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5.2 LINEAR SYSTEMS WITH RANDOM INPUTS
When the input to a continuous time linear system y(t) = f[ X(t)] is a random
process {X(t)} , then the output will also a random process {Y(t)}.
(i.e)., Y(t) = f[X(1)]
For a linear time invariant system, we can express Y(t) as
Y =["_ h@X(t —wdu.
Thus the system f accepts the random processes {x(t)} as input, yields the output

random process {Y(t)}.

AUTO CORRELATION AND CROSS CORRELATION FUNCTIONS OF

INPUT AND OUTPUT

1. If the input of a time invariant stable linear system is a WSS process,

then prove that the output is also a WSS process.

Sol:

Given input [X(t)] is WSS

~ E[X(t)] is a constant = uy and

Ryx(t4, t;) = function of ¢

Let [Y(t)] be the output . To prove [Y(t)] to be a WSS process, we have to
prove
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1) E[Y(t)] = constant

2) Ryy(tq,t,) = function of T

Since the system is stable , [* h(w) < oo
WKT., Y(©) = [°_ h(w)X(t — w)du
1) EIY®] = E[J_,, h@X(t = wydu] = [7 RE[X (t — w)]du
= [ h@@pxdu=py [ h(u) < o -+ the system is stable

~ E[Y(t)] = constant

2) Ryy(ty,t2) = E[Y(t1)Y(t2)]
=E[f_, hw)X(t, —wdu [ hX(t, — u)du]
=E[f", h(u)X(t; —w)duy [ h(uz)X(t; — uz)duy]
=E[f [0 h(u)h)[X(t;, — uy) X(t; — up)]duy duy]

(00] (00

™ Mg f_oo h(u)h(u)E[X(t; —uq) X(E; — uy)]duqdu,
= ffooo f_oooo h(uq)h(uz)Rxx(t1 — uq, t; — uy)]duydu,
= ffooo f_oooo h(ui)h(uz)Rxx(t1 —uy — t; + up)]du du,

= f_oooo f_oooo h(ui)h(uz)Rxx(t1 — tz — uq + uy)]dusdu,

Ryy (t1,t2) = f_oooo f_oooo h(u)h(uy)Ryx(t — uy + uy)]du,du,
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Which is a function of t.

Since the conditions (1) and (2) of WSS are satisfied, [Y(t)] is a WSS

process.

Note:

The convolution of two functions f(t) and g(t) is defined as
f))*g) = J=,, fWg(t —wdu = [" f(t~uw)gWdu

fiy*ot) = [ ft+wgwdu=["_ fgt +w)du

2. State and prove the fundamental theorem of power spectrum.
(or)
State and prove the relation between PSD of input and output
(or)
Prove that Syy(®) = Sxx(w)|H(w)|?
(or)
If [X(t)] is WSS process and if Y(t) = ffooo h(uw)X(t — u)du then prove
that (i) Rxy(t) = Rxx(7)* h(-7)
(i) Ryy(7) = Rxy (7)™ h(7)
(i) Sxy(w) = Sxx(w)H*(w)

(iv) Syy (@) = |H(w)|*Sxx(w)
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Sol:

We know that
YO =" h@X(t-wdu ... (1)
(i) Multiplying X(t+) on both sides in (1) , we get
X(t+o)Y(®) =/, h@X(t + )X (t — u)du
EIX(t+0)Y®)] =/ hWE[X(t + D)X (t — w)]du
= [T h@Rxx(t + 1, t —u)ldu
= [ h@WRxx(t+T—t+u)ldu
Ryy (D)= [, h(@)Ryx(r + u)]du

Ryy(T) =Ryx(D)*h(-t) ... ... (2)

i) Multiplying Y (t—7) on both sides in (1), we get
YO)Y(t-7)=[". h@)X(t —w)Y(t — 7)du
ELlYQ)Y(t—2)] =f" hW)E[X(t — WY (t — 7)]du
= [* h@WRxy(t —u,t — T)]du
= [* h@WRxy(t —u—t+1)]du
Ryy (0= [, h(W)Ryy (t — u)]du

Ryy(T) = Ryy(D)*h(z) ... ... (3)
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1ii) Take Fourier transform on (2) , we get
“ F[Rxy ()] = F[Rxx ()™ h(-7)]
Sxy (W) = F[Rxx (D)]F[ h(-7)]

Syy(w) = Syx(0)H*(w) ... 4)

iv) Take Fourier transform on (3) , we get
F[Ryy(7) ]= FIRxy (0)* h(7)]
Syy (@) = F[Rxy (D]F[ h(7)]
= Sxy (w)H(w)
= Sxx(@)H*(w)H(w)  From (4)
= Sxx(w)[H (w)|?

