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Limit of a function
Definition:
Suppose f(x) is defined when x is near the number a, Then we write)lciig flx) =

L and say the limit of f(x), as x approaches a, equals L.
The above definition says that the value of f(x) approach as x approaches a. In other
words, the value of f(x) tend to get closer and closer to L as x gets closer and closer to a

from either side of a but x # a. The alternate notation for lim f(x) = Lis f(x) > Las x —
x—-a

a.

One-sided Limits:
Left-hand limit of f(x):

Suppose f(x) is defined when x is near the number from left hand side of a, Then we

write lim f(x) = L and say the left-hand limit of f(x), as x approaches a.
xX—a

Right-hand limit of f(x):
Suppose f(x) is defined when x.is near the number from right hand side of a, Then

we write lim_f(x) = L and say the right-hand limit of f(x), as x approaches a.

xX—a
Definition:

Suppose f (x) is defined when x is near the number a. Then we write lim f(x) = L if

x—a
and only if lim f(x) = Land lim+f(x) ..
xX—>a x—a

Infinite Limits:

Suppose f(x) is defined on both sides of ‘a’ except possibly at‘a’ itself. Then

(i) lim f(x) = oo means that the value of f(x), can be made arbitrarily large by taking x to
x—a

be sufficiently close to ‘a’ but not equal to a.

(ii)lim f (x) = —oo means that the value of f(x), can be made arbitrarily large negative by
xX—a

taking x to be sufficiently close to ‘a’ but not equal to a.
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Example:

Evaluate linzl x2—x+2
X—

Solution:
Let f(x) =x%2—x+2
X f(x) X f(x)
1.9 3.71 2.1 4.31
1.99 3.9701 2.01 4.0301
1.999 3.997001 2.001 4.003001
1.9999 3.99970001 2.0001 4.00030001
X<2 X>2

From the table, lirr% x2—x+2=4
X—

Example:
- . x%-1
Find the value of lim ——
x—>1 x—1
Solution:
_ x2-1 _(x+1)(x-1)
f(X) T ox-1 (x—1)
=x+1Lx+1
X f(x) X f(x)
0.9 1.9 1.1 2.1
0.99 1.99 1.01 2.01
0.999 1.999 1.001 2.001
x <1 x>1

We can say f(x) approaches the limit 2 as x approaches 1.

T S
xl—rg x—1 B
Example:

Investigatelim sin =
x-0 X

Solution:
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Let f(x) = sing

X 1 13 01 1/2 14 0.01

fx) 00 0 0 0 O
Our guess lim sin= = 0 is wrong.

x—0 X
o f (%) = sinnm = 0 for any integer n.
o f (i) = 0 which is not possible.

~ The limit does not exists.

Example:
Use a table of values to estimate the value of the limit lin(} J’? 2
X
Solution:
Let f(x) = lim X222
x—0 X
X f(x) X (x)
-1 0.2679 1 0.2361
-0.5 0.2583 0.5 0.2426
-0.1 0.2516 0.1 0.2485
-0.05 0.2508 0.05 0.2492
-0.01 0.2502 0.01 0.2498
-0.001 0.25 0.001 0.25
Vx+4 —2 1
limx— = 025 =—
x—-0 X 4
Example:

Evaluate the limit and justify each step for the following:
(i) liml(x4 —3x)(x% + 5x + 3)
xX—>=—

x342x%2-1

(") xl—iElz 5-3x

(iii) lim vu*+3u+6
u—->-2

Solution:
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(i) lim (x* — 3x)(x% 4+ 5x + 3) = lim (x* — 3x) lim (x? + 5x + 3)
x—--1 x—--1 x—--1

=[limx* — 3 lim x]x[ lim x? + 5 lim x + lim 3]
x—>-1 x—-—1

xo—1 x—--1 x—--1
= [(=D* = 3(-DI[(-1*+ 5(-1) + 3]
=4(-1) = —4
L x%42x?o1 xllrgz(x3+2x2—1)
(") xlirzlz 5-3x xll@2(5—3x)

(=22 +2(-2)%-1

5-3(-2)
_ —8+8-1 _ -1
5+6 11

(iii) lim Vi# + 3u+ 6 = \[ lim (u* + 3u + 6)
u—--—2 u—»>=2

=(-2)*+3(-2)+6
=V16-6+6 =16 = 4

Example:
2_
Evaluate lim Bth)"-9
h-0
Solution:
2 2__
lim (B+h)2-9 _ lim 9+6h+h?-9
h—-0 h h—0 h
— i NG+
h—0 h
=lim 6+ h=6
h—-0
Example:

. x2+5x+4
Evaluate lim =
x> —4 x“+3x—4

Solution:

M x245x+4 4. (x+1)(x+4)
x> —4X2+3%—4  x— —4 (x—1)(x+4)

