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Uniformly spaced array with uniform excitation amplitude
N Element Uniform Linear Arrays

At higher frequencies, for point to point communications it is necessary to have a pattern
with single beam radiation. Such highly directive single beam pattern can be obtained by
increasing the point sources in the arrow from 2 to n say. An array of n elements is said
to be linear array if all the individual elements are spaced equally along a line. An array is
said to be uniform array if the elements in the array are fed with currents with equal
magnitudes and with uniform progressive phase shift along the line. Consider a general n
element linear and uniform array with all the individual elements spaced equally at
distance d from each other and all elements are fed with currents equal in magnitude and
uniform progressive phase shift along line as shown in the Fig.

9.

P
y ® Distant point

Fig. 9 Uniform, linear array of n elements

The total resultant field at the distant point P is obtained by adding the fields due to n
individual sources vectorically. Hence we can write,

Er = Eg-e®+ Egpel + Ege?¥ 4 .. + Egel @DV

Er=Eg[l+eV+ef®¥ i . +eln-1y (1)

Note that v= (Rdcosv + «) indicates the total phase difference of the fields from adjacent sources
calculated at point P. Similarly « is the progressive phase shift between two adjacent
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0 o0 0 point sources. The value of o may
lie between 0 and 180 . If o« = 0 we get n element uniform

0 linear broadside array. If « = 180 we get n
element uniform linear endfire array.

iv, we get,
Multiplying equation (1) by e
Ere¥ = Ejfe¥+ 243V . 4"V {2

Subtracting equation (2) from (1), we get,

E"'“ETe’v:Eo {[l+eiw+‘2i2"'+...+ej(""nv]-—[ew+ej2w+...+e’“v]}
Er(1-eM=E(1-e'™)

— eV
Ey -’Eﬂ[l € ] . (3)

1-el¥

Simply mathematically, we get

According to trigonometric identity,

e M- = ~2sing,

The resultant field is given by,

[ -j2sin -[122 10'%!
\ /
Ey = E
f v 1%
| =j2sin= le'?
K R o)
sinn— |  fn-1}
o} 2 "\ 2 'V
Er=Ey|—2]e '\ (@)
Sln—z- J

2 | EC8701 Antennas and Microwave Engineering



Rohini College of Engineering & Technology Department of ECE
This equation (4) indicates the resultant field due to n element array at distant

point P. The magnitude of the resultant field is given by,

The phase angle 6 of the resultant field at point P is given by,

Ozuwzu ﬁdcos¢+a_

> 5 . ... (6)

Array of n elements with Equal Spacing and Currents Equal in Magnitude and Phase °

Broadside Array

Consider 'n' number of identical radiators carries currents which are equal in magnitude and in
phase. The identical radiators are equispaced. Hence the maximum radiation occurs in the
directions normal to the line of array. Hence such an array is known as Uniform broadside array.

Consider a broadside array with n identical radiators as shown in the Fig. 10.

Fig 10 Array of n elements with Equal Spacing

The electric field produced at point P due to an element A0 is given by,
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: 2 )
E, = IdL sin® [,B_] e 1Pro o (1)

4 noe, L)

As the distance of separation d between any two array elements is very small as
compared to the radial distances of point P from A0, A1, ...An-1, we can assume ro, r
1, ...rn-1 are approximately same.

Now the electric field produced at point P due to an element A1 will differ in phase as

ro and r1 are not actually same. Hence the electric field due to A1l is given by,

Er = Eg|— B ... (5)

Exactly on the similar lines we can write the electric field produced at point P due to

an element A2 as,

g, - 1dLsin0 ,ﬁ] o iPF2
4 tog, |

E, = lfi‘;‘:e ([:_'J e~ 1B(r-dcusé) . Ty =1 —d cosé
0 1

E-, _ [IdLSInO ,El_} c-”\r] L ei&kw ‘

= 1 4“(!)(:0 L 1’1 j
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QPDiamtpom

But the term inside the bracket represent E1

E, = E, el

From equation (2), substituting the value of E1, we get,
E, = [Eu e'”d"‘”’] lfidcosé

E, = E,.ePhdwos . (3)

Similarly, the electric field produced at point P due to element An-1 is given by,

Ejq = Ep-el(n-l)ideoss e (4)

n-l

The total electric field at point P is given by,
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ET = Eo + E) + E2 +"“+En—l
Er = Ep+Eg elfdcose +E, elfdcose +.+Eg el(n-1)dcos¢