~Syy(w) = |H () |*Sxx (@)

3. If X(t) is a WSS process and if Y(t) = [ hw)X(t — w)du. then P.T
Ryy (%) = Ryx(0)* k(2), where k(t) = h(t)*h(-t) = [Z, hu)X(t +
u)du
Sol:
GivenY() = [°. h)X(t —w)du ... ... .. (1)

Ryy () = E[Y(t+7)Y(1)]
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=E[[°, hu)X(t +7 —up)duy [ h(u)X(t — up)du,]
=E[[°, 2, hu)h@)X(t +7 —up)X(t — up)dusduy]

[00] [00]

= f_oo h(uy )h(u))E[X(t + T —u)X(t —uy)]du,du,
= [, I h)h@a)Ryx[(t + 7 —uy), (¢ —up)]dusdu,
= [0 [0 hu)h@)Rxx[(t +T—wy) — t +uy)]du,du,
= [0 o Ru)R(u)Rex [(T = (uy = up))]dusdu,

Ut V = uy — Uy Uy =Uy + viduy=dv
= [, hQug) 7, hu)Ryx[(r = (uy — uz))]duy du,
= Lo hu) [°., h(up + V)Ryx[(z — (v))]dvdu,
=" h(up) h(uy + v)duy]Rxx (r — v)dv
= [_oy k(W)Rxx(z = v)dv

v k() = h@*h(-t) = [ hw)X(t + w)du

Ryy (7) = Rxx()* k()
Note
The following example is another method of proving fundamental theorem

on the power spectrum.
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4. State and prove Fundamental theorem on the power spectrum of the
input of a linear system.

Statement:

The relation between the PSDs for the input and output process is

Syy(w) = |H((U)|25XX(‘U)
Proof:

Let X(t) be the input and Y(t) be the output.
YO =/ h(u)X(t —uy)dy
Y(t+r) =/ hu)X(t + T — up)du,
Y(tOY®) = [0 [ hu)h)X(t + 1 — u)X(t — wy)duydu,
Ryy (7) = E[Y(t+7)Y(1)]
=E[[°. [T hu)h)X(t + 17— u)X(t — uy)dusdu,]
=" [T hu)h@)E[X(t + T — up)X(t — uy)]duydu,
= [0 [0 h@u)h@)Ryx[(t +T—up — t +uy)]duydu,
Ryy@ = [ [ hu)h(u)Ryx(t + uy —up)dwgduy e e o (1)
The PSD of output is given by
Syy(@) = [2, Ryy(D)e™"%dr
=" 7 7 h(u)h(uy)Rex (7 + uy — up)e T du; duydr

From (1)
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=J 0 oo Joo hu)h(up)Ryx (v)e™ 0™t du, du, dy

= f—oooo f—oooo f—oooo h(uy)h(uy)Ryx (v)e @Vel@Uie i@l gy, du,dv
= f_oooo h(ul)eiwuldu1 fjooo h(uz)e—iwuZduz f_oooo RXX(v)e—ia)vdv
= f_oooo h(t)eiwtldt f_oooo h(t)e_iwtdt f_oooo RXX(T)e—ia)rdT

= FIh(®1*F[h(®)]Sxx (w)

= H*(w)H(w)Sxx(w)

= H(w)H*(w)Sxx ()

Syy(w) = |H((U)|25XX(CU)

5. For a linear time- invariant system with a WSS process [X(t)] is the

input ,show that the mean value of the output is given by uy =

pxH(0)

Given input [X(t)] is a WSS process
~ E[X(t)] = constant = uy

By the definition of Y (t),

YO =" h@X(t - wdu
uy=E[Y(0)]

=E[[" hu)X(t — u)du]
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=7 hWE[X(t —w)]du
= 2., h@uydu
wy=py [ h@du (1)
We know that
H(w) = F[ h(¢)]
= [ h(t)e @tdt
Taking w =0, we get
H() = [ h(t)dt ~Replace t by u
=" Gy [[8 Y S (2)
Substitute (2) in (1) we get

ty = uxH(0)

6. Consider a linear time invariant system with impulse response
h(t) = 4e%tu(t) and suppose that a WSS random process [X(t)]
with mean uy = 2 is used as input of the system. Find the mean

value of the output of the system.

Given uy = 2, h(t) = 4e2tu(t)
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ht)={ 4e 2 t>0

0 t<0

H(w) = F[h(t)] = J__ h(t)e~@tdt

— (7D -2t —iwt g4 = 9 © p,-2t,—iwt
=J_, 4e u(t)e " dt= [ _0dt+ [~ 4e *fe”'“tdt

4 [® o—QHiw)t gy — g4 [EEHO"
4f0 e dt=4 TRl
3 1
=410 —(2+iw)]
4
H(O)) - 2+iw

It follows that H(0) = — = 2

2+0
The mean value of the output system is given by
Hy = uxH(0)=2 %2

py=4

7. Consider a linear system with impulse h(t) = 4e tcos2tu(t).
Suppose that a WSS process [X(t)] with uy = 3 is used to the input

system. Find the mean value of the output system.

Sol:
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Given that h(t) = 4e~t cos2t u(t)

H(w) = F[ h(t)]
=" h(t)e tdt
= f_oooo 4e~t cos2t u(t)e ttdt

H(w) = f_ooo 0 dt + fooo 4et cos2t e~ ttdt

=4 fooo e~ (IHiDtro52t dt

_ 4(l+iw)
(1+iw)%+4

— &
H(w) ==
The mean value of the output is uy = uxH(0)

4 12
=3 %x—-=—
5 5

= The mean value of the output is = 1—52

PROBLEMS UNDER RELATIONSHIP BETWEEN PSD’S OF INPUT AND

OUTPUT

Syy(w) = |H((U)|25XX((U)

The following are some important formulae which are useful in this section
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a -
aZ+p2 "’

a
a2+p?

