
ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA3151-MATRICES AND CALCULUS 

4.4 TRIGONOMETRIC SUBSTITUTIONS 

(I) Products of powers of sines and cosines 

  Evaluating ∫ 𝑠𝑖𝑛𝑚𝑥𝑐𝑜𝑠𝑛𝑥𝑑𝑥 

Case (i) If n is odd (𝑛 = 2𝑘 + 1), then 

                 ∫ 𝑠𝑖𝑛𝑚𝑥𝑐𝑜𝑠2𝑘+1𝑥𝑑𝑥 = ∫ 𝑠𝑖𝑛𝑚 𝑥(𝑐𝑜𝑠2𝑥)𝑘𝑐𝑜𝑠𝑥𝑑𝑥 

                                                   = ∫ 𝑠𝑖𝑛𝑚𝑥(1 − 𝑠𝑖𝑛2𝑥)𝑘𝑐𝑜𝑠𝑥𝑑𝑥 

                                   Here, substitute 𝑢 = 𝑠𝑖𝑛𝑥 

Case (ii) If m is odd (𝑚 = 2𝑘 + 1), then 

                    ∫ 𝑠𝑖𝑛2𝑘+1𝑥𝑐𝑜𝑠𝑛𝑥𝑑𝑥 = ∫(𝑠𝑖𝑛2 𝑥)𝑘𝑐𝑜𝑠𝑛𝑥𝑠𝑖𝑛𝑥𝑑𝑥 

                                                   = ∫(1 − 𝑐𝑜𝑠2𝑥)𝑘𝑐𝑜𝑠𝑛𝑥𝑠𝑖𝑛𝑥𝑑𝑥 

                           Here, substitute 𝑢 = 𝑐𝑜𝑠𝑥 

Note: If  both m and n are odd apply case (i) or case (ii) 

Case(iii) If both m and n are even, use half- angle identities 

                     𝑠𝑖𝑛2𝑥 =
1

2
(1 − 𝑐𝑜𝑠2𝑥),           𝑐𝑜𝑠2𝑥 =

1

2
(1 + 𝑐𝑜𝑠2𝑥) 

                  ∫ 𝑠𝑖𝑛𝑚𝑥𝑐𝑜𝑠𝑛𝑥𝑑𝑥 =
𝑚−1

𝑚+𝑛

𝑚−3

𝑚+𝑛−2
…

2

3+𝑛

1

1+𝑛

𝜋 2⁄

0
 

                                                     (if m is odd, n may be even or odd) 

                                                =
𝑚−1

𝑚+𝑛

𝑚−3

𝑚+𝑛−2
…

1

2+𝑛

𝑛−1

𝑛

𝑛−3

𝑛−2
…

2

3
. 1 

                                            ( if m is even, n is odd)  

                                  =
𝑚−1

𝑚+𝑛

𝑚−3

𝑚+𝑛−2
…

1

2+𝑛

𝑛−1

𝑛

𝑛−3

𝑛−2
…

1

2

𝜋

2
 

                                               (if m is even, n is even) 

(II) Products of powers of 𝒔𝒆𝒄𝒙 and 𝒕𝒂𝒏𝒙 

  Evaluating ∫ 𝑡𝑎𝑛𝑚𝑥𝑠𝑒𝑐𝑛𝑥𝑑𝑥 

Case (i) If m is odd (𝑚 = 2𝑘 + 1), then 

                       ∫ 𝑡𝑎𝑛2𝑘+1𝑥𝑠𝑒𝑐𝑛𝑥𝑑𝑥 = ∫(𝑡𝑎𝑛2 𝑥)𝑘𝑠𝑒𝑐𝑛−1𝑥𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥𝑑𝑥 

                                                          = ∫(𝑠𝑒𝑐2𝑥 − 1)𝑘𝑠𝑒𝑐𝑛−1𝑥𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥𝑑𝑥 

                           Here, substitute 𝑢 = 𝑠𝑒𝑐𝑥 

Case (ii) If n is even (𝑛 = 2𝑘), then 

                           ∫ 𝑡𝑎𝑛𝑚𝑥𝑠𝑒𝑐2𝑘𝑥𝑑𝑥 = ∫ 𝑡𝑎𝑛𝑚 𝑥(𝑠𝑒𝑐2𝑥)𝑘−1𝑠𝑒𝑐2𝑥𝑑𝑥 
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                                                          = ∫ 𝑡𝑎𝑛𝑚𝑥(1 + 𝑡𝑎𝑛2𝑥)𝑘−1𝑠𝑒𝑐2𝑥𝑑𝑥 

                                   Here, substitute 𝑢 = 𝑡𝑎𝑛𝑥 

(III) Products of sines and cosines of multiples of x 

Evaluating ∫ 𝑠𝑖𝑛𝑚𝑥 𝑠𝑖𝑛𝑛𝑥𝑑𝑥,   ∫ 𝑠𝑖𝑛𝑚𝑥 𝑐𝑜𝑠𝑛𝑥𝑑𝑥  𝑎𝑛𝑑 ∫ 𝑐𝑜𝑠𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑𝑥 

