
ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY 
 

MA8251 ENGINEERING MATHEMATICS II 

Laplace transform of elementary functions 

Result: 1 Prove that 𝑳[𝒕𝒏] =
𝚪(𝒏+𝟏)

𝒔𝒏+𝟏   

Proof: 

           We know that 𝐿[𝑓(𝑡)] =  ∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡
∞

0
 

  𝐿[𝑡𝑛] =  ∫ 𝑒−𝑠𝑡  𝑡𝑛 𝑑𝑡
∞

0
 

  𝐿[𝑡𝑛] =  ∫ 𝑒−𝑢 (
𝑢

𝑠
)

𝑛

 
𝑑𝑢

𝑠
 

∞

0
 

            =  ∫ 𝑒−𝑢 𝑢𝑛

𝑠𝑛+1  𝑑𝑢 
∞

0
 

           =
1

𝑠𝑛+1 ∫ 𝑒−𝑢𝑢𝑛 𝑑𝑢 
∞

0
  

                   ∴ 𝑳[𝒕𝒏] =
𝚪(𝒏+𝟏)

𝒔𝒏+𝟏                  

  ∵  ∫ 𝑒−𝑢𝑢𝑛 𝑑𝑢 
∞

0
  

Note: If n is an integer, then Γ(𝑛 + 1) = 𝑛! 

 ∴ 𝐿[𝑡𝑛] =
n!

𝑠𝑛+1     if n is an integer 

 If 𝑛 = 0  , then 𝐿[1] =
1

𝑠
 

 If 𝑛 = 1  , then 𝐿[𝑡] =
1

𝑠2 

 Similarly  𝐿[𝑡2] =
2!

𝑠3 

 𝐿[𝑡3] =
3!

𝑠4 

Result: 2 Prove that 𝑳(𝒆𝒂𝒕) =
𝟏

𝒔−𝒂
 , 𝒔 > 𝒂 

Proof: 

           We know that 𝐿[𝑓(𝑡)] =  ∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡
∞

0
 

  ∴ 𝐿(𝑒𝑎𝑡) = ∫ 𝑒−𝑠𝑡𝑒𝑎𝑡  𝑑𝑡
∞

0
 

      = ∫ 𝑒−𝑡(𝑠−𝑎) 𝑓(𝑡) 𝑑𝑡
∞

0
 

                 = [
𝑒−𝑡(𝑠−𝑎)

−(𝑠−𝑎)
]

0

∞

 

                = − [0 − (
1

𝑠−𝑎
)]  

 ∴ 𝐿(𝑒𝑎𝑡) =
1

𝑠−𝑎
  

Result: 3 Prove that 𝑳(𝒆−𝒂𝒕) =
𝟏

𝒔+𝒂
 , 𝒔 > 𝒂 

Proof: 

Let  𝑠𝑡 = 𝑢 ⋯ ⋯ (1) 

 𝑡 =
𝑢

𝑠
 

 𝑑𝑡 =  
𝑑𝑢

𝑠
 

When 𝑡 → 0(1) => 𝑢 → 0 

, 

 𝑡 → ∞, (1) => 𝑢 → ∞ 
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           We know that 𝐿[𝑓(𝑡)] =  ∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡
∞

0
 

  ∴ 𝐿(𝑒−𝑎𝑡) = ∫ 𝑒−𝑠𝑡𝑒−𝑎𝑡   𝑑𝑡
∞

0
 

                   = ∫ 𝑒−𝑡(𝑠+𝑎) 𝑓(𝑡) 𝑑𝑡
∞

0
 

                   = [
𝑒−𝑡(𝑠+𝑎)

−(𝑠+𝑎)
]

0

∞

 

                 = − [0 − (
1

𝑠+𝑎
)]  

                       ∴ 𝐿(𝑒𝑎𝑡) =
1

𝑠+𝑎
  

Result: 4 Prove that 𝑳[𝒔𝒊𝒏𝒂𝒕] =
𝒂

𝒔𝟐+𝒂𝟐 

Proof: 

            We know that 𝐿[𝑓(𝑡)] =  ∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡
∞

0
 

             𝐿[𝑠𝑖𝑛𝑎𝑡] = ∫ 𝑒−𝑠𝑡  𝑠𝑖𝑛𝑎𝑡 𝑑𝑡
∞

0
  

 ∴ 𝐿[𝑠𝑖𝑛𝑎𝑡] =
𝒂

𝒔𝟐+𝒂𝟐 , 𝑠 > |𝑎|   [∵ ∫ 𝑒−𝑎𝑡  𝑠𝑖𝑛𝑏𝑡 𝑑𝑡
∞

0
=

𝒃

𝒂𝟐+𝒃𝟐
] 

