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MA8491 NUMERICAL METHODS  

 

 

                                            UNITV 
BOUNDARY VALUE PROBLEMS IN ORDINARY AND 
PARTIAL  DIFFERENTIAL EQUATIONS 
 

      PROBLEMS BASED ON  FINITE DIFFERENCE SOLUTION OF SECOND ORDER ORDINARY 

EQUATION  

1.  Solve the equation 𝒚′′ = 𝒙 + 𝒚 with boundary conditions  𝒚(𝟎) = 𝒚(𝟏) = 𝟎, 

numerically taking ∆𝒙 = 𝟎. 𝟐𝟓 

Solution :  

 Using  the central difference approximation ,we have  

𝒚′′ =
𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏

𝒉𝟐  

𝒚𝒊−𝟏−𝟐𝒚𝒊+𝒚𝒊+𝟏

𝒉𝟐
= 𝒙𝒊 + 𝒚𝒊                                              [𝒉 =

𝟏

𝟒
] 

𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏

(
𝟏
𝟒

)𝟐
= 𝒙𝒊 + 𝒚𝒊 

(𝟏𝟔)(𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏) =  𝒙𝒊 + 𝒚𝒊 

(𝟏𝟔𝒚𝒊−𝟏 − 𝟑𝟐𝒚𝒊 + 𝟏𝟔𝒚𝒊+𝟏) =  𝒙𝒊 + 𝒚𝒊 

(𝟏𝟔𝒚𝒊−𝟏 − 𝟑𝟑𝒚𝒊 + 𝟏𝟔𝒚𝒊+𝟏) =  𝒙𝒊      𝒊 = 𝟏, 𝟐, 𝟑 … … .. 

𝒚𝟎 = 𝒚𝟒 = 𝟎 

𝒊 = 𝟏 ⇒ (𝟏𝟔𝒚𝟎 − 𝟑𝟑𝒚𝟏 + 𝟏𝟔𝒚𝟐) =  𝒙𝟏 

𝟑𝟑𝒚𝟏 + 𝟏𝟔𝒚𝟐 =  
𝟏

𝟒
… … … … . (𝒊) 

𝒊 = 𝟐 ⇒ (𝟏𝟔𝒚𝟏 − 𝟑𝟑𝒚𝟐 + 𝟏𝟔𝒚𝟑) =  𝒙𝟐 
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(𝟏𝟔𝒚𝟏 − 𝟑𝟑𝒚𝟐 + 𝟏𝟔𝒚𝟑) =  
𝟏

𝟐
… … … … … . . (𝟐) 

 

𝒊 = 𝟑 ⇒ (𝟏𝟔𝒚𝟐 − 𝟑𝟑𝒚𝟑 + 𝟏𝟔𝒚𝟒) =  𝒙𝟑 

𝟏𝟔𝒚𝟐 − 𝟑𝟑𝒚𝟑 =
𝟑

𝟒
… … … … … … (𝟑) 

 𝑺𝒐𝒍𝒗𝒊𝒏𝒈 (𝟏), (𝟐)𝒂𝒏𝒅 (𝟑)𝒘𝒆 𝒈𝒆𝒕  

                                                            𝒚𝟏    = −𝟎. 𝟎𝟑𝟒𝟗   

𝒚𝟐 = −𝟎. 𝟎𝟓𝟔𝟑 

𝒚𝟑 = −𝟎. 𝟎𝟓𝟎 

2. Solve the equation 𝒙𝒚′′ + 𝒚 = 𝟎 with boundary conditions  𝒚(𝟏) = 𝟏, 𝒚(𝟐) = 𝟐, 

numerically taking 𝒉 = 𝟎. 𝟐𝟓 by finite difference method  

Solution :  