Use the following identities 

𝑠𝑖𝑛𝑚𝑥𝑠𝑖𝑛𝑛𝑥 =  
1

2
[cos(𝑚 − 𝑛) 𝑥 − cos(𝑚 + 𝑛) 𝑥] 

𝑠𝑖𝑛𝑚𝑥𝑐𝑜𝑠𝑛𝑥 =  
1

2
[sin(𝑚 − 𝑛) 𝑥 + sin(𝑚 + 𝑛) 𝑥] 

𝑐𝑜𝑠𝑚𝑥𝑐𝑜𝑠𝑛𝑥 =  
1

2
[cos(𝑚 − 𝑛) 𝑥 + cos(𝑚 + 𝑛) 𝑥] 

Example:  

     (i)Evaluate ∫ 𝒔𝒊𝒏𝟔 𝒙𝒄𝒐𝒔𝟑𝒙𝒅𝒙 

Solution: 

                 Given ∫ 𝑠𝑖𝑛6 𝑥𝑐𝑜𝑠3𝑥𝑑𝑥              Here m = 6, n = 3 (odd) 

                                                 = ∫ 𝑠𝑖𝑛6 𝑥𝑐𝑜𝑠2𝑥𝑐𝑜𝑠𝑥𝑑𝑥 

                                                 = ∫ 𝑠𝑖𝑛6𝑥(1 − 𝑠𝑖𝑛2𝑥)𝑐𝑜𝑠𝑥𝑑𝑥 … . (1) 

                                   𝑃𝑢𝑡    𝑢 = 𝑠𝑖𝑛𝑥;        𝑑𝑢 = 𝑐𝑜𝑠𝑥𝑑𝑥 

                         (1) ⇒ ∫ 𝑢6(1 − 𝑢2) 𝑑𝑢   =  ∫(𝑢6 − 𝑢8)𝑑𝑢 

                                          =
𝑢7

7
−

𝑢9

9
+ 𝐶 

                                      =
𝑠𝑖𝑛7𝑥

7
−

𝑠𝑖𝑛9𝑥

9
+ 𝐶 

 (ii)   Evaluate  ∫ 𝒔𝒊𝒏𝟐 (𝝅𝒙)𝒄𝒐𝒔𝟓(𝝅𝒙)𝒅𝒙 

Solution:  

             Given ∫ 𝑠𝑖𝑛2 (𝜋𝑥)𝑐𝑜𝑠5(𝜋𝑥)𝑑𝑥   (Here m = 2, n = 5 (odd) ) 

                                      = ∫ 𝑠𝑖𝑛2 (𝜋𝑥)𝑐𝑜𝑠4(𝜋𝑥) cos(𝜋𝑥) 𝑑𝑥 

                                      = ∫ 𝑠𝑖𝑛2 (𝜋𝑥)[1 − 𝑠𝑖𝑛2(𝜋𝑥)]2 cos(𝜋𝑥) 𝑑𝑥 … (1) 

                     𝑃𝑢𝑡  𝑢 = 𝑠𝑖𝑛𝜋𝑥;        𝑑𝑢 = 𝜋𝑐𝑜𝑠𝜋𝑥𝑑𝑥 

               (1) ⇒ ∫ 𝑢2(1 − 𝑢2)2 𝑑𝑢

𝜋
   =  

1

𝜋
∫ 𝑢2(1 − 2𝑢2 + 𝑢4)𝑑𝑢 

                                                         =  
1

𝜋
∫(𝑢2 − 2𝑢4 + 𝑢6)𝑑𝑢 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA3151-MATRICES AND CALCULUS 

                                                        =
1

𝜋
[

𝑢3

3
−

2𝑢5

5
+

𝑢7

7
] + 𝐶 

                                                       =
1

3𝜋
𝑠𝑖𝑛3(𝜋𝑥) −

2

5𝜋
𝑠𝑖𝑛5(𝜋𝑥) +

1

7𝜋
𝑠𝑖𝑛7(𝜋𝑥) + 𝐶 

Example:  

     Evaluate  ∫ 𝒔𝒊𝒏𝟓 𝒙𝒄𝒐𝒔𝟐𝒙𝒅𝒙 

Solution: 

               Given ∫ 𝑠𝑖𝑛5 𝑥𝑐𝑜𝑠2𝑥𝑑𝑥     (Here m = 5 (odd), n = 2 ) 

                                           = ∫ 𝑠𝑖𝑛4 𝑥𝑐𝑜𝑠2𝑥𝑠𝑖𝑛𝑥𝑑𝑥 

                                           = ∫(1 − 𝑐𝑜𝑠2𝑥)2𝑐𝑜𝑠2𝑥𝑠𝑖𝑛𝑥𝑑𝑥 … . (1) 