®©  _—at _ ©  —at; —
Jo e cosbtdt = J, e “sinbtdt =

0 eiw‘r _ T —a|‘l'| 0 eiw‘r _ T —a|T|
. —zdw=-e o @rrat dw = —(1+alt)e

1. Consider a while Gaussian noise of zero mean with PSD = % IS

applied to a low pass RC filter whose transfer function is H(f) = mﬂnd

the auto correlation function of output random process.

Sol.
. . _ No . - Ll w
Given: SXX(('U)_ ? ) H(f) _1+i27TfRC'
] H( ) _ 1 cw= 2
@) = T ieRe R
I 1 : 2 1
IH ()| = 1rora ™ Toommzer (@)= e

The relationship between the PSD’s of the input and output is given by
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N 1
Syy (@) = [H(@)|*Sxx (@) = s

The ACF of the output is given by

1 (oo -
Ryy(7) = Ef_oo Syy(w)e' T dw

Lo Nt iwrgy,
2w Y= 2 1+w?2R3%(C?
_NO foo NO eiwr da)
- - 1
AT =® 2 R2C3(wPtpzsz)

_ NO foo NO ei(l)‘L’ d
T mrzct w0 3 (wiey &Y
R2(2

N T =
= * eRcl‘rI
4TR?%C? —
RC

-1
I

N, =%
Ryy (7)= ﬁ G A

2. The input to the RC filter is a white noise process with

autocorrelation function Ryyx(7)= %6(1), frequency response is H(w) =

Find the auto correlation and mean square value of the output

1+iwRC

process.

Sol.

Given Ry (t)= ~28(1)
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The PSD of the input is given by
Sxx(@)=["., Ryx(t)e™Tdr
—(*® No —iwT
= —8()e™Tdr
= %ffooo §(t)e”rdr
No
=)

N
Sxx(w)= 70

1

Also given that H(w) =

1+iwRC
3 3 1
1H(w)| = [1+iwRC| ~ Vi+w2R2C2
5 1
1H (@)= 1+w2R2C?2

The relationship between the PSD’s of the input and output is given by

1 Ny

Syy (@) = |H(0)*Sxx(w) = Tr e Reee s

The ACF output is given by
1 (o0 i
Ryy(7) = gf_oo Syy(w)e* " dw

Ny

iwt
— —e'’dw
f—oo 1+w2RZCZ 2

NO [o's) NO e LwT

dw

Cand-o 2 RZCZ(a)2+R262)

_ NO [o's) NO eiw‘r d
_411:R262f w

© 2 (Wt—)
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N -1
= - eRCITI
4TTR2C? —
RC
N ‘_1|T|
R )= —2 eRc
YY( ) 4RC

_ No
4RC

Mean square value of output = E[Y?2(t)]

3. Consider a linear system as shown in the figure , where [X(t)] is the

1
3+iw

output of the system. The ACF of the input is Ryx(t)=28(t) and H(w) =

Find the following 1)The power spectral density of [Y(t)] ii)The auto
correlation of [Y(t)] iii) The average power of the output [Y(t)].
Sol:
i) Tofind S, (w):
Given Ryx(t)=26(7)
The PSD of the output is given by
Sx(@)=],, Rxx(v)e™"*dr
=" 28(v)e"mdr
=2 [* §(r)e ™ dr

=2x1
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Sxx(w)=2

We have H(w) =

3+iw
|H (w )|_|3+lw|
_ 1
=~ Vrer
2
|H (@)= =

The relation between the PSD’s of input and output is given by

1
Syy(w) = |H(@)|*Sxx (w) SR 2

Syy(w) = 9+w2

i) To find Ryy (1)

The ACF of the output is given by
1 po0 :
Ryy(7) = gf_oo Syy(w)e* " dw

lO)wa

_I—OO 9+ou2

L(L)‘L'

__f oo 32+0)2

1 T _
= —x=e 3l
T 3
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1 _
Ryy (T)zg e =3I

iif) Average power of the output = Ryy(0) =§

~ Average power of the output = :

4. Consider a circuit with input voltage {X(t)} and output voltage Y (t).

If {X(t)} is a stationary process with mean zero and auto correlation

function Ryx(7)=3e~2/"land if the system transfer function is H(w) =

ﬁ; find the following . (a) The mean of Y(t). (b) The input power

spectral density function Syy(w) (¢) The output power spectral
density function Syy(w) (d) The ACF of the output.
Sol:
a)To find uy:
Given ux= 0.
The mean of {Y(t)} is given by
ty = uxH(0) =0

~py =0

b)To find Sxx(w):
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Given that Ry (t)=3e~2/"!

The PSD of the input is given by
Sxx(w)= fjooo Ryx(T)e™"7dt
=[" 3e2ltle-ivtgy
=3[ e 2ll[cos wr —isin wr]dr
=3[f". e coswrdr—i [ e~ sin wrdr]
=3[2 [". e cos wrdr —i 0]

o —
=6/ e *"cos wt dt
— 00

12
4+ w2

¢) Tofind Syy(w):
The relationship between the PSD’s of the input and output is given by

Syy ()= |H(w) |25XX((U)

1
1+iw

H(w) =

-
|H(w)|_ Vi+w?2
1
1+w?

|H(w)|?=

1 12 _ 12
1+w? 4+w?2  (1+w?)(4+w?)