                  Given : 𝒙𝒚′′ + 𝒚 = 𝟎 … … … … … … … … (𝟏)    𝒉𝒆𝒓𝒆 𝒉 =
𝟏

𝟒
 

 Using the Central difference approximation , we have  

𝒚′′ =
𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏

𝒉𝟐  

(1) ⇒ 𝒙𝒊  
𝒚𝒊−𝟏−𝟐𝒚𝒊+𝒚𝒊+𝟏

(
𝟏

𝟒
)𝟐

+ 𝒚𝒊=0 

𝟏𝟔𝒙𝒊(𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏) + 𝒚𝒊 = 𝟎 

𝟏𝟔𝒙𝒊𝒚𝒊−𝟏 − 𝟑𝟐𝒙𝒊𝒚𝒊 + 𝟏𝟔𝒙𝒊𝒚𝒊+𝟏 + 𝒚𝒊 = 𝟎 

𝟏𝟔𝒙𝒊𝒚𝒊−𝟏 + (−𝟑𝟐𝒙𝒊+𝟏)𝒚𝒊 + 𝟏𝟔𝒙𝒊𝒚𝒊+𝟏 = 𝟎…………….(2) 

The boundary condition 

When 𝒊 = 𝟏, 𝒉 =
𝟏

𝟒
, 𝒙𝒊 = 𝟎. 𝟐𝟓, 𝒚𝟎 = 𝟏 
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𝒙𝟎 𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒 

1 1.25 1.5 1.75 2 

1 - - - 2 

𝒚𝟎 𝒚𝟏 𝒚𝟐 𝒚𝟑 𝒚𝟒 

 

In equation (2) put 𝒊 = 𝟏, 𝟐, 𝟑 

𝒊 = 𝟏 → 𝟏𝟔𝒙𝟏𝒚𝟎 + (−𝟑𝟐𝒙𝟏+𝟏)𝒚𝟏 + 𝟏𝟔𝒙𝟏𝒚𝟐 = 𝟎 

𝟏𝟔(𝟏. 𝟐𝟓)(𝟏) + (−𝟑𝟐(𝟏. 𝟐𝟓)+𝟏)𝒚𝟏 + 𝟏𝟔(𝟏. 𝟐𝟓)𝒚𝟐 = 𝟎 

𝟐𝟎−𝟑𝟗𝒚𝟏 + 𝟐𝟎𝒚𝟐 = 𝟎 

−𝟑𝟗𝒚𝟏 + 𝟐𝟎𝒚𝟐 = −𝟐𝟎 

𝟑𝟗𝒚𝟏 − 𝟐𝟎𝒚𝟐 = 𝟐𝟎 … … … … . (𝟑) 

𝒊 = 𝟐 → 𝟏𝟔𝒙𝟐𝒚𝟏 + (−𝟑𝟐𝒙𝟐+𝟏)𝒚𝟐 + 𝟏𝟔𝒙𝟐𝒚𝟑 = 𝟎 

𝟏𝟔(𝟏. 𝟓)𝒚𝟏 + (−𝟑𝟐(𝟏. 𝟓)+𝟏)𝒚𝟐 + 𝟏𝟔(𝟏. 𝟓)𝒚𝟑 = 𝟎 

𝟐𝟒𝒚𝟏 − 𝟒𝟕𝒚𝟐 + 𝟐𝟒𝒚𝟑 = 𝟎 … … … … … … … (𝟒) 

𝒊 = 𝟑 → 𝟏𝟔𝒙𝟑𝒚𝟐 + (−𝟑𝟐𝒙𝟑+𝟏)𝒚𝟑 + 𝟏𝟔𝒙𝟑𝒚𝟒 = 𝟎 

𝟏𝟔(𝟏. 𝟕𝟓)𝒚𝟐 + (−𝟑𝟐(𝟏. 𝟕𝟓)+𝟏)𝒚𝟑 + 𝟏𝟔(𝟏. 𝟕𝟓)𝟐 = 𝟎 

𝟐𝟖𝒚𝟐 + (𝟓𝟓)𝒚𝟑 + 𝟓𝟔 = 𝟎 … … … … … (𝟓) 

Solving (𝟑), (𝟒)𝒂𝒏𝒅(𝟓)𝒘𝒆 𝒈𝒆𝒕  

[
𝟑𝟗 −𝟐𝟎 𝟎
𝟐𝟒 −𝟒𝟕 𝟐𝟒
𝟎 𝟐𝟖 −𝟓𝟓

] [

𝒚𝟏

𝒚𝟐

𝒚𝟑

] = [
𝟐𝟎
𝟎

−𝟓𝟔
] 

 

 



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY 

MA8491 NUMERICAL METHODS  

 