                      𝑃𝑢𝑡  𝑢 = 𝑐𝑜𝑠𝑥;        𝑑𝑢 = −𝑠𝑖𝑛𝑥𝑑𝑥       

                  (1) ⇒ ∫(1 − 𝑢2)2 𝑢2(−𝑑𝑢)   =  − ∫(1 − 2𝑢2 + 𝑢4)𝑢2𝑑𝑢 

                                                                   =  − ∫(𝑢2 − 2𝑢4 + 𝑢6)𝑑𝑢 

                                                                  = − [
𝑢3

3
−

2𝑢5

5
+

𝑢7

7
] + 𝐶 

                                                                   = −
1

3
𝑐𝑜𝑠3(𝑥) +

2

5
𝑐𝑜𝑠5(𝑥) −

1

7
𝑐𝑜𝑠7(𝑥) + 𝐶 

Example:  

        Evaluate  ∫ 𝒄𝒐𝒔𝟐 𝒙𝒔𝒊𝒏𝟐𝒙𝒅𝒙 

Solution:  

                 Given ∫ 𝑐𝑜𝑠2 𝑥𝑠𝑖𝑛2𝑥𝑑𝑥 

                                              = ∫ 2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥𝑐𝑜𝑠2𝑥𝑑𝑥 

=  ∫ 2𝑠𝑖𝑛𝑥𝑐𝑜𝑠3𝑥𝑑𝑥      (Here, m = 1, n = 3 ) 

                                     = 2 ∫ 𝑠𝑖𝑛𝑥𝑐𝑜𝑠3𝑥𝑑𝑥 … (1) 

               𝑃𝑢𝑡   𝑢 = 𝑐𝑜𝑠𝑥;        𝑑𝑢 = −𝑠𝑖𝑛𝑥𝑑𝑥 

                          (1) ⇒  2 ∫ 𝑢3(−𝑑𝑢)   =  −2 ∫ 𝑢3𝑑𝑢 

                                                              =  −2
𝑢4

4
+ 𝐶 = −

1

2
𝑐𝑜𝑠4𝑥 + 𝑐 

Example: 

    Evaluate  ∫ 𝒔𝒊𝒏𝟐 𝒙𝒄𝒐𝒔𝟒𝒙𝒅𝒙 

Solution:  

                 Given ∫ 𝑠𝑖𝑛2 𝑥𝑐𝑜𝑠4𝑥𝑑𝑥   (Here, m = 2, n = 4)  
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                                           = ∫ (
1−𝑐𝑜𝑠2𝑥

2
) (

1+𝑐𝑜𝑠2𝑥

2
)

2
𝑑𝑥 

                                           =
1

8
∫(1 − 𝑐𝑜𝑠2𝑥)(1 + 2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠22𝑥)𝑑𝑥 

                                           =
1

8
∫(1 + 𝑐𝑜𝑠2𝑥 − 𝑐𝑜𝑠22𝑥 − 𝑐𝑜𝑠32𝑥)𝑑𝑥 

                                          =
1

8
[𝑥 +

1

2
𝑠𝑖𝑛2𝑥 − ∫(𝑐𝑜𝑠22𝑥 + 𝑐𝑜𝑠32𝑥)𝑑𝑥] … (1) 

                     ∫ 𝑐𝑜𝑠22𝑥𝑑𝑥 = ∫
1+𝑐𝑜𝑠4𝑥

2
𝑑𝑥 =  

1

2
(𝑥 + 

1

4
𝑠𝑖𝑛4𝑥) 

                     ∫ 𝑐𝑜𝑠32𝑥𝑑𝑥 = ∫ 𝑐𝑜𝑠22𝑥𝑐𝑜𝑠2𝑥𝑑𝑥 =  ∫(1 − 𝑠𝑖𝑛22𝑥) 𝑐𝑜𝑠2𝑥𝑑𝑥 

                    𝑃𝑢𝑡  𝑢 = 𝑠𝑖𝑛2𝑥;        𝑑𝑢 = 2𝑐𝑜𝑠2𝑥𝑑𝑥 

         ∴ ∫ 𝑐𝑜𝑠32𝑥𝑑𝑥     =  ∫(1 − 𝑢2)
𝑑𝑢

2
    =  

1

2
[𝑢 −

𝑢3

3
]    =  

1

2
[𝑠𝑖𝑛2𝑥 −

1

3
𝑠𝑖𝑛32𝑥] 

            (1) ⇒
1

8
[𝑥 + 

1

2
𝑠𝑖𝑛2𝑥 −

1

2
𝑥 −

1

8
𝑠𝑖𝑛4𝑥 −

1

2
𝑠𝑖𝑛2𝑥 +

1

6
𝑠𝑖𝑛32𝑥] + 𝐶 

                                          =
1

8
[

1

2
𝑥 −

1

8
𝑠𝑖𝑛4𝑥 +

1

6
𝑠𝑖𝑛32𝑥] + 𝐶 

                                         =
1

16
[𝑥 −

1

4
𝑠𝑖𝑛4𝑥 +

1

3
𝑠𝑖𝑛32𝑥] + 𝐶 

Example:  

     (i)Evaluate ∫ 𝒕𝒂𝒏 𝒙𝒔𝒆𝒄𝟑𝒙𝒅𝒙 

Solution: 

                Given  ∫ 𝑡𝑎𝑛 𝑥𝑠𝑒𝑐3𝑥𝑑𝑥    (Here m =1 (odd) ) 