“Syy(w) =
d) To find Ryy (7):

The ACF of the output is given by
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1 (oo -
Ryy(7)= Ef_oo Syy(w)e' T dw

—_ e iwr
21 f— (1+w2)(4+w2) dw

1
4+w?2

_f—oo 4—1 1+w2 B Je dw

)eiw‘rdw

— f 1
T omd- 1+w2 4+w?2
eiw‘r

_ 2 fo's) elo)T
T [f—oo 1+w2

_004
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5. If {X(t)} is the input voltage to a circuit and {Y(t)} is the output

voltage, {X(t)} is a stationary random process with ux= 0 and

Ryx ()= e %" Find uy, Syy(w), Ryy(7),if the power transfer

function is H(w) = R::Lw
Sol.
1) To find py:
Given ux=0

The mean of {Y(t)} is given by
ty=uxH(0) = 0 xH(0)

~py=0
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ii) Given Ryyx(7)=e Il
The PSD of the input is given by
Sxx(w)=[_, R (D)e™“Tdr
:f_‘”oo o~ alTl p—iwT g o

=" e~l(cos wr — isin wr)dr
—

—alt|

w —_— - w -
=[ e @tlcos wr dr — i [ e Sin wtdt
— 00 — 00

m —_—
=2[, e coswrdr

2
a?+w?

Sxx (W)=

iii) To find Syy (@):

Given H(w) = —
R+iLw
ry oc

()=
o R’
1H(w)|"= RZ+12w2

The relation between PSD’s of input and output is given by

Syy(w) = |H(w)|25XX((U)

R? . 2a
R2+1%2w? aZ+w?

Syy(w) =
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Iv) Tofind Ryy(7)
The ACF of the Output is given by
Ryy (D) = 572, Syv (@) dw

_1 foo 2aR?
2w V=0 (a?+w?)(R?+L?w?)

el(t)Tda)

aR? foo 1

iwt
T Y=o [ 2. avi2RE 5 £ dw
(a®+w?)L (L—2+a) )

_ aR? foo el ®Tdw

2 J_ R2
LT TR (@2 +w?) (7 w?)

_ aR? foo 1

iwt
L2 Y= 5 o\ RE e dw
(a“+w )(L—2+a) )

_ aR? foo 1 1

0 ‘24?2 %4_
L

)eiwrdw

RZ
L2 (L—Z—az) w?

aR? o e®Tdy oo e@WTdw
— 1 N

R —00 @242 J—oo0 R2
”LZ(L_Z_O—’Z) a“+w L_2+w2
ar? T _—alt] —I|
2R2_ 5 (ae et )
LA (7 a%) I
aR? T T Zr
2(R%_ _o\\a o R et | l)
L (L—Z—a )
aR? e—altl L __R|T|
— ( _ =
Ryy (7)= R2 \ e )
LZ(L_Z_‘XZ) a
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6. A linear system is described by the impulse response h(t)

1
=2 ercu(t). Assume an input process whose ACF is Ad(t). Find the

" RC

mean and ACF of the output process.

Sol,
i) To find H(w)
Given h(t) = = ercu(®);
H(w) = F[h(1)]

= h(t)e~“tdt

0 i ;
=[* L ercu(t)e i @tdt
— RC

0 B ANSE -
=J_,, 0dt+ [/ —erc(1)e Lt gt

1 RC )
RC “1+iwRC

1
1+iwRC

H(w) =
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1

IH ()= e

1
1+w?R2(C2

|H(w)|*=

i) To find Syx(w)
Given R (1)=A4(1)
The PSD of the input is given by
Sxx(@) = [~ R(v)e™ " dr
=" A8(m)e “Tdr
=A[" S()e¥tdr

=A(1) =4

iii) To find Ryy(7)
The relation between PSD’s of input and output is given by

Syy(w) = |H((U)|25XX((1))

_  1xA _ A
- - 1
1+w?R?C? R2C? (W% +057)

The ACF of the output is given by

1 (o 3 1 ,oo A 3
Ryy(7)= ;f_oo Syy(w)e* T dw =gf_oo RC (i) e'“Tdw
R4C

eiwr
—dw
R2c2)

___ A f°°
2MR2C? 7= (@2+
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__ A m
“omrecz L €€
RC
R A —|T|
—_— ——¢@ RC
yy(T)= 2RC S
iv) To find uy

The mean value of the output is

=zl
/ llmRyy(T) \/llm - EEC = uy =0

7. Consider a system with transfer function ﬁ An input signal with

auto correlation function md(t) + m? is fed as input to the system.
Find the mean-square value of the input.

Sol:
Given R(t) = mé& () + m?
S(@)=J". R(x)e”Tdr

= (m8(r) + m?) e~ dr

=mf" §()e @Tdr+m? [ e iTdr
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= m(1)+ m?2nd(o)

S(w)=m + 2nm?2§(w)

1
1+jw

1

V1% +w?

Given H(w) = = |[|[H(w) |=

INI COLLEGE OF ENGINEERING AND TECHNOLOGY

The relationship between the PSD’s of the input and output is given by

Syy (®) = |H(w)|25YY((D)

o
1+w?

[m + 2nm?2§(w)]

1 poo i
Ryy(7) = P f_oo Syy(w) € dw

(m + 2tm?8(w))
1+w?

