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4.2 Substitution Rule 

Substitution Rule: 

Let us see the suitable substitution to convert the given integral into a standard form. 

The integrand of the form   

 (i) ∫ 𝐹(𝑓(𝑥)) 𝑓′(𝑥)𝑑𝑥                                  (ii)∫(𝑓(𝑥))
𝑛

𝑓′(𝑥)𝑑𝑥 

  (iii)∫
𝑓′(𝑥)

(𝑓(𝑥))𝑛
𝑑𝑥                                               (iv)∫

𝑓′(𝑥)

𝐹(𝑓(𝑥))
𝑑𝑥 

  (v)∫
𝑒𝑓(𝑥)

𝑓′(𝑥)
𝑑𝑥                                                      (vi)∫ 𝑒𝑓(𝑥)𝑓′(𝑥)𝑑𝑥 

Substitute 𝑢 = 𝑓(𝑥) ∴ 𝑑𝑢 = 𝑓′(𝑥)    and then proceed. 

 Algebraic functions: 

Example: 

       (i) Evaluate∫ √𝟐𝒙 + 𝟏 𝒅𝒙. 

Solution: 

               Put  u = 2𝑥 + 1       ⇒         𝑑𝑢 = 2𝑑𝑥         ⇒        𝑑𝑥 =
𝑑𝑢

2
 

                      ∫ √2𝑥 + 1 𝑑𝑥    =   ∫ √𝑢
𝑑𝑢

2
     =    

1

2
[

𝑢
3

2⁄

3
2⁄

]  + 𝐶  

                                                 =     
2

2×3
(𝑢)

3
2⁄ + 𝐶     =

(2𝑥+1)
3

2⁄

3
+ 𝐶 

(ii)Evaluate   ∫
𝟏

(𝒂𝒙+𝒃)𝟒
𝒅𝒙. 

          Solution: 

                 Put u = 𝑎𝑥 + 𝑏     ⇒       𝑑𝑢 = 𝑎𝑑𝑥      ⇒      𝑑𝑥 =
𝑑𝑢

𝑎
 

                     ∫
1

(𝑎𝑥+𝑏)4
𝑑𝑥  =  ∫

1

𝑢4

𝑑𝑢

𝑎
     

                                         =   
1

𝑎
∫ 𝑢−4𝑑𝑢 

                                           =  
1

    𝑎
[

𝑢−3

−3
] + 𝐶      

                                          =     
−1

3𝑎
[

1

𝑢3
] + 𝐶     =    

−1

3𝑎
[

1

(𝑎𝑥+𝑏)3
] + 𝐶 

(iii) Evaluate     ∫ 𝒙𝟓√𝒙𝟐 + 𝟏𝒅𝒙. 

            Solution:   

                    Put  𝑢 =  𝑥2 +  1   ⇒  𝑥2 = 𝑢 − 1;         𝑑𝑢 =  2𝑥𝑑𝑥 ⇒ 𝑥𝑑𝑥 =  
𝑑𝑢

2
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                       ∫ 𝑥5√𝑥2 + 1𝑑𝑥  =  ∫ 𝑥4 √𝑥2 +  1 𝑥 𝑑𝑥 

                                                   =  ∫ √𝑢 (𝑢 − 1)2  
𝑑𝑢

2
 

                                                   =  
1

2
∫ √𝑢 (𝑢2 −  2𝑢 + 1) 𝑑𝑢 

                                                   =
1

2
 ∫(𝑢5 2⁄ −  2 𝑢3 2⁄ + 𝑢1 2⁄ )  𝑑𝑢         

                                                   =  
1

2
 (

𝑢7 2⁄

7 2⁄
 −

2𝑢5 2⁄

5 2⁄
 −

𝑢3 2⁄

3 2⁄
) +  𝐶        

                                                  = (
𝑢7 2⁄

7
 −

2𝑢5 2⁄

5
 −

𝑢3 2⁄

3
) +  𝐶  

                                                   = (
(𝑥2+ 1)7 2⁄

7
 −

2(𝑥2+ 1)5 2⁄

5
 −

(𝑥2+ 1)3 2⁄

3
) +  𝐶        

(iv)Evaluate ∫
𝒙𝟐

√𝒙+𝟓
 𝒅𝒙 

          Solution: 

                 Given ∫
𝑥2

√𝑥+5
 𝑑𝑥 

𝑃𝑢𝑡 𝑢 = √𝑥 + 5      ⇒   𝑑𝑢 =
1

2√𝑥+5
𝑑𝑥         

⇒  2𝑑𝑢 =
1

√𝑥+5
𝑑𝑥   

𝑢2 = 𝑥 + 5    ⇒  𝑥 =  𝑢2 −  5      ⇒   𝑥2 =  (𝑢2 − 5)2  =  𝑢4 − 10𝑢2 + 25 

                          ∫
𝑥2

√𝑥+5
 𝑑𝑥     =  ∫(𝑢4 − 10𝑢2 + 25) 2 𝑑𝑢 =  2 ∫(𝑢4 − 10𝑢2 + 25)𝑑𝑢 

                                               = 2 [
𝑢5

5
− 10

𝑢3

3
+ 25𝑢] + 𝐶        

                                               =
2

5
(𝑥 + 5)