Result: 5 Prove that 𝑳[𝒄𝒐𝒔𝒂𝒕] =
𝒔

𝒔𝟐+𝒂𝟐 

Proof: 

            We know that 𝐿[𝑓(𝑡)] =  ∫ 𝑒−𝑠𝑡  𝑓(𝑡) 𝑑𝑡
∞

0
 

                           𝐿[𝑐𝑜𝑠𝑎𝑡] = ∫ 𝑒−𝑠𝑡  𝑐𝑜𝑠𝑎𝑡 𝑑𝑡
∞

0
  

 ∴ 𝐿[𝑐𝑜𝑠𝑎𝑡] =
𝑠

𝑠2+𝑎2 , 𝑠 > |𝑎|   ∵ ∫ 𝑒−𝑎𝑡 𝑐𝑜𝑠𝑏𝑡 𝑑𝑡
∞

0
=

𝒂

𝒂𝟐+𝒃𝟐 

Result: 6 Prove that 𝑳[𝒔𝒊𝒏𝒉𝒂𝒕] =
𝒂

𝒔𝟐−𝒂𝟐   , 𝒔 > |𝒂| 

Proof: 

    We have 𝐿[𝑠𝑖𝑛ℎ𝑎𝑡] = 𝐿 [
𝑒𝑎𝑡−𝑒−𝑎𝑡

2
] 

          =
1

2
[𝐿(𝑒𝑎𝑡) − 𝐿(𝑒−𝑎𝑡)] 

   =
1

2
[

𝟏

𝒔−𝒂
−

𝟏

𝒔+𝒂
] 

   =
1

2
[

𝒔+𝒂−𝒔+𝒂

𝒔𝟐−𝒂𝟐
] 

   =
1

2
[

𝟐𝒂

𝒔𝟐−𝒂𝟐
] 

        ∴ 𝐿[𝑠𝑖𝑛ℎ𝑎𝑡] =
𝒂

𝒔𝟐−𝒂𝟐   , 𝑠 > |𝑎| 

Result: 7 Prove that 𝑳[𝒄𝒐𝒔𝒉𝒂𝒕] =
𝒔

𝒔𝟐−𝒂𝟐   , 𝒔 > |𝒂| 

Proo 
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   We have 𝐿[𝑐𝑜𝑠ℎ𝑎𝑡] = 𝐿 [
𝑒𝑎𝑡+𝑒−𝑎𝑡

2
] 

   =
1

2
[𝐿(𝑒𝑎𝑡) + 𝐿(𝑒−𝑎𝑡)] 

   =
1

2
[

𝟏

𝒔−𝒂
+

𝟏

𝒔+𝒂
] 

   =
1

2
[

𝒔+𝒂+𝒔−𝒂

𝒔𝟐−𝒂𝟐
] 

   =
1

2
[

𝟐𝒔

𝒔𝟐−𝒂𝟐
] 

              ∴ 𝐿[𝑐𝑜𝑠ℎ𝑎𝑡] =
𝒔

𝒔𝟐−𝒂𝟐   , 𝑠 > |𝑎| 

Example:  Find 𝑳 [𝒕
𝟏

𝟐] 

Solution: 

          We have  𝐿[𝑡𝑛] =
Γ(𝑛+1)

𝑠𝑛+1  

               Put 𝑛 =
𝟏

𝟐
 

          ∴ 𝐿 [𝑡
𝟏

𝟐] =
Γ(

𝟏

𝟐
+1)

𝑠
𝟏
𝟐

+1
     ∵ Γ(𝑛 + 1) = 𝑛Γ𝑛 

               =
𝟏

𝟐
Γ(

𝟏

𝟐
)

𝑠
𝟏
𝟐

+1
    ∵ Γ (

𝟏

𝟐
) = √𝜋   

       =
√𝜋

2𝑠
𝟑
𝟐

 

   ∴ 𝐿 [𝑡
𝟏

𝟐] =
√𝜋

2𝑠√𝑠
 

Example:  Find the Laplace transform of  𝒕 − 
𝟏

𝟐  or  
𝟏

√𝑡
 

Solution: 

          We have  𝐿[𝑡𝑛] =
Γ(𝑛+1)

𝑠𝑛+1  

              Put 𝑛 = −
𝟏

𝟐
 

      ∴ 𝐿 [𝑡− 
𝟏

𝟐] =
Γ(−

𝟏

𝟐
+1)

𝑠
−

𝟏
𝟐

+1
     ∵ Γ(𝑛 + 1) = 𝑛Γ𝑛 

       =
Γ(

𝟏

𝟐
)