Let Bdcosv = v, then rewriting above equation,

Consider a series given
2bys=
1+r+r+.... +n-1 j

r wherer=eV

Multiplying both the sides of the equation (i) . (1)
2 nbyrs

Subtracting equation (ii) from (i),

we n get. s(1-r) = 1-r .. (i)
Er = Eg+EjelY +Ege?Y +..+E,el™Nv
Er = E, [l +elV +el2¥4 & e’("")"] o (5)
_ N
e 1] - ... (iii)

Using equation (iii), equation (5) can be modified as,

ET L
S . (6)
E

0 ,12‘.

From the trigonometric identities,

e 1" = cos0-jsin0
el = cosB+jsind
and e /% -el® = ~j2sin@
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- (7)

Equation (6) can be written as,

The exponential term in equation (7) represents the phase shift. Now considering
magnitudes of the electric fields, we can write,

. Ny
Sln-f)—

I lEET i - v = (8)
0 P 4
sm -2—

Properties of Broadside Array 1. Major lobe

In case of broadside array, the field is maximum in the direction normal to the axis
of the array. Thus the condition for the maximum field at point P is given by,

v =0 ie Pdcos¢ = 0 ...{9)

ie. cosd = 0
1.e. ¢ = 90° or 270° -..(10)
0 0

Thus v = 90 and 270 are called directions of principle maxima.

2. Magnitude of major lobe

The maximum radiation occurs when v=0. Hence we can write,
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d[ . w]
—| sinn =
)
[Major lobe| =|EL| = 1m JS¥L ___2)
0 y—0 i[sini)
dy 2
( w}!’ w]i
cosn= || n=
]
= limﬁ Z.t “"|}
=0 WY
2O {=3)3) |
| Major lobe| = n ...(11)

where, n is the number of elements in the array.

Thus from equation (10) and (11) it is clear that, all the field components add

up together to give total field which is ‘n’ times the individual field when v =
0 0
90 and 270 .

3. Nulls

The ratio of total electric field to an individual electric field is given by,

oy
smn--

Brl 2

EO oo A
sin 5

Equating ratio of magnitudes of the fields to zero,

—

Ep ) sinn -

Eo sinyz-

N ; so\g
sin n-i =0; but sm-i #0 (12

The condition of minima is given by,

Hence we can write,
: v
sinn= =0
2

ie. n—qzi = sin"(O) =+mun wherem=1, 2, 3,

Now y = Bdcosé = -%:'—t(d)cosd)
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2
%(-{-‘d]cowmm =tmn
ie. %écosqrmh =+m ‘
. A
$min = cOS ‘(1%] . (13)

where, n= number of elements in the array d= spacing

between elements in meter
A= wavelength in meter
m= constant=1, 2, 3....
Thus equation (13) gives direction of nulls

4. Side Lobes Maxima

The directions of the subsidary maxima or side lobes maxima can be obtained
if in equation (8),

] ! = *
sm(n 2) +1

—7—1 ?I """" ..(14)

Hence sin(nv/2), is not considered. Because if nu/2=1/2 then Sin nv/2 =1
which is the direction of principle maxima.

Hence we can skip sin nv/2 = +1/2 value Thus, we get

.............

Now W

Bdcosp = (%]dco%

Now equation for v can be written as,

2; % i
%dcosd) :t2 g on

cos ¢

Il
|
[r——
I+
-—
I"BJ
-+
—

..-(15)
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The equation (15) represents directions of subsidary maxima or side lobes maxima.

5. Beamwidth of Major Lobe

Beamwidth is defined as the angle between first nulls. Alternatively beamwidth
is the angle equal to twice the angle between first null and the major lobe

maximum direction. Hence beamwidth between first nulls is given by,

BWFN =2 x vy, where y=90-¢ ...(16)
But Gmin = cos"[tﬂ), wherem =1, 2, 3,......
nd
Also W= pin =7 1. 90~y =0,
90~y = cos"(tﬂ\g
Hence nd )

Taking cosine of angle on both sides, we get

'+_m_l)
. nd
mh

siny = im ...(17)

.
cos(90-v) = cos{cos"

If v is very small, then sin y = y. Substituting n above equation we get,

m.
= t—— ...(18
Y =5 (18)

For first null i.e. m=1,

2
BWEFN =2y = —
nd

But nd~ (n-1)d if n is very large. This L= (nd) indicates total length of the array.