5
2⁄ −

20

3
(𝑥 + 5)

3
2⁄ + 50(𝑥 + 5)

1
2⁄ + 𝐶 

(v)Evaluate ∫
𝟏

√𝒙(𝟏+√𝒙)𝟐
 𝒅𝒙 

          Solution: 

                   Given ∫
1

√𝑥(1+√𝑥)2
 𝑑𝑥 

               𝑃𝑢𝑡 𝑢 = 1 + √𝑥        ⇒  𝑑𝑢 =
1

2√𝑥
𝑑𝑥            ⇒  2𝑑𝑢 =

1

√𝑥
𝑑𝑥 

                                           =  ∫
1

𝑢2
 2 𝑑𝑢   =  2 ∫ 𝑢−2 𝑑𝑢  = 2 (

𝑢−1

−1
) + 𝐶   

                                                =  −
2

𝑢
+  𝐶      

                                           = −
2

1+√𝑥
+  𝐶 
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(vi)Evaluate ∫
(𝟏+√𝒙)

𝟏
𝟑⁄

√𝒙
 𝒅𝒙 

          Solution: 

                  Given  ∫
(1+√𝑥)

1
3⁄

√𝑥
 𝑑𝑥 

             𝑃𝑢𝑡   𝑢 = 1 + √𝑥     ⇒  𝑑𝑢 =
1

2√𝑥
𝑑𝑥        ⇒  2𝑑𝑢 =

1

√𝑥
𝑑𝑥 

                      ∫
(1+√𝑥)

1
3⁄

√𝑥
 𝑑𝑥   =  ∫ 𝑢

1
3⁄  2 𝑑𝑢 =  2 ∫ 𝑢

1
3⁄  𝑑𝑢 = 2 

𝑢
4

3⁄

(4
3⁄ )

+ 𝐶    

                                                                         =
3

2
(𝑢)

4
3⁄ +  𝐶 

                                                                         = 
3

2
(1 + √𝑥)

4
3⁄ +  𝐶 

Logarithmic functions: 

Example : 

 (i) Evaluate ∫
𝒍𝒐𝒈𝒙

𝒙
 𝒅𝒙 

         Solution: 

                    Given  ∫
𝑙𝑜𝑔𝑥

𝑥
 𝑑𝑥  

              Put  𝑢 = 𝑙𝑜𝑔𝑥  ⇒  𝑑𝑢 =  
1

𝑥
 𝑑𝑥 

                               ∫
𝑙𝑜𝑔𝑥

𝑥
 𝑑𝑥 =  ∫ 𝑢𝑑𝑢 =  

𝑢2

2
+ 𝐶     =  

(𝑙𝑜𝑔𝑥)2

2
+ 𝐶 

(ii)Evaluate: ∫
(𝒍𝒐𝒈𝒙)𝟐

𝒙
 𝒅𝒙  

         Solution: 

                   Given  ∫
(𝑙𝑜𝑔𝑥)2

𝑥
 𝑑𝑥  

                Put  𝑢 = 𝑙𝑜𝑔𝑥       ⇒ 𝑑𝑢 =  
1

𝑥
 𝑑𝑥 

                         ∫
(𝑙𝑜𝑔𝑥)2

𝑥
 𝑑𝑥  =  ∫ 𝑢2𝑑𝑢 =  

𝑢3

3
+ 𝐶   =  

(𝑙𝑜𝑔𝑥)3

3
+ 𝐶 

(iii)Evaluate ∫
𝒔𝒊𝒏(𝟐+𝒍𝒐𝒈𝒙)

𝒙
 𝒅𝒙 

           Solution: 

                   Given  ∫
𝑠𝑖𝑛(2+𝑙𝑜𝑔𝑥)

𝑥
 𝑑𝑥  

     Put 𝑢 = 2 + 𝑙𝑜𝑔𝑥    ⇒ 𝑑𝑢 =  
1

𝑥
 𝑑𝑥 
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           ∫
𝑠𝑖𝑛(2+𝑙𝑜𝑔𝑥)

𝑥
 𝑑𝑥  =  ∫ 𝑠𝑖𝑛 𝑢 𝑑𝑢 =  −𝑐𝑜𝑠 𝑢 + 𝐶 

                                      =  − cos(2 + 𝑙𝑜𝑔𝑥) + 𝐶 

(iv)Evaluate ∫
𝒅𝒙

𝒙√𝒍𝒐𝒈𝒙
 

        Solution:    