_ x+1
h x—>—4E

_ —4+1 _ -3 3
T _4-1 -5 5

Example:

x4

x3-1

Evaluate the limit if it exists lin}
X—

Solution:

lim x*-1 lim (x—l)(x3+x2+x+1)
x> 1x3-1  x51 @=1(x24+x+1)
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— lim (x3+x%+x+1)

x>1 (x2+x+1)

_ 1+141+1 4

1+1+1 3
Example:
. VItt-Vi-t
Evaluate lim “*——¢
t—0 t
Solution:
llm Vi+t—vV1-t _ hm Vi+t—V1-t X V1+t+V/1-t
t>0 t T 50 t Vitt+Vi-t

_ i VT (1D
R e

= lim 1+t—(1-t)
t—0 t(vVItt+vi=t)
F 2t
= llm——
t—0 t(VI+t+y/i=t)
_ 2
T J1¥0+yi=0
2
==-=1
2
Example:
1,1
Evaluate lim +=*
x->—44+x
Solution:
1.1 X+4
le Z X — 4X
x—>—4 4+x x—>—4 4+x
" 1 1
= lim = =—
Xo>—4 4x -16
Example:
TP . . 2_x+6
Evaluate the limit if it exists lim =————
x—>2 Xx-2
Solution:
lih xZ-x+6 8 _ P
x> 2 X—2 - 0 -

So the limit does not exists.

Example:

2_
Evaluate the limit if it exists lim ——2% _
x— -1 (x—4)(x+1)

Solution:

lim xZ-4x . x(x—4)
x> —1 (x—4)(x+1) - x— —1 (x—4)(x+1)

Am 2D
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= — =00
0
=~ The limit does not exists.
Example:
Prove that lim|x|=0
x—0
Solution:
x, x=0
=@ ={_7 12,
lim x| =limx = 0 for|x| =x, x>0
x—0t x—-0t
llm |x|] = lim(—x) = 0 for|x|=—x, x <0
-0~ x—>07
o lim |x] =0 = lim |x|
x-0% x-0~
lim|x| =0
x—0
Example:

Prove that lin(}% does not exist.
X—
Solution:
Let £(x) = U
. R P ] I X\ _ s
Jim G i, 1S i, (= i @)

. D N -
I R T T -

Tim (o) # Tim /()

~ lim Idoes not exist.

x—)
Example:
Letg(x) = —does llm g(x) exist?
Solution:
x%+x—6
Jim g(x) = lim = =
= lim (x—=2)(x+3)
x-2- —(x-2)
= lim —(x+3)
xX—27
=—2+3)= -
i x%+x—6
llm glx) = im, ==
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- lim (x=2)(x+3)
x-2t  (x-2)

= lim (2+3)
xX—-27
=5
g0 # i ()
}CI_I)IZI g(x)does not exist.
Example:

Find the limit if it exist lim (l E i)
x—>0" \Xx

x—0 X |x| x—0 X X

= lim ()

2

0

-~ Limit does not-exist.

Squeeze theorem (or) Sandwich theorem (or) Pinching theorem:

Statement:

If f(x) < g(x) < h(x) when x is near a (except possibly at a) and

lim f(x) =lim h(x) = Lthen lim g(x) =L
x-a x-a x-a

AY

~

> X

o
Q

ie , If g(X) is squeezed in between h(x) and f(x) which have the same limit L then g(x) also

forced to have the same limit L.

Example:
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. , 1
Show that lim x%?sin- = 0
x—0 x
Solution:
. .1 . . .1
lim x2sin- = lim x2limsin =
x-0 X x—0 x—-0 X
. .1 .
Here limsin — does not exists.
x—-0 X
~ By applying x — 0 Squeeze theorem,
.1
—-1<sin-<1
X
.1
—x? < sin- < x2
lim(—x?2) = 0 and lim(x?) = 0
x—0 x—-0

By Squeeze theorem, lil’gl xzsini =0
X—

Example:
Find lim 222
6-0
Solution:
] = sin 6
6-0 6 1 el—r% Ocosh
U sing 1
. g_r% ( 0 'cose)
o sin 6 . 1
b g—llr(l) ( ] ) : }911% (cose)
=11 =1
Example:
Find lim 1252°*
0-0 X
Solution:
_ 2sin? (>
lim 12695% = qim sin®(3)
6-0 X 0-0 X
i SR ty2)
0-0 (g) (x/2)
. 2
~ lim <smx(z)> X (f)
-0\ () 2
= 11m< mx(Z)) X lim (—)
0-0 (E) 0-0 \2
=1x0=0
Example:
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- . 1+cos 2x
Find lxllrgl wz?
Solution:
li 1+cos 2x __ li 2cos?x
xl_I)I% (m-2x)2 x_,g (m—2x)2
— lim 2 sin(g—x)
e
2
_ 1 sin(g—x)
)
=1 [ 210 <
(2o | )
Example:
A . sinz(f)
Find !Cl_l)'l;)l73—
Solution:
e )
lim = = lim Z=9% ()
2(%
= lim Smx (23)X(32)
N
. 2
= lim Sm(g) xlim (l)
x—0 (g) x—0 \9
= 1x %: %
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