 

 

 By Using elimination method  

~[
𝟑𝟗 −𝟐𝟎 𝟎
𝟐𝟒 −𝟒𝟕 𝟐𝟒
𝟎 𝟐𝟖 −𝟓𝟓

|
𝟐𝟎
𝟎

   −𝟓𝟔
] 

~[
𝟑𝟗 −𝟐𝟎 𝟎
𝟎 −𝟏𝟑𝟓𝟑 𝟗𝟑𝟔
𝟎 𝟐𝟖 −𝟓𝟓

|
𝟐𝟎

−𝟒𝟖𝟎
   −𝟓𝟔

]          𝑹𝟐 ↔ 𝟑𝟗𝑹𝟐 − 𝟐𝟒𝑹𝟏 

~[
𝟑𝟗 −𝟐𝟎 𝟎
𝟎 −𝟏𝟑𝟓𝟑 𝟗𝟑𝟔
𝟎 𝟎 −𝟒𝟖𝟐𝟎𝟕

|
𝟐𝟎

−𝟒𝟖𝟎
   −𝟖𝟗𝟐𝟎𝟖

]          𝑹𝟑 ↔ 𝟏𝟑𝟓𝟑𝑹𝟑 + 𝟐𝟖𝑹𝟐 

 𝑩𝒚 𝒃𝒂𝒄𝒌 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅  

-48207𝒚𝟑 = −𝟖𝟗𝟐𝟎𝟖 

𝒚𝟑 = 𝟏. 𝟖𝟓𝟎𝟓 

−𝟏𝟑𝟓𝟑𝒚𝟐 + 𝟗𝟑𝟔𝒚𝟑 = −𝟒𝟖𝟎 

−𝟏𝟑𝟓𝟑𝒚𝟐 + 𝟗𝟑𝟔(𝟏. 𝟖𝟓𝟎𝟓) = −𝟒𝟖𝟎 

−𝟏𝟑𝟓𝟑𝒚𝟐 + 𝟏𝟕𝟑𝟐. 𝟎𝟔𝟖 = −𝟒𝟖𝟎 

−𝟏𝟑𝟓𝟑𝒚𝟐 = −𝟒𝟖𝟎 − 𝟏𝟕𝟑𝟐. 𝟎𝟔𝟖 

−𝟏𝟑𝟓𝟑𝒚𝟐 = −𝟐𝟐𝟏𝟐. 𝟎𝟔𝟖 

𝒚𝟐 = 𝟏. 𝟔𝟑𝟒𝟗 

−𝟑𝟗𝒚𝟏 − 𝟐𝟎𝒚𝟐 = 𝟐𝟎 

−𝟑𝟗𝒚𝟏 − 𝟐𝟎(𝟏. 𝟔𝟑𝟒𝟗) = 𝟐𝟎 

−𝟑𝟗𝒚𝟏 − 𝟑𝟐. 𝟔𝟗𝟖 = 𝟐𝟎 

𝟑𝟗𝒚𝟏 = 𝟓𝟐. 𝟔𝟗𝟖 

𝒚𝟏 = 𝟏. 𝟑𝟓𝟏𝟐 
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𝒙𝟎 𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒 

1 1.25 1.5 1.75 2 

1 1.3512 1.6349 1.8505 2 

𝒚𝟎 𝒚𝟏 𝒚𝟐 𝒚𝟑 𝒚𝟒 

 

3. Solve the equation 𝒚′′ + 𝒙𝟐𝒚 = 𝟎with boundary conditions  𝒚(𝟎) = 𝟎, 𝒚(𝟏) = 𝟏, 

numerically taking 𝒉 = 𝟎. 𝟐𝟓 by finite difference method  

Solution :  

 Given 𝒚′′ + 𝒙𝟐𝒚 = 𝟎 

Using the Central difference approximation , we have  

𝒚′′ =
𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏

𝒉𝟐  

(1) →
𝒚𝒊−𝟏−𝟐𝒚𝒊+𝒚𝒊+𝟏

𝒉𝟐
+ 𝒙𝒊

𝟐𝒚𝒊 = 𝟎 

𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏 + 𝒉𝟐𝒙𝒊
𝟐𝒚𝒊 = 𝟎 

𝒚𝒊−𝟏 + (−𝟐 + 𝒉𝟐𝒙𝒊
𝟐)𝒚𝒊 + 𝒚𝒊+𝟏 = 𝟎 … … … … … … … . (𝟐) 