                    Given  ∫
𝑑𝑥

𝑥√𝑙𝑜𝑔𝑥
 

                     Put 𝑢 =  𝑙𝑜𝑔𝑥     ⇒ 𝑑𝑢 =  
1

𝑥
 𝑑𝑥 

                           ∫
𝑑𝑥

𝑥√𝑙𝑜𝑔𝑥
 =  ∫

𝑑𝑢

√𝑢
= 2√𝑢 +  𝐶   = 2√𝑙𝑜𝑔𝑥 +  𝐶  

(v)Evaluate ∫ 𝒔𝒆𝒄𝒙 𝐥𝐨𝐠(𝒔𝒆𝒄𝒙 + 𝒕𝒂𝒏𝒙) 𝒅𝒙 

         Solution: 

                 Given ∫ 𝑠𝑒𝑐𝑥 log(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) 𝑑𝑥  

       Put 𝑢 = log(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥)      ⇒  𝑑𝑢 =  
1

(𝑠𝑒𝑐𝑥+𝑡𝑎𝑛𝑥)
(𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 + 𝑠𝑒𝑐2𝑥)𝑑𝑥 

                                                        ⇒ 𝑑𝑢 =  
𝑠𝑒𝑐(𝑡𝑎𝑛𝑥+𝑠𝑒𝑐𝑥)

(𝑠𝑒𝑐𝑥+𝑡𝑎𝑛𝑥)
𝑑𝑥 

                                                                 =  ∫ 𝑢𝑑𝑢 =  
𝑢2

2
+  𝐶 

                                                                =  
1

2
[𝑙𝑜𝑔(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥)]2 + 𝐶 

Exponential functions  

Example: 

(i)Evaluate∫ 𝒆𝒄𝒐𝒔𝒙𝒔𝒊𝒏𝒙 𝒅𝒙 

        Solution:        

                     Given    ∫ 𝑒𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 

𝑃𝑢𝑡 𝑢 =  𝑒𝑐𝑜𝑠𝑥     ⇒     𝑑𝑢 =  𝑒𝑐𝑜𝑠𝑥(−𝑠𝑖𝑛𝑥)𝑑𝑥 

∫ 𝑒𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 = ∫(−𝑑𝑢 )     =  − ∫ 𝑑𝑢    = −𝑢 + 𝐶   = −𝑒𝑐𝑜𝑠𝑥 + 𝐶 

(ii)Evaluate ∫ 𝒆𝒙𝟑
𝒙𝟐𝒅𝒙 

       Solution: 

                     Given ∫ 𝑒𝑥3
𝑥2𝑑𝑥 

𝑃𝑢𝑡  𝑢 =  𝑒𝑥3
    ⇒    𝑑𝑢 =  𝑒𝑥3

3𝑥2𝑑𝑥    ⇒     
𝑑𝑢

3
= 𝑒𝑥3

𝑥2𝑑𝑥 
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∫ 𝑒𝑥3
𝑥2𝑑𝑥 = ∫

𝑑𝑢

3
     =  

1

3
∫ 𝑑𝑢    =

1

3
𝑢 + 𝐶   =

1

3
𝑒𝑥3

+ 𝐶 

(iii)Evaluate  ∫
𝒆√𝒙

√𝒙
𝒅𝒙 

        Solution:        

                      Given    ∫
𝑒√𝑥

√𝑥
𝑑𝑥 

𝑃𝑢𝑡 𝑢 =  𝑒√𝑥     ⇒     𝑑𝑢 =  𝑒√𝑥
1

2√𝑥
𝑑𝑥    ⇒     2𝑑𝑢 =

𝑒√𝑥

√𝑥
𝑑𝑥 

∫
𝑒√𝑥

√𝑥
𝑑𝑥 = ∫ 2𝑑𝑢      =  2 ∫ 𝑑𝑢    = 2𝑢 + 𝐶   = 2𝑒√𝑥 + 𝐶 

(iv)Evaluate ∫
𝒆𝒕𝒂𝒏−𝟏𝒙

𝟏+𝒙𝟐
 𝒅𝒙 

          Solution: 

                         Given   ∫
𝑒𝑡𝑎𝑛−1𝑥

1+𝑥2
 𝑑𝑥  

             Put 𝑢 = 𝑡𝑎𝑛−1𝑥                    𝑑𝑢 =  
1

1+𝑥2
 𝑑𝑥 

                                    ∫
𝑒𝑡𝑎𝑛−1𝑥

1+𝑥2
 𝑑𝑥 =   ∫ 𝑒𝑢𝑑𝑢 = 𝑒𝑢 + 𝐶 

                                                         = 𝑒𝑡𝑎𝑛−1𝑥 + 𝐶  

(v)Evaluate ∫
𝟏

𝒆𝒙+𝒆−𝒙
 𝒅𝒙 

         Solution: 

                     Given   ∫
1

𝑒𝑥+
1

𝑒𝑥

 𝑑𝑥  =   ∫
𝑒𝑥𝑑𝑥

𝑒2𝑥+1
   

                      Put 𝑒𝑥 =  𝑢     ⇒   𝑒𝑥𝑑𝑥 =  𝑑𝑢 

                                         =  ∫
𝑑𝑢

𝑢2+1
 

                                        =  𝑡𝑎𝑛−1𝑢 + 𝐶     =  𝑡𝑎𝑛−1𝑒𝑥 + 𝐶  

 

 