_1 o
_an—oo

el(x)wa
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m | 2mm?§(w)

1 € it
— T e d(l)

21 f—OO[1+a)2 1+w? ]

1 [o's) ei(OT 1 [o's) ei(DTS(w)
=Lm/ do + —2mm? [ Wy,

2w Y0 14+w? 2T —00  1+w?

m roo el®T o elT§(w)
= do +m? [ ———

21 V=0 1+ w? -0 14@?

m w0 el®T§(w
=" 1 e=Itl+ m2(1) af© S0 G

27 -0 14@?

Ryy (7) :% e~ ltl+ m?

The mean value of the output { Y(t)} is given by

Ryy(0)= % e®+m?

m
= — +m
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8. A random process {X(t)} having the autocorrelation function
Ryx(t) = Pe “"\Where P and a are constants is applied to the
input of the system with impulse response h(t) = e ?tu(t)where ‘b’ is
a constant, Find the autocorrelation of the output {Y(t)}

Sol.
1)To find Syx(w)

Given Ryx(7) = Pe @l

The PSD of the input is given by
Sxx(@)= [ ., Rxx(D)e "% dr

=[" Pe-@ltle=iwtgy

=" Pe~®I[cos wt — i sin wr]dT

=[" Pe ®lcos wrdr—i[ Pe " sinwrdr

= P[2 fooo e “coswtdr—i(0)] =2P fooo e “"cos wt dt

2Px
a?+w?

Sxx(w)=
ii) To find H(w)
Given h(t) = e Ptu(t)
H(w) = F[h(t)]

=" h(t)e @dr
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=[" e btu(t)e @tdr

= f_Ooo 0+ fooo e bte~@t(1)dr

=f0°° e btp—iwt g.

=f0°° e~ (b+iw)t 1o

—(b+iw)t
e (b+iw) 8

" om0
il G
o) = 5
|H(w)| = =3
H(@)[? = ——

iii) To find Syy (@)

The relation between the PSD’s of input and output is given by

2P
Syy (@)= |H(w)|*Sxx (@)= (w2+a2)((:92+w2)

1 oo i
Ryy(7) = gf_oo Syy(w)e** " dw

2Pax

1 roo iwt
=— e'“’dw
2T f—oo (w?+a?)(b?+w?)

Pa o 1 ;
=-— e'“’dw
T Y= (w?2+a?)(b?+w?)
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Pa co 1 1 i
= — le***dw
m(b%2—a?) = *w2+a? w?+b?

Pa [foo eimdw_foo e“‘”dw

_n(bz—ocz) -0 @2+q? © @ +b2
__Pa T _—alt| _T bl
= [ = e~bll]
n(b%2-a?) "a b
Pa _e~@ltl bl
Ryy(7)= —
YY( ) bz_az[ a b

9. A wide sense stationary random process {X(t)} with auto correlation
function Ryx(t) = e~I*l, where 4 and a are real positive constants,

is applied to the input system with impulse response h(t) = e ?*u(t) where b
Is a real positive constant. Find the autocorrelation of the output {Y(t)} of the
system.

1) To find Syx(w) :

Sol: Given: Ryx(7) = eI

() = j Ry (D)e 9% dr
:f e |tle—iwT gy

—f e~1"l[cos wT — isin wt]dT

(0] (0]
= |7l —i —I7lgj
= f_ooe cos wtdrt lf_ooe sin wtdrt
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= [2f0°oe‘fcos wtdt — i(0)] = Zfoooe"cos wtdt

Syx(w) = m] foooe‘at cos bt dt = T 2
i) To find (w) :
Given: h(t) = e Ptu(t)
H(w) = F[h(t)] = j h(t)e '@tdt

~ .[ e Ptu(t)e 1 @tdt

0 0o fo'e}
=j 0+j e bte@t(1)dt =j e bte~iwtgy
—0 0 0

=J eCritgr y(py= {1 L0

0 t<O0
e—(b+iw)t]
g
(b +iw) :
-1
= - _ ,0
_b+iw[e =
. 1 1
(@) b+iw
H(w =
H@)| =y
5 1
H@I? =5

1) To find Syy(w) :

The relation between the PSD’s of input and output is given by
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= |H(0))|ZSXX(0))

2

- (w? + 1) (w? + b?)

2

1 ® . 1 ® .
R - iwt - iwT
vy (D) 27 f_oo S 27 j_oo (w? + 1)(w? + b?) e dw

Ryy (7)

the system function is given by H(w) =

Solution:

Given uy = 0,Ryx(7) =€

1

1 r® .
- _ iwT g
nf_oo (w? + 1) (w? + b?) ¢ @

B 1 Jw[ 1 1
a2 -1))_ lw2+1 w2+ b?