                                           = ∫ 𝑠𝑒𝑐2𝑥(𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥)𝑑𝑥  

                                 𝑃𝑢𝑡 𝑢 = 𝑠𝑒𝑐𝑥;        𝑑𝑢 = 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥𝑑𝑥 

                                             = ∫ 𝑢2 𝑑𝑢   =
𝑢3

3
+ 𝐶 =  

𝑠𝑒𝑐3𝑥

3
+ 𝐶 

  (ii)Evaluate ∫ 𝒕𝒂𝒏𝟓𝒙𝒔𝒆𝒄𝟒𝒙𝒅𝒙
𝝅 𝟑⁄

𝟎
 

    Solution:  

                    Given ∫ 𝑡𝑎𝑛5𝑥𝑠𝑒𝑐4𝑥𝑑𝑥
𝜋 3⁄

0
  (Here m = 5 (odd))  

                                         = ∫ 𝑡𝑎𝑛4𝑥 𝑠𝑒𝑐3𝑥 (𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥)𝑑𝑥
𝜋 3⁄

0
 

                                         = ∫ (𝑠𝑒𝑐2𝑥 − 1)2𝑠𝑒𝑐3𝑥(𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥) 𝑑𝑥
𝜋 3⁄

0
  … (1) 

                  𝑃𝑢𝑡 𝑢 = 𝑠𝑒𝑐𝑥       when 𝑥 = 0 ⇒ 𝑢 = 1 

                         𝑑𝑢 = 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥    𝑥 =  
𝜋

3
  ⇒ 𝑢 = 2 
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                         ∴ (1) ⇒ ∫ (𝑢2 − 1)22

1
𝑢3 𝑑𝑢   =  ∫ (𝑢4 − 2𝑢2 + 1)𝑢3 𝑑𝑢

2

1
 

                                                                           = ∫ (𝑢3 − 2𝑢5 + 𝑢7) 𝑑𝑢
2

1
 

                                                                           = [
𝑢4

4
−

2𝑢6

6
+

𝑢8

8
]

1

2

 

                                                              = (4 −
64

3
+ 32) − (

1

4
−

1

3
+

1

8
)   =  

117

8
 

Example:  

    (i)Evaluate ∫ 𝒕𝒂𝒏𝟐𝒙𝒔𝒆𝒄𝟒𝒙𝒅 𝒙 

Solution:  

                Given ∫ 𝑡𝑎𝑛2𝑥𝑠𝑒𝑐4𝑥𝑑 𝑥 

                                              = ∫ 𝑡𝑎𝑛2𝑥𝑠𝑒𝑐2𝑥 𝑠𝑒𝑐2𝑥 𝑑 𝑥 

                                              = ∫ 𝑡𝑎𝑛2𝑥(1 + 𝑡𝑎𝑛2𝑥)𝑠𝑒𝑐2𝑥 𝑑𝑥 … (1) 

                   𝑃𝑢𝑡 𝑢 = 𝑡𝑎𝑛𝑥  ;            𝑑𝑢 = 𝑠𝑒𝑐2𝑥  𝑑𝑥 

                              (1) ⇒ ∫ 𝑢2(1 + 𝑢2) 𝑑𝑢  =  ∫(𝑢2 + 𝑢4)𝑑𝑢 

                                                                           = [
𝑢3

3
+

𝑢5

5
] + 𝐶 

                                                                        =
1

3
𝑡𝑎𝑛3(𝑥) +

1

5
𝑡𝑎𝑛5(𝑥) + 𝐶 

(ii)Evaluate ∫ 𝒕𝒂𝒏𝒙𝒔𝒆𝒄𝟐𝒙𝒅 𝒙 

       Solution:  

               Given ∫ 𝑡𝑎𝑛𝑥𝑠𝑒𝑐2𝑥𝑑 𝑥 

                                𝑃𝑢𝑡 𝑢 = 𝑡𝑎𝑛𝑥  ;     𝑑𝑢 = 𝑠𝑒𝑐2𝑥  𝑑𝑥 

                                                               =  ∫ 𝑢𝑑𝑢 

                                                               = [
𝑢2

2
] + 𝐶 =

1

2
𝑡𝑎𝑛2(𝑥) + 𝐶 

Example:  

  (i)  Evaluate∫ 𝒔𝒆𝒄𝟑𝒙 𝒅𝒙 

   Solution: 

                 Given I = ∫ 𝑠𝑒𝑐3𝑥 𝑑𝑥 = ∫ 𝑠𝑒𝑐2𝑥 𝑠𝑒𝑐𝑥 𝑑𝑥 

𝑃𝑢𝑡 𝑢 = 𝑠𝑒𝑐𝑥                      𝑑𝑣 =  𝑠𝑒𝑐2𝑥 𝑑𝑥 

                                               𝑑𝑢 = 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥            𝑣 =  ∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥 =  𝑡𝑎𝑛𝑥  
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∫ 𝑢 𝑑𝑣

= 𝑢𝑣 − ∫ 𝑣 𝑑𝑢  

                                   I     = (𝑠𝑒𝑐𝑥)𝑡𝑎𝑛𝑥 − ∫ 𝑡𝑎𝑛𝑥 ( 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 )𝑑𝑥 