𝑠
𝟏
𝟐

    ∵ Γ (
𝟏

𝟐
) = √𝜋   

     =
√𝜋

√𝑠
 

 ∴ 𝐿 [
𝟏

√𝑡
] = √

𝜋

𝑠
 

 



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY 
 

MA8251 ENGINEERING MATHEMATICS II 

FORMULA 

𝑳[𝒇(𝒕)] = 𝑭(𝒔) 𝑳[𝒇(𝒕)] = 𝑭(𝒔) 

 𝑳[𝟏] =
𝟏

𝒔
 

 𝑳[𝒕] =
𝟏

𝒔𝟐 

𝑳[𝒕𝒏] =
𝚪(𝒏+𝟏)

𝒔𝒏+𝟏  if n is not an integer 

𝑳[𝒕𝒏] =
𝐧!

𝒔𝒏+𝟏     if n is an integer 

 𝑳(𝒆𝒂𝒕) =
𝟏

𝒔−𝒂
 

 𝑳(𝒆𝒂𝒕) =
𝟏

𝒔+𝒂
 

𝑳[𝒔𝒊𝒏𝒂𝒕] =
𝒂

𝒔𝟐 + 𝒂𝟐
 

𝑳[𝒄𝒐𝒔𝒂𝒕] =
𝒔

𝒔𝟐 + 𝒂𝟐
 

𝑳[𝒄𝒐𝒔𝒉𝒂𝒕] =
𝒔

𝒔𝟐 − 𝒂𝟐
 

𝑳[𝒔𝒊𝒏𝒉𝒂𝒕] =
𝒂

𝒔𝟐 − 𝒂𝟐
 

Problems using Linear property 

Example:Find the Laplace transform for the following 

i. 𝟑𝒕𝟐 + 𝟐𝒕 + 𝟏 

ii. (𝒕 + 𝟐)𝟑 

iii. 𝒂𝒕 

iv. 𝒆𝟐𝒕+𝟑 

v. 𝒔𝒊𝒏√𝟐 𝒕 

vi. 𝒔𝒊𝒏(𝒂𝒕 + 𝒃) 

vii. 𝒄𝒐𝒔𝟑𝟐𝒕 

viii. 𝒔𝒊𝒏𝟑𝒕 

ix. 𝒔𝒊𝒏𝟐𝒕      

x. 𝒄𝒐𝒔𝟐𝟐𝒕 

xi. 𝒄𝒐𝒔𝟓𝒕𝒄𝒐𝒔𝟒𝒕 

Solution: 

(i) Given 𝑓(𝑡) = 3𝑡2 + 2𝑡 + 1 

   𝐿[𝑓(𝑡)] = 𝐿[3𝑡2 + 2𝑡 + 1]  

    = 𝐿[3𝑡2] + 𝐿[2𝑡] + 𝐿[1] 

                   = 𝐿[3𝑡2] + 𝐿[2𝑡] + 𝐿[1] 

 = 3𝐿[𝑡2] + 2𝐿[𝑡] + 𝐿[1] 

    = 3
2

𝑠3 + 2
1

𝑠2 +
1

𝑠
 

        ∴ 𝐿[3𝑡2 + 2𝑡 + 1] =
6

𝑠3 +
2

𝑠2 +
1

𝑠
 

    (ii) Given 𝑓(𝑡) = (𝑡 + 2)3 = 𝑡3 + 3𝑡2(2) + 3𝑡22 + 23 

                         𝐿[𝑓(𝑡)] = 𝐿[𝑡3 + 3𝑡2(2) + 3𝑡22 + 23]  

               = 𝐿[𝑡3] + 𝐿[6𝑡2] + 𝐿[12𝑡] + 𝐿[8] 

                          = 𝐿[𝑡3] + 6𝐿[𝑡2] + 12𝐿[𝑡] + 8𝐿[1] 
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 =
6

𝑠4 +
12

𝑠3 +
12

𝑠2 +
12

𝑠
 

(𝑖𝑖𝑖)  Given 𝑓(𝑡) = 𝑎𝑡 

   𝐿[𝑓(𝑡)] = 𝐿[𝑎𝑡] = 𝐿[𝑒𝑡𝑙𝑜𝑔𝑎] 

       𝐿[𝑎𝑡] =
1

𝑠−𝑙𝑜𝑔𝑎
 

 (iv)Given 𝑓(𝑡) = 𝑒2𝑡+3 

 𝐿[𝑓(𝑡)] = 𝐿[𝑒2𝑡+3] = 𝐿[𝑒2𝑡 . 𝑒3] 

  = 𝑒3𝐿[𝑒2𝑡] 