] eiwrdw

4 1 ® ST j°° e 9Tdw
a2 -1)|)_, (w2+1) ) (w?+b?)
1 T
B/ \ial —|zl _als=P(f|
m(b? —1) [ne i ]
1 e bl
y ] e_|T| =
b%z -1 b

10. Let X(t) be the input voltage to a circuit, Y (t) be the output voltage and
{X(t)} be a stationary random process with p, = 0 and Ryx(t) = e 2I*I. Find

the Mean, Auto correlation and power spectral density of the output Y (¢t) if

w+2i

—2|7|

H(w) =

w+ 2i
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(i) To find py :

Mean of Y (t) is given by uy = uxyH(0) = 0 X H(0)

Sy =0

(i) To find the power spectral density of Y (t)

The relation between PSD of input and output is given by

Syy(w) = |H((U)|25XX((U) YAm(1)
S@) = [ Rex@eTdr

[o%0) (e 0]
— j e 2ltlg-iwt g — J e_2|T|[cos WT — isin wt]dt
— 00

(0 6] [0 0]
j —2ltlcos wrdt — iJ e ?I"lsin wrdt = 2 f e~ ?I"lcos wdr — i(0)
—00 0

4
N J Tcoswrdr:2[4+w2]=4+w2

Sxx(w) = a)24+ 4
Given H(w) = LY 1
e = o2l ~ Vot r 4
H@)? = ———
4 4

1 ﬁs = X =
¢y vy (@) w2 +4 w?+4 (w?+4)>
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(iiii) To find Ryy (7) :

The ACF of output is given by Ryy(7) = if_oooosyy(w)ei“”dw

1 ® 4 .
Ryy(7) = ﬁf_w (@2 + 4—)2 e'“Tdw

2 [ eiw‘r
=g —d
nf_oo (w? + 22)2 &

iwt
e

<4 —o (0% + a?2)? dw

2 T
S —2|7|
= [2 —5 (1 +2lt)e ]

T
= Z—Cl?’(l + CllTDe_alrl
1 L
Ryy(D) = (1 + 2|z[)e 2

11. A random process {X(t)} is applied to a network with response h(t) =
te~Ptu(t), where b > 0 is a constant. The cross function of X (t) with the
output Y (t) is known to have the same i.e ACF - Ryy(7) = Te ?*u(r). Find

the ACF of the output {Y (t)}.
Sol: 1) To find (w) :

h(t) = te Ptu(t)H(w) = F[h(D)]

MAB8451-PROBABILITY AND RANDOM PROCESSES



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

=f h(t)e tdt =j te bPty(t)e ' @tdt

0 m 0
=f 0 +f te Pt(1)e gt =j te~(bFio)tgy
—00 0 0

o—(b+iw)t o~ (b+iw)t1® 1
Hw) = [tm‘ Do iw)zl T (b +iw)?
Also H*(w) = m
ii) To find Syy () :

The cross power spectrum of {X(t)} and [Y (t)] is given by

Ser(@) = FlRxy (O] = [, Ry (D)e™“"dz
= fjooore_bfu(r)e_i“”dr < [fo 0+ [ ooTe_bf(l)e_i“”dr]

(00]

= fooofe_(b““’)TdT = lr

1
Sxy(w) = b+ i)

—(b+La))t ] —(b+iw)‘r

—(b +iw) (—(b + iw))?

iii) To find Ryy ()

We know that,
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Syy(w) = H'(w)Sxy(w)

1 1 1

S h—iw)? (b +iw)?  ((b—iw)(b + iw))?
1

NCETA

The ACF of the output Y (¢t) is given by

1 .
Ryy(r) = ﬁf_ooSXY(a))e”‘”da)
1

= if s L APRER
27~ (b? + w?)?

iwt

L™ 14 bjefle-tll | Joo aate ), IR | g (r])eal
o (W? + a?)? 2a3

= 21 2b3

1
Ryy(7) = b3 [1+ b|z|]e~ I

12. Assume a random process {X(t)} is given to a system with for system

1 for |w| < wg

transfer function H(w) = {0 else

If the ACF of input is ~2&(z), find the ACF of output.

Sol: 1) Tofind Syx(w) :

Given the ACF of the input is
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No
Ryx (1) = > 6(7)

The PSD of the input is given by

Sxx(w) = f Ryx(T)e™"“Tdt
“ Ny - Ny .
=f 75(‘[)6 “‘”dr=7j 6(1)e Ut

Ny
=—(1
(1)
1 ;|w| £ wg

Given H(w) = {0 else

i) To find Ryy (7): The relation between the PSD’s of input and output is given by

Syy(w) = |H((U)|ZSXX((U)
Ny
= (1)27: || < wq

0
S Syy(w) = > lw| < w,

The ACF of the output is given by

1 ” lwt 1 o NO lwt
R,y (7) = o » Syy(w)e'“'dw = . 73 dw

21
g w
w lwr]™o
NO ° lwt NO €
= e'“"dw = —|—
i )_,, Am| it
0 _0)0
No Ny
= ——[et@ol — g=@WWor] = 2isin wyT

AmiT AmitT
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No

Ryy (1) = T

Sin woT
13. An LTI system has an impulse response h(t) = e Ftu(t). Find the output
auto correlation Ryy(t) corresponding to an input X(t)
Sol: 1) To find (w) :
Given h(t) = e Ptu(t)

H(w) = F[h(t)]
=j e Ptu(t)e i @tdt

0 o 0
f 0+ J e Pt(1)e % dt = j o (S0t ge
— 00 O — 00

o~ (B+iw)t 1%
[—(ﬁ + iw)]o

i) To find Ryy (7) :

The relation between the PSD’s of input and output is given by
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Syy(w) = |H(CU)|ZSXX((U)
msxx(w)
Ryy(1) = F~![Syy(w)] [ Sxx(w) not known]

-1 1 -1 1 o -wT
21 B XX 2 XX

(00]

Ryy(@) = [, 55¢ P Ryx(@ —u)du (Since f(8) * g(8) = [y f(wg(t -

u)du)

14. A random process X(t) having ACF Ryx(7) = Ce~*, where € and a are

real constants, applied to the input of the system with impulse response

_(Ae7™ t>0 :
h(t) = . A where 4 > 0. Find the ACF of the output response

{Y(t)} and cross correlation function Ryy (7).