                                          = (𝑠𝑒𝑐𝑥)𝑡𝑎𝑛𝑥 − ∫ 𝑡𝑎𝑛2𝑥 𝑠𝑒𝑐𝑥 𝑑𝑥 

                                         = (𝑠𝑒𝑐𝑥)𝑡𝑎𝑛𝑥 − ∫(𝑠𝑒𝑐2𝑥 − 1) 𝑠𝑒𝑐𝑥 𝑑𝑥 

                                         = (𝑠𝑒𝑐𝑥)𝑡𝑎𝑛𝑥 − ∫ 𝑠𝑒𝑐3𝑥 𝑑𝑥 + ∫ 𝑠𝑒𝑐𝑥 𝑑𝑥 

                                         = 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 − 𝐼 + log ( 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥 ) 

                                2𝐼   = 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 + log ( 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) 

                                𝐼      =
1

2
𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 +

1

2
log( 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) + 𝐶 

(ii)Evaluate ∫ 𝒕𝒂𝒏𝟐𝒙 𝒔𝒆𝒄𝒙 𝒅𝒙 

Solution: 

    Given ∫ 𝑡𝑎𝑛2𝑥 𝑠𝑒𝑐𝑥 𝑑𝑥     =  ∫(𝑠𝑒𝑐2𝑥 − 1)𝑠𝑒𝑐𝑥 𝑑𝑥 

                                         = ∫ 𝑠𝑒𝑐3𝑥 𝑑𝑥 − ∫ 𝑠𝑒𝑐𝑥 𝑑𝑥 

                                         =
1

2
𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 +

1

2
log( 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) −  log ( 𝑠𝑒𝑐𝑥 +

𝑡𝑎𝑛𝑥) + 𝐶 

                                                                    Using example (3.53(i)) 

                                            =
1

2
𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 −

1

2
log( 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) + 𝐶 

Example: 

   (i)  Evaluate    ∫ 𝒔𝒊𝒏𝟕𝒙 𝒄𝒐𝒔𝟓𝒙 𝒅𝒙
𝝅 𝟐⁄

𝟎
 

Solution: 

                 Given  ∫ 𝑠𝑖𝑛7𝑥 𝑐𝑜𝑠5𝑥 𝑑𝑥
𝜋 2⁄

0
       (Here m = 7 , n = 5 )  

∫ 𝑠𝑖𝑛𝑚𝑥𝑐𝑜𝑠𝑛𝑥𝑑𝑥 =
𝑚−1

𝑚+𝑛

𝑚−3

𝑚+𝑛−2
…

2

3+𝑛

1

1+𝑛

𝜋 2⁄

0
         (m is odd, n even or odd)     

                                   =
7−1

7+5

7−3

7+5−2
…

2

3+5

1

1+5
 

                                  = (
6

12
) (

4

10
) (

2

8
) (

1

6
)     =

1

120
 

(ii)Evaluate ∫ 𝒔𝒊𝒏𝟕𝒙 𝒅𝒙
𝝅 𝟐⁄

𝟎
 

      Solution:  
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              Given ∫ 𝑠𝑖𝑛7𝑥 𝑑𝑥
𝜋 2⁄

0
        (Here m = 7 (odd) , n = 0) 

∫ 𝑠𝑖𝑛𝑚𝑥𝑐𝑜𝑠𝑛𝑥𝑑𝑥 =
𝑚−1

𝑚+𝑛

𝑚−3

𝑚+𝑛−2
…

2

3+𝑛

1

1+𝑛

𝜋 2⁄

0
         (m is odd, n even or odd)     

                                    =
7−1

7+0

7−3

7+0−2
…

2

3+0

1

1+0
= (

6

7
) (

4

5
) (

2

3
) (1)     =

16

35
 

 Example:  

 i)Evaluate ∫ 𝒔𝒊𝒏 𝟒𝒙 𝒄𝒐𝒔 𝟓𝒙 𝒅𝒙 

Solution:  

              Given ∫ 𝑠𝑖𝑛 4𝑥 𝑐𝑜𝑠 5𝑥 𝑑𝑥 

We know that, 𝑠𝑖𝑛𝐴𝑥𝑐𝑜𝑠𝐵𝑥 =  
1

2
[sin(𝐴 − 𝐵) 𝑥 + sin(𝐴 + 𝐵) 𝑥] 

                                              =
1

2
∫[sin(−𝑥) +  𝑠𝑖𝑛9𝑥]𝑑𝑥 

                                              =
1

2
∫(−𝑠𝑖𝑛𝑥 +  𝑠𝑖𝑛9𝑥)𝑑𝑥 

                                              =
1

2
[𝑐𝑜𝑠𝑥 −

1

9
𝑐𝑜𝑠9𝑥] + 𝐶  

ii)Evaluate ∫ 𝒄𝒐𝒔 𝟑𝒙 𝒄𝒐𝒔 𝟒𝒙 𝒅𝒙 

Solution:  

                 Given ∫ 𝑐𝑜𝑠 3𝑥 𝑐𝑜𝑠 4𝑥 𝑑𝑥 

               We know that 𝑐𝑜𝑠𝐴𝑥𝑐𝑜𝑠𝐵𝑥 =  
1

2
[cos(𝐴 − 𝐵) 𝑥 + cos(𝐴 + 𝐵) 𝑥] 