L (}_\ ik ..(19)
)
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BWEFN in degree is written as,

11464 1146
BWFN = S A degrees
A
Now HPBW is given by,
HPBW = BWEN =—1— rad

6. Directivity

The directivity in case of broadside array is defined as,

G = Maximum radiation intensity _ U, - Una
Koy Average radiation intensity Wien U,
where, U0 is average radiation intensity which is given by,
P 1 2 =
T ot ad 3 2 o
Up = — _;j [ [E®,6)" sin6 dod¢

T a=00-0
From the expression of ratio of magnitudes we can write,

|Ex | _
lElji-n

|Ex| = n|Eg|

or

For the normalized condition let us assume EQO = 1, then

[Exl = n |

Department of ECE
...(20)
.(21)
...(22)
+.(23)
(24)

Thus field from array is maximum in any direction © when v = 0. Hence

normalized field pattern is given by,

|_Ex |_ MEdl _

1
ENormalized = e nE,l n
| max
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Hence the field is given by,

ENormnh'/.:d e T .--(25)

where v = Bdcosv

Equation (23) indicated array factor, hence we can write electric field due to n

array as
r sé: ]
|| sin np d:o. ¢!
E = —| ——=%—
n!  pdcosd
L sin =

Assuming d is very small as compared to length of an array,

g Bd:os¢ - Bdc’osnb. ‘

- -

Then,
r
a2t
Bid ale—————s
n|  Bdcosé (26)
sm 3
Substituting value of E in equation (24) we get
npdcosé 1
1 T T sinTm
Uy = — ——= | sin® d6d¢
gty )
2
B dcoss |
ix = | sin—=[fdcos
= [ dp- | |2 sin0 do
4m n
CEL =0 -Z-ﬂdms¢
- Lz | [#02] sing do 27
= = AR .,‘fn 5 sin 27

Let
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z = -'-;-[!d cos 0 ‘

dz = -%Bd sin HdO

dz

n
5 d

sinB de

1

Also when 0 7, % =-%|3d, and
n
when 8 = 0, z=+-pd

Rewritting above equation we get,

I:sin ZT . de
n
_ipd

-5 hd 2

1 5 Isinz]
U = - | [55]

2

For large array, n is large hence npd is also very large (assuming tending to

infinity). Hence rewriting above equation.
1 ¢ [sinz)?
Uo = _n_l}d J: [T} dz

Interchanging limits of integration, we get

1 ¢ sinz2
UO = +;\-—ﬂa-‘[‘:['——'z } dz

By integration formula,

j? [si;z]zdz i

-

Using above property in above equation we can write,

S S 3
Up = qlil= = .28)

From equation (23), the directivity is given by,

13 | EC8701 Antennas and Microwave Engineering



Rohini College of Engineering & Technology Department of ECE

U
G et = max
D U 3

But Umax =1 at v = 90° and substituting value of U0 from equation (28), we get,

1 nfid
Gl)max ~ ?{

T

nf

...(29)

P

But pB= 2m/A

Hence

The total length of the array is given by, L = (n - 1) d =~ nd, if n is very large. Hence the

directivity can be expressed in terms of the total length of the array as,

G omax = 2(}&)

v

Array of n Elements with Equal Spacing and Currents Equal in Magnitude but with

Progressive Phase Shift - End Fire Array

Consider n number of identical radiators supplied with equal current which are not in
phase as shown in the Fig. 11. Assume that there is progressive phase lag of Rd

radians in each radiator.
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,‘O
Y

Fig.11 End fire array

Consider that the current supplied to first element A0 be 10. Then the current supplied
to Al is given by,
L =1, .e-jﬂd‘

Similarly the current supplied to A2 is given by,

-

I, = L-em# <[], -e"“d] e W =], .o~ PM
Thus the current supplied to last element is

s = Tper o |

The electric field produced at point P, due to A0 is given by,

m

0 = -
! 4 ntwe, Ty

_ IdLsin® {ipz ] o-iBro e (1)

The electric field produced at point P, due to A1l is given by,

B [ dL sin0 riﬁ}c-,ﬂr, Lo iM
: dnwe, nj

But r1 = r0 — dcosvu
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- I dL sin® [.[5: e-,u(ro—dcuso),e-lﬁd‘