Sol: i) To find H(w) :

Given

_f2e™™ t>0
A1) = { 0 t<0
H(w) = F[h(t)]

[0%) 0 (0]
= J h(t)e t@tdt = f 0+ f e Me~i@tqt
—00 —00 0
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— AJ e—/lte—iwtdt — Af e—(/1+ia))tdt
0 0

o~ (At+iw) 1% 1 1
zll—(/1+ia))lo :A[O_—(A+iw)] T+ iw

i) To find Syx(w) :

Given Ryx(7) = Ce~ 4"

Soley) = f Ryx(D)e“7dz

oo (00)

= Cf e~ dtlg-lwTgr = Cj e~ 4[cos wt — isin wr]dT
— 00 — 00
[0 0]

(0/e]
= Cj e~ Ulcos wrdt — ij e~ 4Ulsin wrdt
— 00 — 00

= ZCJ e~ 4lcos wdr — i(0) = ZCJ e~ Y cos wtdrt
0 0
2Ca
Syy(w) = PR,

iii) To find Ryy (7) :

The relation between the PSD’s of input and output is given by

A2 2Ca
A2 + w?a? + w?
1 _ 2Ca)? [ 1 1
22+ wd)(@?+w?)] a2—-212+w? a?+ w2

Syy(w) = |H(w)|ZSXX(w) =

= 2Car?

The ACF of output is given by
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R _ J S la)‘[d — J‘OO anﬂ'z 1 ] ia)‘rd
yy(T) = yy(w)e™ dw = 2|2 a)2 T2+ w2 w
CCZAZ 00 eiwr 00 eiwr
L f = j E—
m(a? —2A2)|)_,, w? + A? oo W2+ a?
2
I < g |_Ee—a|r|]
m(a? — 12) 2° a
Cal? -Alt| e—al‘rl
Ryy (D) =a2—/12[ 1« ]

IvV) To find Ryy (7) :

The cross correlation function of X(t) and Y (t) is given by

Rer() BBl {fD s j Rex Rz ) du
0 (o'e} R
A [ j ol j Ce—aluue—wwdu]

_ C/lj —At— Audu = Clj e %Uo —At —Audu

=Cle ? J e-au-Augy,
0

o e~ Atayu®

— C/le"“j e~ MUy = Cle~ A |——
- —(+a),

(0]

= C/le—’”fo [0 — ﬁ]

Cle ™
A+a

RXy(T) =
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15. A circuit has unit impulse re

Evaluate Syy(m) in terms of Sxx(m).
Sol: (i) To find H(w):

0<t<T

il
Given h(t) = {?
0 else

H(w) = F[h(1)]

=" h(te~@tdt

=foo le_twtdt — l [e—iwt]T
—ooT TL-iw lg
___1 —iwt 0 g L
T [ 3 ] T iwT [1
== [1 _ e—in] :
lwT twT

_ 1

iwT

[1 — coswT + isin wT]

wT

2

1 . wT . . wT
—_— [2 sin® — +1i 2 sin — cos
tlwT 2 2

2sinhr o O Y wT
H(w)=——"2=2| sin —+icos —]
lwT L 2 2
2sin [ . wT wT
H(w) = 2| |sin? —+ cos? —
wT 2 2
H 2 sianT
Hw) | =—

(ii) To find Syy(®):

ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

0<t<T

1
sponse gives by (&) = {?
0 else

— e—in]

e [1 — (coswT — isinwT)]
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The relation between the PSD’s of input and out put

Syv(®) = [H(w) | ? Sxx(w)

4sin22ﬂ
Syy(OJ) = T20)2 Sxx(OJ)
i
16. A circuit has unit impulse response given by h(t) = {ZC
0

Syv(®) interms of Sxx(®)

Sol: (i) To find H(w):

1
Given h(t)={2_c Itl < &
0 else

H(w) = F[h(1)]

=[" h(De tdt

-7 t &
:fs 1 it gy :i[e lw]
—£2C 2c L —iw 1_¢

_ -1
2ciw

[e~i0t + e~iot] =—[2i sin we]
2Cclw

sinwe

H(w) =

cw

(i) To find Syy():

lt] <

else

€ Evaluate

The relation between the PSD’s of input and out put

Syv(w) =[H(w) | ? Sxx(w)

4sin w
T2 w2

Syv(w) =

Sxx(®)
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17. If the input X(t)is defined as Y/(t) = %ftt_TX(s) ds , prove that X(t) and Y(t)
are related by means of convolution integral. Find the unit impulse response
of the system?