                                                             =
1

2
∫(𝑐𝑜𝑠𝑥 +  𝑐𝑜𝑠7𝑥)𝑑𝑥 

                                                            =
1

2
[𝑠𝑖𝑛𝑥 +

1

7
𝑠𝑖𝑛7𝑥] + 𝐶    

                                                           =
1

2
𝑠𝑖𝑛𝑥 +  

1

14
𝑠𝑖𝑛7𝑥 + 𝐶  

iii) Evaluate ∫ 𝒔𝒊𝒏 𝟓𝒙 𝒔𝒊𝒏𝒙 𝒅𝒙 

      Solution:  

                 Given ∫ 𝑠𝑖𝑛 5𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 

We know that 𝑠𝑖𝑛𝐴𝑥𝑠𝑖𝑛𝐵𝑥 =  
1

2
[cos(𝐴 − 𝐵) 𝑥 − cos(𝐴 + 𝐵) 𝑥] 

                                             =
1

2
∫(𝑐𝑜𝑠4𝑥 −  𝑐𝑜𝑠6𝑥)𝑑𝑥 

                                              =
1

2
[

1

4
𝑠𝑖𝑛4𝑥 −

1

6
𝑠𝑖𝑛6𝑥] + 𝐶 

                                              =
1

2
𝑠𝑖𝑛4𝑥 − 

1

12
𝑠𝑖𝑛6𝑥 + 𝐶 
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Trigonometric Substitutions 

            

                  Expression  

 

Substitution 

 

         Identity Used 

√𝑎2 − 𝑥2 x = asin𝜃 𝑐𝑜𝑠2𝜃 = 1 − 𝑠𝑖𝑛2𝜃 

√𝑎2 + 𝑥2 x = atan𝜃 𝑠𝑒𝑐2𝜃 = 1 + 𝑡𝑎𝑛2𝜃 

√𝑥2 − 𝑎2 x = asec𝜃 𝑡𝑎𝑛2𝜃 = 𝑠𝑒𝑐2𝜃 − 1 

 

Example:  

      Evaluate ∫
𝒙𝟐

√𝟗−𝒙𝟐
𝒅𝒙 

 Solution: 

                Put 𝑥 = 3𝑠𝑖𝑛𝜃, −
𝜋

2
≤ 𝜃 ≤

𝜋

2
;           𝑑𝑥 = 3𝑐𝑜𝑠𝜃𝑑𝜃 

                                             = ∫
9𝑠𝑖𝑛2𝜃

√9−9𝑠𝑖𝑛2𝜃
3𝑐𝑜𝑠𝜃𝑑𝜃 

                                              = ∫
9𝑠𝑖𝑛2𝜃

3𝑐𝑜𝑠𝜃
3𝑐𝑜𝑠𝜃𝑑𝜃      [∵ √1 − 𝑠𝑖𝑛2𝜃 = √𝑐𝑜𝑠2𝜃 = 𝑐𝑜𝑠𝜃] 

                                              = 9 ∫ 𝑠𝑖𝑛2𝜃𝑑𝜃 

                                             = 9 ∫
1−𝑐𝑜𝑠2𝜃

2
𝑑𝜃 

                                              =
9

2
[𝜃 −

𝑠𝑖𝑛2𝜃

2
] + 𝐶 

                                              =
9

2
𝜃 −

9

4
𝑠𝑖𝑛2𝜃 + 𝐶 

                                               =
9

2
𝜃 −

9

4
(2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃) + 𝐶 

                                              =
9

2
𝜃 −

9

2
𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝐶 

                                              =
9

2
𝑠𝑖𝑛−1 (

𝑥

3
) −

9

2
(

𝑥

3
) (

√9−𝑥2

3
) + 𝐶 

                                               =
9

2
𝑠𝑖𝑛−1 (

𝑥

3
) −

1

2
𝑥√9 − 𝑥2 + 𝐶 

Example:  

       Evaluate ∫
𝟏

√𝒂𝟐−𝒙𝟐
𝒅𝒙 by using trigonometric substitution. 
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Solution: 

                      Put 𝑥 = 𝑎𝑠𝑖𝑛𝜃, −
𝜋

2
≤ 𝜃 ≤

𝜋

2
 ;        𝑑𝑥 = 𝑎𝑐𝑜𝑠𝜃𝑑𝜃 

                                                  = ∫
1

√𝑎2−𝑎2𝑠𝑖𝑛2𝜃
𝑎𝑐𝑜𝑠𝜃𝑑𝜃 

                                                   = ∫
1

𝑎𝑐𝑜𝑠𝜃
𝑎𝑐𝑜𝑠𝜃𝑑𝜃 

                                                   = ∫ 𝑑𝜃 

                                                   = 𝜃 + 𝐶 

                                                 = 𝑠𝑖𝑛−1 (
𝑥

𝑎
) + 𝐶 

Example:  

        Evaluate ∫
𝒙

√𝟑−𝟐𝒙−𝒙𝟐
𝒅𝒙 

Solution: 

