 | 20
e N'"-..
et -
\"*LU 24 | 25 | 27 e
L

Five- Variable Karnaugh map (Layer Structure)

Thus, every row on one map is adjacent to the corresponding row (the one
occupying the same position) on the other map, as are corresponding columns. Also,
the rightmost and leftmost columns within each 16- cell map are adjacent, just as

they are in any 16- cell map, as are the top and bottom rows.

Adjacerdt ————__________ &
A=0 /" columns g
A
BN, o o . sODE __ _ T e
OE DDE DE DE - LE DE LDE “'DE
Adjacent by
el B
E';_-{ """ T orows T 7T "Q
o - G PR — L
Adjacent
cells

L Y
I"DWS‘_\ EC EC [ ]

o Adjacent <
b groups 2

Typical subcubes on a five-variable map

However, the rightmost column of the map is not adjacent to the leftmost

column of the other map.
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1.Simplify the Boolean function

F(A, B,C,D,E)=3m(0,2,4,6,9, 11, 13, 15, 17, 21, 25, 27, 29, 31)

Soln:

ABE ADE
DE e DE \ A=1

BC - _ BC N _

LEs DE DE DE DE \DDE DE DE

55 1* o | o [[1* = o [ | o | o
0 1 3 3 16 17 19 12
EC J 4 D 5 D T L EC DED 1 21 D a3 I:I 22
Bk I:Im 1 13115 0 14 B Dzs (1 a9 1131 0 0
B | 0 8 h;r“rljll : 10 BE 024 Ll 75 ﬁlJz? 0 26

F (A, B, C, D, E) = A’B’E’'+ BE+ AD’E

2.F(A,B,CD,E)=5m(0,5,6,8,9,10, 11, 16, 20, 24, 25, 26, 27, 29, 31)

Soln:
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A=1
DE DE DE DE
EECﬁE bﬂ 1 3 a3 e = ——1'Hl5 [:I 17 D 19 D 12

5 E.@ @lfABCDE ” J
BC 04 3 U? 6 BC “ﬂzn 021 023 022
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Bc| o lo | 0| o Aﬁﬁﬁdé o M1 | 180 |
12 13 15 14 a8 a0 =1 30
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F (A, B, C, D, E) = C'D’E’+ A’B’CD’E+ A’B’CDE’+ AB’D’E’+ ABE+ BC’
3. F(AB,GCD,E)=Sm(1,48, 10,11, 20, 22, 24, 25, 26)+5d (0, 12, 16, 17)

37{3@

F (A, B, C, D, E) =B’C’'D’+ A’'D’E’+ BC'E’+ A’BC’'D+ AC’'D’+ AB’CF’
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4.F(A B, C D,E)=5m(0,1,2 6 709,12, 28, 29, 31)

Soln:
DE el DE s
B DE DE DE DE o DE DE DE DE
_——__DE f—E_BEE DE
5z o)) 0, (A B | ) Dl Dl O35
o S _% 0 5 EE;HEECD Be | Oy 9, 023 A ABCE
ACDE P : ;: —
\% 4 0 13 0 15 . 14 BC ) 1 1 E 0 30
BT | 0 m 0| 0 Bc| 0ol o o |0
i o 11 10 24 25 a7 26

BCDE

F (A, B, C, D, E) = BCD’E’+ ABCE+ A’B’'C’'E’+ A’C’'D’E+ A’B’CD

5. F (X1, X2, X3, Xa, X5) = >m (2,3, 6,7, 11, 12, 13, 14, 15, 23, 28, 29, 30, 31)

Soln:

X1X3 x1=9 1 - X1=1
W4XN5 XAXF X4X5

NANG X4X5 X4X5 MaXs
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1o 17 19 13
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a0 P 31 30

24 25 a7 ]
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F (X1, X2, X3, Xa, X5) = XoXa+ XaXaXs+ X1'X2"Xa+ X1'X3"XaX5
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6. F (Xq, X2, X3, Xa, X5) =5m (1, 2, 3, 6, 8,9, 14, 17, 24, 25, 26, 27, 30, 31 )+ >d (4, 5)
Soln:

= Xi=1
X4X5 x1=10

X3X3 S, T e
MANF MANF M4X5 (5 M4X5 X4M5 M4X5
0 M 0 0
7 19 13
0 0
21 23 22
1
29 31 0
[ (S
b 26
_H/ MIXIX4
MIMINAXT

F (X1, X2, X3, Xg, X5) = XoX3'X4'+ XaX3XgX5'+ X3'Xa" X5+ X1 XaXa+ X1'X5" X3Xs"+ X1'X2'X3'X4
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