4nmeg ry

4w,

B = [ldLsmO [i[:‘]c-)wg]emm.e-m
0

E, = E,-eld(cos-l) ()

Letv = Bd(cosv -1)

E, = E; el¥ - (3)
The electric field produced at point P, due to A2 is given by,
E, = E,-e?Y - (4)

Similarly electric field produced at point P, due to An-1 is given by,

En—-l - Eoe,(""” v (5)

The resultant field at point p is given by,

Er = Eg+E, +E; +..+#4E

Er = Eg+EgelY +Ege!?Y 4, +E el ¥

E; = Eg [I +el¥ +ei2"+,..+c”“"w] e (6)
— ol ¥
Er = Eu-l €
l1=gl¥
.y 1
Er _ "7 e
=T - e I w ()
Ey s'm}'i
2

Considering only magnitude we get,

Eq sin-—’l,-;i
= > ...(8)
Eo sin%

Properties of End Fire Array 1. Major lobe

For the end fire array where currents supplied to the antennas are equal in amplitude

but the phase changes progressively through array, the phase angle is given by,

v = Bd(cosv -1) ..(9)

In case of the end fire array, the condition of principle maxima is given by,
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=0i.e.

Bd(cosdp -1) =0

...(10)
i.e. cosv
1
0
i.e.v =0 ..(11)
0
Thus v = 0 indicates the direction of principle maxima.
2. Magnitude of the major lobe
The maximum radiation occurs when v= 0. Thus we can write,
g sin n % cosni’-J(n-\‘—’]
; . dvy 2 \ 2 2
| Major lobe| = lim ey e e hmo v
yw—-0| 97V Wy - v _)
| dvl™3) (=313
| Major lobe| = n ...(12)
where, n is the number of elements in the array.
3. Nulls

The ratio of total electric field to an individual electric field is given by,

Ey

Ly
simn-—
L1 2
Eg

¥
sin =

-

Equating ratio of magnitudes of the fields to zero,

Ey
Eg

—
sSmn-—
- p)

The condition of minima is given by,

sin n! =

.
> 0, but sm2 20

...(13)
Henc

€ we can write,
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. v o_
sin n 5 0
i.e. n% = sin"(O) =+tmau, wherem=1,2,3, ...

Substituting value of v from equation (9), we get,

~nfpd(cos¢ - 1)

= fmn
2

But pB= 2m/A
. —'}:d-(cos¢-l) = m ..(14)

Note that value of (cosvu-1) is always less than 1. Hence it is always negative.

Hence only considering -ve values, R.H.S., we get

“7‘3(cos¢-1) = -m
. maA
=],
i.e. cosd =3
- mA
& min = €OS ’[1—-@-] ...(15)

where, n= number of elements in the array d= spacing
between elements in meter

A= wavelength in meter
m= constant=1, 2, 3....

Thus equation (15) gives direction of nulls
Consider equation(14),

COSP i —1 = i%

Expressing term on L.H.S. in terms of halfangles, we get,

25in2£%"—“- @ i%} ...(c050—1=25in2%]‘
.2 O min = E‘_Z‘;_
sm r--r-—mz ian
: = 2si -1 + m_}“
O min sin [ an] ...{16)
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The directions of the subsidary maxima or side lobes maxima can be obtained

if in equation (8),

i’

2

-

........

n-‘;-'— = .téi, :r_’i’—r, +
2 2 2

...{17)

Hence sin(nv /2), is not considered. Because if nu/2=+mn1/2 thensinnu/2 =1

which is the direction of principle maxima.

Hence we can skip sin nv/2 = +r/2 value Thus, we get

E,)l"i = t(2m+])g, wherem =1, 2, 3,........

Putting value of v from equation (9) we get

cosé -1 " 3
——w"B‘i(c"75¢ ) & :(2m+1)lz‘

. nPd(cosd - 1) T(2m+1)rn

il

Now equation for v can be

written as,But B = 2mo/A

+(2m+1n

n [ %.Ei)d(cosb -1)

+*(2m+ 1)—L

1e. cosd —1
hEveong 2nd

I

Note that value of (cosv-1) is always less than 1. Hence it is always negative. Hence

only considering -ve values, R.H.S., we get
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cosdp -1 = -(2m+l)2:;d
s$ = 1=@m+l)s
1.0 cos (Zm + )?.nd
ie. A1 (2m + DA
= ] - —
yiom e [ 2nd

5. Beamwidth of Major Lobe

Department of ECE

..(18)

Beamwidth is defined as the angle between first nulls. Alternatively beamwidth

is the angle equal to twice the angle between first null and the major lobe

maximum direction.