                      Let 3 − 2𝑥 − 𝑥2 = −(𝑥2 + 2𝑥) + 3 

                                                  = −[(𝑥 + 1)2 − 1] + 3 

                                                 = −(𝑥 + 1)2 + 4 

                                     Put    𝑢 = 𝑥 + 1        ⇒ 𝑥 = 𝑢 − 1       ⇒  𝑑𝑢 = 𝑑𝑥 

                               ⇒ ∫
𝑥

√3−2𝑥−𝑥2
𝑑𝑥 = ∫

𝑢−1

√4−𝑢2
𝑑𝑢 

                       𝑃𝑢𝑡   𝑢 = 2𝑠𝑖𝑛𝜃     ;            𝑑𝑢 = 2𝑐𝑜𝑠𝜃𝑑𝜃 

                                      = ∫
2𝑠𝑖𝑛𝜃−1

√4−4𝑠𝑖𝑛2𝜃
2𝑐𝑜𝑠𝜃𝑑𝜃 

                                      = ∫
2𝑠𝑖𝑛𝜃−1

2𝑐𝑜𝑠𝜃
2𝑐𝑜𝑠𝜃𝑑𝜃 

                                       = ∫(2𝑠𝑖𝑛𝜃 − 1)𝑑𝜃 

                                       = 2(−𝑐𝑜𝑠𝜃) − 𝜃 + 𝐶 

                                       = −2𝑐𝑜𝑠𝜃 − 𝜃 + 𝐶 

                                       = −2
√4−𝑢2

2
− 𝑠𝑖𝑛−1 (

𝑢

2
) + 𝐶 

                                      = −√4 − (𝑥 + 1)2 − 𝑠𝑖𝑛−1 (
𝑥+1

2
) + 𝐶 

                                   = −√3 − 2𝑥 − 𝑥2 − 𝑠𝑖𝑛−1 (
𝑥+1

2
) + 𝐶 

Example: 

      Evaluate ∫
𝒅𝒙

√𝟒+𝒙𝟐
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 Solution:   

           Put 𝑥 = 2𝑡𝑎𝑛𝜃, −
𝜋

2
≤ 𝜃 ≤

𝜋

2
;           𝑑𝑥 = 2𝑠𝑒𝑐2𝜃𝑑𝜃 

                                        = ∫
1

√4+4𝑡𝑎𝑛2𝜃
2𝑠𝑒𝑐2𝜃𝑑𝜃 

                                        = ∫
1

2𝑠𝑒𝑐𝜃
2𝑠𝑒𝑐2𝜃𝑑𝜃          [∵ 1 + 𝑡𝑎𝑛2𝜃 = 𝑠𝑒𝑐2𝜃] 

                                        = ∫ 𝑠𝑒𝑐𝜃𝑑𝜃 

                                        = log(𝑠𝑒𝑐𝜃 + 𝑡𝑎𝑛𝜃) + 𝐶 

                                     = 𝑙𝑜𝑔 [
√4+𝑥2

2
+

𝑥

2
] + 𝐶 

Example:  

           Evaluate ∫
𝒙𝟐

(𝒂𝟐−𝒙𝟐)𝟑 𝟐⁄ 𝒅𝒙 

Solution: 

               Given ∫
𝑥2

(𝑎2−𝑥2)3 2⁄ 𝑑𝑥 

𝑃𝑢𝑡  𝑥 = 𝑎𝑠𝑖𝑛𝜃 ⇒ 𝜃 = 𝑠𝑖𝑛−1 (
𝑥

𝑎
)    ⇒ 𝑑𝑥 = 𝑎𝑐𝑜𝑠𝜃𝑑𝜃 

                             ∫
𝑥2

(𝑎2−𝑥2)3 2⁄ 𝑑𝑥 = ∫
𝑎2𝑠𝑖𝑛2𝜃

(𝑎2−𝑎2𝑠𝑖𝑛2𝜃)3 2⁄ 𝑎𝑐𝑜𝑠𝜃𝑑𝜃 

                                                     = ∫
𝑎2𝑠𝑖𝑛2𝜃

(𝑎2𝑐𝑜𝑠2𝜃)3 2⁄ 𝑎𝑐𝑜𝑠𝜃𝑑𝜃 

                                                     = ∫
𝑎2𝑠𝑖𝑛2𝜃

(𝑎3𝑐𝑜𝑠3𝜃)
𝑎𝑐𝑜𝑠𝜃𝑑𝜃        

                                                     = ∫
𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠2𝜃
𝑑𝜃 

                                                     = ∫
1−𝑐𝑜𝑠2𝜃

𝑐𝑜𝑠2𝜃
𝑑𝜃 = ∫(𝑠𝑒𝑐2𝜃 − 1)𝑑𝜃 

                                                     = ∫ 𝑠𝑒𝑐2𝜃 𝑑𝜃 − ∫ 𝑑𝜃 

                                                     = 𝑡𝑎𝑛𝜃 − 𝜃 + 𝐶 

                                                     =
𝑥

√𝑎2−𝑥2
− 𝑠𝑖𝑛−1 (

𝑥

𝑎
) 