Sol:  Given Y(t) == [ . X(s) ds
= % [, X(t — w)(—duw)
= %fOTX(t —u)du= fOT%X(t —u) du

Y(@®) =/ h(wX(t —wdu = h(t) * X(t)

1
T 0<t<T
e

Where the unit impulse response of the system is h(t) = {
lse

0

t+e

18. Given that Y(t) = % [ . X(a) da, where {X(t)} is a WSS process. Prove

sin? ew

that Syy(w) = 2oz Sxx(®) . Find also the output autocorrelation function.

Sol: Given that

t+e

()= - [ X () der,

= [T°X(t - £) (—du)

2€

_ 1 (e
—;f_sX(t—e) du

Y(t)= ffsi){(t —) du .. (1)

Define
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H(t) = { 2_18 It] < ¢
0 else
Then (1) => Y(1) )= [°. h(w)X(t — ) du
We know that
H(w) = F[h(t)]
=" h(te~@tdt

y &
£ 1 _ 1 [e~ilwt
=[" —e ¥t =—[ ]
—&

—£&2¢ 2e L —iw
= [e lwt_elwt] — [elwt —e La)t]
2&lw 2&lw
1 .. sin ew
= —2I1SInew =
2€lw EW

The relationship between the PSD’s of the input and output is given by

Syv(®) =[H(w) | ? Sxx(®)

sin?w

SY\(((D) = Sxx((D)

22

sin?w

We know that Ryv(t) = F'l[SYy((D)] = F'l[ Sxx(®) ]

2?2

= F1(295) % F (Sxx(0))

2?2

in2
Rev()  =F{55)*Rw(® oo, &)
K
Let us assume that f(t) = { a || <a
0 else

Fifir)] =/, f(t)e *dr
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= f_aa (1 — %) e~y

f_aa (1 — %)(COS wTt- i SiN wt) dt

f_aa (1 |;')cos wt—i[® (1 — u)sm wT dt
{5 (29 (2) (=)

=2[0 - (T5) +2a

20)_8]
_ZSlTl [2

aw?
Put a =2 &, we get

. [we]
4sin?|—

FIf(Tiis — 4o

2ew?

_2¢ sin? [%s]

e2w?

g2w?

= f(r)= F'll—zsmz[%]]

ft)=2¢eF [ "H]

SEH

g2w?

fv)
(4) => Ryv(1) = f(t) * Ru(®)

=% = (W) Ryx(t—u) du
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[ul

=[7 - (1= 2) Ryx(t—u) du

[Tl

f(t)= { 1= 7] < 2¢
0 else

19. The relation between input{X(t) }and output {Y(t)} of the diode is
expressed as Y(t) = X2(t). Let {X(t)} be a zero mean stationary Gaussian
random process with ACF Rxx(t) = e~**l; @ > 0. Find the output auto
correlation Ryy(t) of the input.
Sol: Given Y (t) =X?(t), where X(t) is the zero mean stationary Gaussian random
process.
Rvv(t) = E[Y(t2) Y(t)] = E[X*(t) X*(t2)]
=E[(X ()X (t2))?]
= E[X*(t)] EDX*(2)]  + 2 [E[(X (t) X (£2)]1?
=Rux(0) Rux(0)* 2 [Ryx (D) 12 ool (1)
Given Rxx(t) =e Il
Rxx(0) =e® =1
(1)=> Ryy(r) = 1+2[e~*]"
= 1+2 el

The PSD of output is given by
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Svv(@) =~ Ryy(x) e"*%dt
= [T 14272t gmiwrgy
=" e7wtdr+2 [T 1+2e2 gy
=216 (w) + 2 fjooo e~22 [cos wt — i sin wt]dT
=218 (w) + 2[[°. e 2" coswrdr —i [, e 2 sin wr d1]
=218 (w) + 2[2 " e~ 24" cos w dr — i(0)]

=2n8(w) + 4 f_oooo e~2eltl cos wr dt

a
a?+b?

8«
4a?+w?

Syv(®) =216 (w) + fooo e % cos bt dt =
20. Find the auto correlation of the band limited white noise {N(t)} with PSD
given by Sun(@) = =% |@ — w| < wg;

Sol: SNN((D):%; lw — wy| < wg;

lw —wol <K wg => —wp < W —wWy <wg <wW < Wy + wg

The ACF of {N(t)} is given by

R@)=— [, Sy (@) e dw

1 wo+wg N ;
= 0 B_Oelwrdw
2T Wo—wWp 2

N wo+w ;
= =2 [TOTEE plWT g
41T "Wo—WpR

(A)0+O)B

No(eia)‘r)
4 \ it Jy-wg
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N, (ei(w0+w3)1_ei(wo—w3)r)

41 it

N, elWBTHWRT_ plwpT—iwpT

41T it

N, elWoTplWBT_plwoTplwpT

41T it

N,

. iwpT_ ,—lwRT
=20 piweT & B —e ™5

4T it

_Noe'®07 2i sinwg,

41T T
No iwnt
=—2 e sinwgT
4TI

N i . :
=4—° (coswy T + i sinw, T)sinwg T
TTT

N . Ny . .
=—> COSW, T Sinwg T + i — Sinw, T Sinwg T
2T 2t

Since ACF is real, equating the real part, we get

N .
R(t) = ﬁ COSwy T Sinwg T

_ Ny Sinwg T
=— C0SWyg T —— Wgp
21 wpT
_ Noywp sinwg T
R(7) = COSWy T ——
2t wpT
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