𝑻𝒉𝒆 𝒃𝒐𝒖𝒏𝒅𝒂𝒓𝒚 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔  𝒂𝒓𝒆 𝒚(𝟎) = 𝟎, 𝒚(𝟏) = 𝟏, 

      𝒙𝟎 = 𝟎, 𝒚𝟎 = 𝟎     𝒙𝟒 = 𝟏, 𝒚𝟒 = 𝟏  

To find :       𝒚𝟏 = 𝒚 (
𝟏

𝟒
) , 𝒚𝟐 = 𝒚 (

𝟐

𝟒
) 𝒚𝟑 = 𝒚 (

𝟑

𝟒
) 𝒚𝟒 = 𝒚 (

𝟒

𝟒
) = 𝒚(𝟏) = 𝟏 

 For 𝒊 = 𝟏 𝒊𝒏 (𝟐)𝒘𝒆 𝒈𝒆𝒕  

𝒚𝟎 + (−𝟐 + (
𝟏

𝟒
)𝟐

𝟐

(
𝟏

𝟒
)𝟐) 𝒚𝟏 + 𝒚𝟐 = 𝟎 

𝟎 + (−𝟐 +
𝟏

𝟐𝟓𝟔
) 𝒚𝟏 + 𝒚𝟐 = 𝟎 
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(
−𝟓𝟏𝟏

𝟐𝟓𝟔
) 𝒚𝟏 + 𝒚𝟐 = 𝟎 

−𝟓𝟏𝟏𝒚𝟏 + 𝟐𝟓𝟔𝒚𝟐 = 𝟎 

𝟓𝟏𝟏𝒚𝟏 − 𝟐𝟓𝟔𝒚𝟐 = 𝟎 … … … … … … . . (𝟑) 

For 𝒊 = 𝟐 𝒊𝒏 (𝟐)𝒘𝒆 𝒈𝒆𝒕 

𝒚𝟏 + (−𝟐 + (
𝟏

𝟒
)𝟐

𝟐

(
𝟐

𝟒
)𝟐) 𝒚𝟐 + 𝒚𝟑 = 𝟎 

𝒚𝟏 + (−𝟐 +
𝟒

𝟐𝟓𝟔
) 𝒚𝟐 + 𝒚𝟑 = 𝟎 

𝒚𝟏 + (
−𝟏𝟐𝟕

𝟔𝟒
) 𝒚𝟐 + 𝒚𝟑 = 𝟎 

𝟔𝟒𝒚𝟏 − 𝟏𝟐𝟕𝒚𝟐 + 𝟔𝟒𝒚𝟑 = 𝟎 … … … … … . . (𝟒) 

For 𝒊 = 𝟑 𝒊𝒏 (𝟐)𝒘𝒆 𝒈𝒆𝒕 

𝒚𝟐 + (−𝟐 + (
𝟏

𝟒
)𝟐

𝟐

(
𝟑

𝟒
)𝟐) 𝒚𝟑 + 𝒚𝟒 = 𝟎 

𝒚𝟐 + (−𝟐 +
𝟗

𝟐𝟓𝟔
) 𝒚𝟑 + 𝒚𝟒 = 𝟎 

𝒚𝟐 + (
−𝟓𝟎𝟑

𝟐𝟓𝟔
) 𝒚𝟑 + 𝒚𝟒 = 𝟎 

𝟐𝟓𝟔𝒚𝟐 − 𝟓𝟎𝟑𝒚𝟑 + 𝟐𝟓𝟔𝒚𝟒 = 𝟎 

𝟐𝟓𝟔𝒚𝟐 − 𝟓𝟎𝟑𝒚𝟑 = −𝟐𝟓𝟔𝒚𝟒 … … … … … … … (𝟓) 