 Example:  

        Evaluate ∫
𝟏

𝒙𝟐√𝒙𝟐+𝟐𝟐
𝒅𝒙 

 Solution: 

                  Put 𝑥 = 2𝑡𝑎𝑛𝜃, −
𝜋

2
≤ 𝜃 ≤

𝜋

2
;           𝑑𝑥 = 2𝑠𝑒𝑐2𝜃𝑑𝜃 
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                              ∫
1

𝑥2√𝑥2+22
𝑑𝑥 = ∫

1

4𝑡𝑎𝑛2𝜃√4𝑡𝑎𝑛2𝜃+4
2𝑠𝑒𝑐2𝜃𝑑𝜃     

                                                     = ∫
1

4𝑡𝑎𝑛2𝜃2𝑠𝑒𝑐𝜃
2𝑠𝑒𝑐2𝜃𝑑𝜃 

                                                     = ∫
1

4

1

𝑡𝑎𝑛2𝜃
𝑠𝑒𝑐𝜃𝑑𝜃 

                                                     =
1

4
∫

cos 𝜃

𝑠𝑖𝑛2𝜃
𝑑𝜃 

                                                     =
1

4
∫ 𝑐𝑜𝑠𝑒𝑐𝜃𝑐𝑜𝑡𝜃𝑑𝜃 

                                                     = −
1

4
𝑐𝑜𝑠𝑒𝑐𝜃 + 𝐶 

                                                    = −
1

4

√𝑥2+4

𝑥
+ 𝑐 

                                                          = −
√𝑥2+4

4𝑥
+ 𝐶 

Example:  

        Evaluate ∫
𝒙𝟑

(𝟒𝒙𝟐+𝟗)𝟑 𝟐⁄

𝟑√𝟑 𝟐⁄

𝟎
𝒅𝒙 

 Solution: 

                Given ∫
𝑥3

(4𝑥2+9)3 2⁄

3√3 2⁄

0
𝑑𝑥 

                                                 = ∫
𝑥3

8(𝑥2+
9

4
)

3 2⁄

3√3 2⁄

0
𝑑𝑥 

         Put 𝑥 =
3

2
𝑡𝑎𝑛𝜃;           𝑥 =   0   ⇒ 𝜃 = 0             

                𝑑𝑥 =
3

2
𝑠𝑒𝑐2𝜃𝑑𝜃;    𝑥 =

3√3

2
⇒ 𝜃 =

𝜋

3
 

                                        = ∫
1

8

27

8
𝑡𝑎𝑛3𝜃

(
9

4
𝑡𝑎𝑛2𝜃+

9

4
)

3 2⁄

3

2
𝑠𝑒𝑐2𝑑𝜃

𝜋 3⁄

0
 

                                        = ∫ (
1

8
) (

27

8
) (

3

2
)

𝑡𝑎𝑛3𝜃𝑠𝑒𝑐2𝜃

(
9

4
)

3 2⁄
(1+𝑡𝑎𝑛2𝜃)3 2⁄

𝜋 3⁄

0
𝑑𝜃 

                                        = ∫ (
1

8
) (

27

8
) (

3

2
) (

4

9
)

3 2⁄ 𝑡𝑎𝑛3𝜃𝑠𝑒𝑐2𝜃

(𝑠𝑒𝑐2𝜃)3 2⁄

𝜋 3⁄

0
𝑑𝜃 

                                         = ∫ (
1

8
) (

27

8
) (

3

2
) (

2

3
)

3 𝑡𝑎𝑛3𝜃

𝑠𝑒𝑐𝜃

𝜋 3⁄

0
𝑑𝜃 

                                          = ∫ (
1

8
) (

3

2
)

𝑡𝑎𝑛3𝜃

𝑠𝑒𝑐𝜃

𝜋 3⁄

0
𝑑𝜃 

                                         =
3

16
∫

𝑡𝑎𝑛2𝜃

𝑠𝑒𝑐𝜃

𝜋 3⁄

0
𝑡𝑎𝑛𝜃𝑑𝜃 
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                                         =
3

16
∫ (

𝑠𝑒𝑐2𝜃−1

𝑠𝑒𝑐𝜃
)

𝜋 3⁄

0
𝑡𝑎𝑛𝜃𝑑𝜃 

                                         =
3

16
∫ (𝑠𝑒𝑐𝜃 − 𝑐𝑜𝑠𝜃)

𝜋 3⁄

0
𝑡𝑎𝑛𝜃𝑑𝜃 

                                         =
3

16
∫ (𝑠𝑒𝑐𝜃𝑡𝑎𝑛𝜃 − 𝑠𝑖𝑛𝜃)

𝜋 3⁄

0
𝑑𝜃 

                                         =
3

16
[(𝑠𝑒𝑐𝜃 + 𝑐𝑜𝑠𝜃)]0

𝜋 3⁄
 

                                         =
3

16
[(2 +

1

2
) − (1 + 1)]   =

3

32
 

                                            = 𝑠𝑖𝑛𝜃 + 𝐶 

                                             =
√𝑥2−1

𝑥
+ 𝐶 

 


