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Laplace transform of elementary functions

Result: 1 Prove that L[t"] = ri’;]: )

Proof:
We know that L[f ()] = [, et f(¢) dt

L[t = [e st e de

L[t"] = f(;”e—u (E)” du

N S

F'(n+1)
L[tn] = s:“

fgoe‘“u” du

Note: If nis an integer, then I'(n + 1) = n!

= L[e"] = <55 ifnis an integer
Ifn =0, then L[1] =

1
Ifn=1 ,then L[t] v

Similarly L[t?] = S

=,
L] =25
Result: 2 Prove that L(e®) = ﬁ S>a
Proof:
We know that L[f(6)] = [, et f(¢) dt
a L(e®) = [“e~stedt dt

= [, e "D f(0) dt
= [ )
=-lo-(2)l

oo L(eat) = i

Result: 3 Prove that L(e™ %) = ﬁ ,s>a

Proof:
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We know that L[f ()] = [, et f(¢) dt
L(e %) = fo e Ste~at (gt
— f:]e—t(s+a) f(t) dt
_ [e—t(s+a)]oo
~(s+a) ],
= - [0 - (52
o L(e?) = —

s+a

Result: 4 Prove that L[sinat] =

2+(l2

Proof:

We know that L[f(t)] = f e St f(t) dt
L[sinat] = fo et sinat dt

~ L[sinat] = —%,s > |al [ f;oe‘at sinbt dt = ——azibz]

Result: 5 Prove that L[cosat] =

2+a2

Proof:

We know that L[f ()] = f TSt F() dt

L[cosat] = f et cosat dt

. - e [P, —at __a
« Llcosat] = sZ+a2’S > |al : J, 7% cosbtdt = ——
Result: 6 Prove that L[sinhat] = g 5> |al
Proof:
_p—at
We have L[sinhat] = L — ]

[L(e™) = L(e%)]

L sz—az

1
2
1
E LS—a s+a
1
2
1
2

[ 2a
_sz—az]
. a
. L[sinhat] = g S > la|
Result: 7 Prove that L[coshat] = 5> |a]

Proo
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We have L[coshat] = L [

eat+e—at]

= 2[L(e%) + L(e™)]

2
S L]
2Lls—a s+a
_1 's+a+s—a]
T2l s2-q2
1] 2s
2 _sz—az]
. L[coshat] = ﬁ ,s > |al
. 1
Example: Find L [tZ]
Solution:
We have L[t"] =G
Putn = 1
2
1 r(3+1
oL [ti] = (21 ) “T(n+1)=nln
Si+1
2 (3) 1
_2\2 fath
- 14 y (2) N \/E
s2
_ =
-
252
. N V=
DR
1
Example: Find the Laplace transformof ¢ 2 or %
Solution:
We have L[t"]= rg:: )
Putn = —i
1 I(—+1
oL [t‘i] = ( 2 ) “T(n+1)=nln
S—E+1
r(3) 1
= —=< 1—‘ ) = \/E
§ 6
_m
G
1 T
Lzl =5
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L[t"] = % if n is not an integer

FORMULA
LIf(t)] = F(s) LIf®)] =F(s)
L[1] = % L[sinat] = Tra
L[t] =5 Ll _
B cosat] = 21 a2

s
L[coshat]| = - g2

L[t"] = o5 if nisan integer
L[sinhat] = Z_ g2
L(e®) = ﬁ
L(e®) = —
Problems using Linear property
Example:Find the Laplace transform for the following
i. 3t2+2t+1 V. sinv2 t iX. sin’t
. (t+2)3 vi.  sin(at + b) X. cos?2t
iii. a' vii.  cos32t Xi. cosStcos4t
iv.  e*t3 viii. - sin3t

Solution:
(i) Given f(t) =3t + 2t + 1

LIf(®)] = L[3t? + 2t + 1]

= L[3t?] + L[2t] + L[1]
= L[3t?] + L[2t] + L[1]
= 3L[t?] + 2L[t] + L[1]

2 1 1
—3§+25—2+;

6

N

(i) Given f(t) = (t + 2)3

s L[3t%2 + 2t + 1] =5+

1

N

=t3+3t%(2) + 3t22 + 28

LIf(®)] = L[t3 + 3t2(2) + 3t22 + 23]
= L[t3] + L[6t?] + L[12t] + L[8]
= L[t3] + 6L[t?] + 12L[¢t] + 8L[1]
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(iii) Given f(t) = at
LIf(®)] = L[a*] = L[e**97]
Lla‘] = —

s—loga
(iv)Given f(t) = e2t+3
LIf(t)] = L[e?'*3] = L[e?'.e3]

= e3L[e?]
—e [ L
e2t+3] [
(v) L[sm\/_ t] 2+2

(vi)Given f(t) = sin(at + b) = sinatcosb + cosatsinb
L[f(t)] = L[sin(at + b)]
= L[sinatcosb + cosatsinb]

= cosb L[sinat] + sinb L[cosat]

L[sin(at +b)] = cosb
(vii) Given f(t) = cos3 2t = X [3cos2t + cos6t]

LIf(t)] =-L[3cos2t + cos6t]

-Plr-‘ -Pl"‘

[3L(cos2t) + L(cos6t)]

1 s s
=—[32 +2—|
4 S“+4 5°+36

L[cos32t]=l[3 e ]

41, s2+4 " s2+36

(viii) Given f(t) ='sin3t = i [3sint — sin3t]

LIf(®)] =

L[3sint — sin3t]

i,
4
i [3L(sint) — L(sin3t)]
1
4

1 3
ST
s2+1 5249

L[sin3t]=3[ L1 ]

s2+1 5249

1—cos2t

(ix) Given f(t) = sin?t =

[f(t)] I [1 coszt]
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3cosf + cos30
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= ~[L(1) - L(cos2t)]

_1[1 s ]
2ls  s?2+4

2941 =12 __S8
L[cos 2t]—2 ]

1+cos4t
2

(X) Given f(t) = cos? 2t =

LIf®O)] =L [@}
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