 Solving (3) ,(4) and (5) we get  

       𝒚𝟏    = 𝟎. 𝟐𝟔𝟏𝟕 

𝒚𝟐 = 𝟎. 𝟓𝟐𝟐𝟑    

𝒚𝟑 = 𝟎. 𝟕𝟕𝟒𝟖 
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4.  Using finite difference method ,compute 𝒚(𝟎. 𝟓), 𝒈𝒊𝒗𝒆𝒏 𝒚′′ − 𝟔𝟒𝒚 + 𝟏𝟔 = 𝟎, 𝒚(𝟎) =

𝒚(𝟏) = 𝟎, Subdividing the interval into (i) 4 equal parts (ii) 2 equal parts  

Solution : 𝑮𝒊𝒗𝒆𝒏 𝒚′′ − 𝟔𝟒𝒚 + 𝟏𝟔 = 𝟎 

(i) we take 𝒉 = 𝟎. 𝟎𝟐𝟓 

Using the Central difference approximation , we have  

𝒚′′ =
𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏

𝒉𝟐
 

𝒚𝒊−𝟏 − 𝟐𝒚𝒊 + 𝒚𝒊+𝟏

𝒉𝟐
− 𝟔𝟒𝒚𝒊 + 𝟏𝟎 = 𝟎 

𝒚𝒊−𝟏 − (𝟐 + 𝟔𝟒𝒉𝟐)𝒚𝒊 + 𝒚𝒊+𝟏 = −𝟏𝟎𝒉𝟐 

𝒚𝒊−𝟏 − 𝟔𝒚𝒊 + 𝒚𝒊+𝟏 = −𝟎. 𝟔𝟐𝟓 … … … (𝒊) 

𝑷𝒖𝒕 𝒊 = 𝟏, 𝟐, 𝟑  𝒘𝒆 𝒈𝒆𝒕  

−𝟔𝒚𝟏 + 𝒚𝟐 = −𝟎. 𝟔𝟐𝟓 … … … … … (𝟐) 

𝒚𝟏 − 𝟔𝒚𝟐 + 𝒚𝟑 = −𝟎. 𝟔𝟐𝟓 … … … … … (𝟑) 

𝒚𝟐 − 𝟔𝒚𝟑 = −𝟎. 𝟔𝟐𝟓 … … … … … (𝟒) 

𝒚𝟏 = 𝒚𝟑      by  (2) and (4)  

−𝟔𝒚𝟏 + 𝒚𝟐 = −𝟎. 𝟔𝟐𝟓 

𝟐𝒚𝟏 − 𝟔𝒚𝟐 = −𝟎. 𝟔𝟐𝟓 

−𝟏𝟕𝒚𝟐 = −𝟐. 𝟓 

𝒚𝟐 = 𝟎. 𝟏𝟒𝟕𝟎 

𝒚𝟏 = 𝟎. 𝟏𝟐𝟖𝟕 

𝒚𝟏 = 𝒚𝟑 = 𝟎. 𝟏𝟐𝟖𝟕 

𝒚(𝟎. 𝟐𝟓) = 𝒚(𝟎. 𝟕𝟓) = 𝟎. 𝟏𝟐𝟖𝟕 
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(ii) Let n=2 then 𝒉 =
𝟏

𝟐
 

𝒚𝒊−𝟏 − (𝟐 + 𝟔𝟒𝒉𝟐)𝒚𝒊 + 𝒚𝒊+𝟏 = −𝟏𝟎𝒉𝟐 

𝒚𝒊+𝟏 − (𝟐 + 𝟔𝟒𝒉𝟐)𝒚𝒊 + 𝒚𝒊−𝟏 + 𝟏𝟎𝒉𝟐 = 𝟎 

𝒚𝒊+𝟏 − 𝒚𝒊−𝟏 − 𝟏𝟖𝒚𝒊 = −
𝟓

𝟐
 

Put i=1, we get  

𝒚𝟐 − 𝒚𝟎 − 𝟏𝟖𝒚𝟏 = −
𝟓

𝟐
 

−𝟏𝟖𝒚𝟏 = −
𝟓

𝟐
                            [∴ 𝒚𝟎 = 𝒚𝟐 = 𝟎] 

𝒚𝟏 = 𝟎. 𝟏𝟑𝟖𝟗          

               𝒚(𝟎. 𝟓) = 𝟎. 𝟏𝟑𝟖𝟗                             

     