  = 𝑒3 [
1

𝑠−2
] 

 ∴ 𝐿[𝑒2𝑡+3] = 𝑒3 [
1

𝑠−2
] 

(v) 𝐿[𝑠𝑖𝑛√2𝑡] =  
√2

𝑠2+2
 

(vi)Given 𝑓(𝑡) = sin(𝑎𝑡 + 𝑏) = 𝑠𝑖𝑛𝑎𝑡𝑐𝑜𝑠𝑏 + 𝑐𝑜𝑠𝑎𝑡𝑠𝑖𝑛𝑏 

 𝐿[𝑓(𝑡)] = 𝐿[sin (𝑎𝑡 + 𝑏)] 

  = 𝐿[𝑠𝑖𝑛𝑎𝑡𝑐𝑜𝑠𝑏 + 𝑐𝑜𝑠𝑎𝑡𝑠𝑖𝑛𝑏] 

  = 𝑐𝑜𝑠𝑏 𝐿[sin𝑎𝑡] + 𝑠𝑖𝑛𝑏 𝐿[cos𝑎𝑡] 

 𝐿[sin (𝑎𝑡 + 𝑏)] = 𝑐𝑜𝑠𝑏
𝑠

𝑠2+𝑎2 + 𝑠𝑖𝑛𝑏 
𝑠

𝑠2+𝑎2  

(vii) Given 𝑓(𝑡) = cos3 2𝑡 =
1

4
[3𝑐𝑜𝑠2𝑡 + 𝑐𝑜𝑠6𝑡] 

 𝐿[𝑓(𝑡)] =
1

4
𝐿[3𝑐𝑜𝑠2𝑡 + 𝑐𝑜𝑠6𝑡]  

    =
1

4
[3𝐿(𝑐𝑜𝑠2𝑡) + 𝐿(𝑐𝑜𝑠6𝑡)] 

   =
1

4
[3

𝑠

𝑠2+4
+

𝑠

𝑠2+36
 ] 

       𝐿[cos3 2𝑡] =
1

4
[3

𝑠

𝑠2+4
+

𝑠

𝑠2+36
 ] 

(viii) Given 𝑓(𝑡) = sin3 𝑡 =
1

4
[3𝑠𝑖𝑛𝑡 − 𝑠𝑖𝑛3𝑡] 

 𝐿[𝑓(𝑡)] =
1

4
𝐿[3𝑠𝑖𝑛𝑡 − 𝑠𝑖𝑛3𝑡] 

   =
1

4
[3𝐿(𝑠𝑖𝑛𝑡) − 𝐿(𝑠𝑖𝑛3𝑡)] 

   =
1

4
[3

1

𝑠2+1
−

3

𝑠2+9
 ] 

 𝐿[sin3 𝑡] =
3

4
[

1

𝑠2+1
−

1

𝑠2+9
 ] 

(ix) Given 𝑓(𝑡) = sin2 𝑡 =
1−𝑐𝑜𝑠2𝑡

2
 

 𝐿[𝑓(𝑡)] = 𝐿 [
1−𝑐𝑜𝑠2𝑡

2
] 

∵  cos3 𝜃 =
3𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠3𝜃

4
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  =
1

2
[𝐿(1) − 𝐿(𝑐𝑜𝑠2𝑡)] 

  =
1

2
[

1

𝑠
−

𝑠

𝑠2+4
 ] 

        𝐿[cos2 2𝑡] =
1

2
[

1

𝑠
−

𝑠

𝑠2+4
 ] 

(x) Given 𝑓(𝑡) = cos2 2𝑡 =
1+𝑐𝑜𝑠4𝑡

2
 

 𝐿[𝑓(𝑡)] = 𝐿 [
1+𝑐𝑜𝑠4𝑡

2
] 

   =
1

2
[𝐿(1) + 𝐿(𝑐𝑜𝑠4𝑡)] 

   =
1

2
[

1

𝑠
+

𝑠

𝑠2+16
 ] 

       𝐿[cos2 2𝑡] =
1

2
[

1

𝑠
+

𝑠

𝑠2+16
 ] 

(xi)  Given 𝑓(𝑡) = 𝑐𝑜𝑠5𝑡𝑐𝑜𝑠4𝑡  

 𝐿[𝑓(𝑡)] = 𝐿[𝑐𝑜𝑠5𝑡𝑐𝑜𝑠4𝑡] 

  =
1

2
[𝐿(𝑐𝑜𝑠9𝑡) + 𝐿(𝑐𝑜𝑠𝑡)] 

  =
1

2
[

𝑠

𝑠2+81
+

𝑠

𝑠2+1
 ] 

 


