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RESIDUES 

 The residue of 𝑓(𝑧) at  𝑧 =  𝑧0 is the coefficient of 
1

 𝑧−𝑧0
 in the Laurent series of 𝑓(𝑧) 

about 𝑧 =  𝑧0 

Evaluation of Residues 

     (i) If  𝑧 =  𝑧0 is a pole of order one (simple pole) for 𝑓(𝑧), then 

                           [𝑅𝑒𝑠 𝑓(𝑧), 𝑧 = 𝑧0] =  lim
𝑧→𝑧0

(𝑧 − 𝑧0)  𝑓(𝑧). 

     (ii) If 𝑧 =  𝑧0 is a pole of order n for 𝑓(𝑧), then  

                            [𝑅𝑒𝑠 𝑓(𝑧), 𝑧 = 𝑧0] =  lim
𝑧→𝑧0

1

(𝑛−1)!

𝑑 𝑛−1

𝑑𝑧𝑛−1
(𝑧 − 𝑧0)𝑛  𝑓(𝑧) 

Example:  Calculate the residue of 𝒇(𝒛) =  
𝒆𝟐𝒛

(𝒛+𝟏)𝟐 at its pole. 

Solution: 

     Given 𝑓(𝑧) =  
𝑒2𝑧

(𝑧+1)2  Here, 𝑧 =  −1 is a pole of order 2. 

We know that,  

                            [𝑅𝑒𝑠 𝑓(𝑧), 𝑧 = 𝑧0] =   lim
𝑧→𝑧0

1

(𝑚−1)!

𝑑 𝑚−1

𝑑𝑧𝑚−1
(𝑧 − 𝑧0)𝑚  𝑓(𝑧) 

Here, 𝑚 = 2 

                     [𝑅𝑒𝑠 𝑓(𝑧), 𝑧 = −1] =   lim
𝑧→−1

1

1!

𝑑

𝑑𝑧
(𝑧 + 1)2 𝑒2𝑧

(𝑧+1)2 

                                =   lim
𝑧→−1

𝑑

𝑑𝑧
[𝑒2𝑧]  =   lim

𝑧→−1
 2[𝑒2𝑧] = 2 𝑒−2 

Example: Find the residues at 𝒛 = 𝟎 of the function (i)  𝒇(𝒛) =  𝒆
𝟏

𝒛⁄   (ii) 𝒇(𝒛) =  
𝒔𝒊𝒏𝒛

𝒛𝟒   

 (iii) 𝒇(𝒛) =  𝒛𝒄𝒐𝒔
𝟏

𝒛
 

Solution: 

       The residues are the coefficients of  
1

𝑧
  in the Laurent’s expansions of 𝑓(𝑧) 

about 𝑧 = 0 

 (i) 𝑒
1

𝑧⁄ = 1 + 
(

1

𝑧
)

1!
+  

(
1

𝑧
)

2

2!
+ ⋯ 

                                 = 1 +
1

1!
(

1

𝑧
) +  

1

2!
(

1

𝑧
)

2

+
1

3!
(

1

𝑧
)

3

+ ⋯  

           [𝑅𝑒𝑠 𝑓(𝑧), 0 ] = coefficient of  
1

𝑧
 in Laurent’s expansion. 

            [𝑅𝑒𝑠 𝑓(𝑧), 0 ] =  
1

1!
= 1by definition of residue. 

 (ii) 𝑓(𝑧) =  
𝑠𝑖𝑛𝑧

𝑧4 =  
1

𝑧4
[𝑧 −  

𝑧3

3!
+  

𝑧5

5!
− ⋯ ] =  

 1 

𝑧3 − 
1  

3!

1

𝑧
+

𝑧5

5!
−  …  
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[𝑅𝑒𝑠 𝑓(𝑧), 0 ] = coefficient of  
1

𝑧
 in Laurent’s expansion. 

[𝑅𝑒𝑠 𝑓(𝑧), 0 ] = − 
1

3!
= − 

1

6 
 by definition of residue. 

        (iii) 𝑓(𝑧) =  𝑧𝑐𝑜𝑠
1

𝑧
= 𝑧 [1 −  

1

2!

1

𝑧2 +  
1

4!

1

𝑧4 − ⋯ ] 

                                        = 𝑧 −  
1

2!

1

𝑧
+  

1

4!

1

𝑧3 − ⋯  

[𝑅𝑒𝑠 𝑓(𝑧), 0 ] = coefficient of  
1

𝑧
 in  Laurent’s expansion. 

 [𝑅𝑒𝑠 𝑓(𝑧), 0 ] = − 
1

2!
= − 

1

2 
 

Example:  Find the residue of 𝒛𝟐𝒔𝒊𝒏 (
𝟏

𝒛
) at 𝒛 = 𝟎 

Solution: 

               Let 𝑓(𝑧) =  𝑧2𝑠𝑖𝑛 (
1

𝑧
) =  𝑧2 [

(
1

𝑧
)

1!
−

(
1

𝑧
)

3

3!
+ ⋯ ] =  

𝑧

1!
−

1

 6𝑧
+ ⋯ 

[𝑅𝑒𝑠 𝑓(𝑧), 0 ] = coefficient of  
1

𝑧
 in  Laurent’s expansion. 

                        =  − 
1

6
 

Example:  Find the residue of the function 𝒇(𝒛) =  
𝟒

𝒛𝟑(𝒛−𝟐)
 at a simple pole. 

Solution: 

Here, 𝑧 = 2 is a simple pole. 

              [𝑅𝑒𝑠 𝑓(𝑧), 𝑧 = 2] =   lim
𝑧→2

(𝑧 − 2)
4

𝑧3(𝑧−2)
 

                                            =  lim
𝑧→2

4

𝑧3  =  
4

8
=  

1

2
 

Example:  Find the residue of 
𝟏−𝒆−𝒛

𝒛𝟑  at 𝒛 = 𝟎 

Solution: 

            Given 𝑓(𝑧) =   
1−𝑒−𝑧

𝑧3 =  
1−[1− 

𝑧

1!
 + 

(𝑧)2

2! 
 − 

(𝑧)3

3!
+ 

(𝑧)4

4!
−  … ]

𝑧3  

                                              =  
[1−  

𝑧

2!
 + 

𝑧2

3!
− 

𝑧3

4!
+ … ]

𝑧2  

Here, 𝑧 = 0 is a pole of order 2. 

                               [𝑅𝑒𝑠 𝑓(𝑧), 𝑧 = 0] =  
1

1!
lim
𝑧→0

𝑑

𝑑𝑧
[(𝑧)2𝑓(𝑧)] 

                                                            =  lim
𝑧→0

𝑑

𝑑𝑧
[[1 −   

𝑧

2!
 +  

𝑧2

3!
−  

𝑧3

4!
+  … ]] 

                                                            =  lim
𝑧→0

[
−1

2!
 +  

2𝑧

3!
− 

3𝑧2

4!
+  … ] 



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY 

 

MA8251 ENGINEERING MATHEMATICS II 

                                                            =  
−1

2!
   =  −

1

2
 

 

 