From equation (16) we get,

in-1[ + [T
2sin [t an]

¢min

: ¢mm 2 ’ml
Slﬂ—-z—' = % 2nd

vminis very low

Hence sin vmin/2 ~ vmin/2

Omin _ o (MA

2nd

Fmi 2mh
bmn = % 2nd - o\ nd

..(20)

.-(19)

But nd~ (n-1)d if n is very large. This L= (nd) indicates total length of the

array. So equation (20) becomes,

szx_i 2m
L “NLF\

Omin = £

BWFN is given by,

-~

_ .. [2m
BWFN = %mm-iz;_—ul

BWFN in degree is expressed as

BWFN = 2*’1.271 x57.3 = :114.6,,% degree

For m=1,

20 | EC8701 Antennas and Microwave Engineering

...(21)

(22)




Rohini College of Engineering & Technology Department of ECE
f 2 f 2
=+2 = 2
BWEFN = + 77 rad = 114.6 77 degree ..(23)

6. Directivity

The directivity in case of endfire array is defined as,

Maximum radiation intensity U U, (23)

G = =
Dmax o : -
2 Average radiation intensity Usg U,

where, U0 is average radiation intensity which is

T
2nfid

UO =
given by, For endfire array, Umax = 1land

1 2n3d

Gl)m.u =

G Dmax =

-5
\._:/

n
=

d\
Gpmax = 4 ("— | ..(24)

A

The total length of the array is given by, L = (n - 1) d ~ nd, if n is very large. Hence the

directivity can be expressed in terms of the total length of the array as,

L
G()m.u = 4[{} (25)

Multiplication of patterns

In the previous sections we have discussed the arrays of two isotropic point sources
radiating field of constant magnitude. In this section the concept of array is extended
to non-isotropic sources. The sources identical to point source and having field
patterns of definite shape and orientation. However, it is not necessary that amplitude
of individual sources is equal. The simplest case of non-isotropic sources is when two
short dipoles are superimposed over the two isotopic point sources separated by a

finite distance. If the field pattern of each source is given by

E0=E,=EZ=E'sin6

Then the total far-field pattern at point P becomes
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E, =2E, cos(g—] = 2E' sin 6 cm[%): E;,. =sin @ cos[ ] ‘

lv]'ﬁ

-

(1)

Ey, = E(6) x cos(%]

where
2rd
w=[ 7/; COSO-)-(I]

Equation (1) shows that the field pattern of two non-isotropic point sources (short dipoles) is equal

to product of patterns of individual sources and of array of point sources. The pattern of

array of two isotropic point sources, i.e., cos v/2 is widely referred as an array factor. That is
ET= E (Due to reference source) x Array factor

This leads to the principle of pattern multiplication for the array of identical elements.

In general, the principle of pattern multiplication can he stated as follows:

The resultant field of an array of non-isotropic hut similar sources is the product of the
fields of individual source and the field of an array of isotropic point sources, each located
at the phase centre of individual source and hating the relative amplitude and phase. The
total phase is addition of the phases of the individual source and that of isotropic point

sources. The same is true for their respective patterns also.

The normalized total field (i.e., ETn), given in Eq. (1), can re-written as

E = E\(6) x Ex(6)|
where E1(0) = sin 6 = Primary pattern of array

2rd
E,(0)= cos[T cos 0 + a]
= Secondary pattern of array.

Thus the principle of pattern multiplication is a speedy method of sketching the field pattern of
complicated array. It also plays an important role in designing an array. There is no restriction
on the number of elements in an array; the method is valid to any number of identical elements
which need not have identical magnitudes, phase and spacing between then). However, the
array factor varies with the number of elements and their arrangement, relative
magnitudes, relative phases and element spacing. The array of elements having

identical amplitudes, phases and spacing provides a simple array
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factor. The array factor does not depend on the directional characteristic of the array

elements; hence it can be formulated by using pattern multiplication techniques. The
proper selection of the individual radiating element and their excitation are also
important for the performance of array. Once the array factor is derived using the point-

source array, the total field of the actual array can be obtained using Eq. (2).
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