ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

4.4 TRIGONOMETRIC SUBSTITUTIONS
(1) Products of powers of sines and cosines
Evaluating [ sin™xcos™xdx

Case (i) If nisodd (n = 2k + 1), then

2ktlydx = [ sin™ x(cos?x)*cosxdx

[ sin™xcos
= [ sin™x(1 — sin®x)*cosxdx
Here, substitute u = sinx
Case (ii) If mis odd (m = 2k + 1), then

Zktlxcosxdx = [(sin? x)*cos"xsinxdx

[ sin
= [(1 — cos?x)*cos™xsinxdx
Here, substitute u = cosx
Note: If both m and n are odd apply case (i) or case (ii)

Case(iii) If both m and n are even, use half- angle identities

. 1 1
sin?x = > (1 — cos2x), cos?x = > (1 + cos2x)
/2 . m-1 m-3 20N 1
[ sin™xcos™xdx =
0 m+nm+n—-2 3+nl4n

(if mis odd, n may be even or odd)

__ m-1 m-—3 1 n—-1n-3

E71
T mi+nm+n—2""24n n n-2""3°

(if mis even, n is odd)

T m+nmi+n—2""2+n n n-2""22

m—-1 m-3 1 n—-1n-3 1

(if mis even, n is even)
(11) Products of powers of secx and tanx
Evaluating [ tan™xsec™xdx
Case (i) If misodd (m = 2k + 1), then
[ tan***1xsec™xdx = [(tan? x)*sec™ xsecxtanxdx
= [(sec’x — 1)¥sec™ txsecxtanxdx
Here, substitute u = secx
Case (ii) If nis even (n = 2k), then

[ tan™xsec**xdx = [ tan™ x(sec?x)* 1sec?xdx
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= [tan™x(1 + tan®x)*"1sec?xdx
Here, substitute u = tanx
(111) Products of sines and cosines of multiples of x
Evaluating [ sinmx sinnxdx, [ sinmx cosnxdx and [ cosmx cosnx dx

Use the following identities

sinmxsinnx = % [cos(m — n) x — cos(m + n) x]
1
sinmxcosnx = 3 [sin(m — n) x + sin(m + n) x|
1
cosmxcosnx = = [cos(m — n) x + cos(m + n) x]
Example:
(i)Evaluate [ sin® xcos3xdx
Solution:
Given [ sin® xcos3xdx Here m = 6, n = 3 (odd)

= [ sin® xcos?®xcosxdx
= [ sin®x(1 — sin®x)cosxdx .... (1)
Put u = sinx; du = cosxdx

D= fut(1—-ud)du = [(u®—ud)du

7 9
u u

—r—___ s
7 9

in7 in9
sin’x  sin’x
= — +C
7 9

(ii) Evaluate [ sin? (mx)cos®(mx)dx

Solution:
Given [ sin? (mx)cos®(mx)dx (Herem=2,n =5 (odd))
= [ sin? (nx)cos*(mx) cos(mx) dx
= [ sin? (nx)[1 — sin?(nx)]?* cos(nx) dx ... (1)
Put u = sinnx; du = mcosmxdx

(D= [u?(1 —uz)z%u = %fuz(l —2u? +ut)du

= %f(uz —2u* + u®)du
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1 . 3 _ 2 . 5 1 . 7
= 5-sin (mx) —-sin (mx) + ——sin (mx) + C
Example:

Evaluate [ sin®xcos’xdx

Solution:
Given [ sin® xcos?xdx (Herem=5 (odd),n=2)
= [ sin* xcos®xsinxdx

= [(1 — cos?x)*cos?xsinxdx .... (1)

Put u = cosx; du = —sinxdx
(D=1 -u?)?u?(—duw) = —[(1-2u* +uH)u?du
= — [(u* — 2u* + u®)du
3
— L [E T2l “—7] +C
3 el -

= —§C053(X) + %coss(x) — %cos7(x) +C
Example:

Evaluate [ cos*xsin2xdx
Solution:

Given [ cos? xsin2xdx

= [ 2sinxcosxcos®xdx
= [ 2sinxcos3xdx (Here, m=1,n=3)

=2 [sinxcos3xdx ...(1)

Put u = cosx; du = —sinxdx
(D)= 2fud(—du) = -2 [u3du
4
= 2L 4 C=—Zcos*x+c
4 2
Example:

Evaluate [ sin?xcos*xdx

Solution:

Given [ sin® xcos*xdx (Here,m=2,n=4)
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_ f(l—c;)st) (1+c;)st)2 dx

= %f(l — c0s2x)(1 + 2cos2x + cos?2x)dx

= %f(l + cos2x — cos?2x — cos32x)dx
= %[x + %Sian — [(cos?2x + cos32x)dx] . (1)

1+cos4x

[ cos?2xdx = |

dx = %(x + %sin4x)
[ cos32xdx = [ cos?2xcos2xdx = [(1 — sin?2x) cos2xdx

Put u = sin2x; du = 2cos2xdx

~ fceos32xdx = [(1 —uz)dTu = %[u—u;] = %[sian—%sirﬁZx]

1= z [x + Ssin2x — —x — = sindx — = sin2x + lsin32x] +C
8 2 2 8 2 6

=1 [lx _Lsinax + lSin32x] +C
s l2 8 3

= 1—16 X — %siné}x + %Sin32x] +C
Example:
(i)Evaluate [ tan xsec3xdx
Solution:
Given [tanxsec3xdx (Here m=1 (odd))

= [ sec?x(secx tanx)dx

Put u = secx; du = secx tanxdx

(ii)Evaluate f: /3 tanSxsectxdx
Solution:
Given fon/g tan®xsec*xdx (Here m =5 (odd))
= fon/3 tan*x sec3x (secx tanx)dx

= fon/g(seczx —1)?sec3x(secx tanx) dx ...(1)
Putu =secx whenx=0>u=1

T
du = secx tanx dx x = 3 >u=2
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c()> [P -1)%uddu = [(* - 2u? + Dud du
1 1
= flz(u3 —2u® +u’) du

4 6 81 2
u 2u u

= ———+—]
4 6 811

=(4-5+32)-(5-3+3) =%
Example:
(i)Evaluate [ tan’xsec*xd x
Solution:
Given [ tan®xsec*xd x
= [ tan®xsec?x sec*x d x
= [tan’x(1 + tan’x)sec?x dx ...(1)
Put u = tanx ; du = sec’x dx
(D= v (1+ud)du = [(u?+u*)du
R

— gtan3 (x) + %tans (x)+C

(ii)Evaluate [ tanxsec’xd x
Solution:
Given [ tanxsec?xd x
Putu = tanx ; du = sec?’x dx
= [udu
= [u?z] +C = %tanz(x) +C
Example:
(i) Evaluate[ sec3x dx
Solution:
Given | = [ sec®x dx = [ sec®x secx dx
Put u = secx dv = sec’x dx

du = secx tanx dx v = [sec’xdx = tanx
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fudv

=uv — fvdu

| = (secx)tanx — [ tanx ( secx tanx )dx
= (secx)tanx — [ tan®x secx dx
= (secx)tanx — [(sec?x — 1) secx dx
= (secx)tanx — [sec3x dx + [ secx dx
= secx tanx — I + log( secx + tanx )

2] = secx tanx + log( secx + tanx)

W %SGCX tanx + %log( secx + tanx) + C

(ii)Evaluate [ tan?x secx dx

Solution:
Given [ tan®x secx dx = [(sec?x — 1)secx dx

= [sec3x dx — [ secx dx

= %SGCX tanx + %log( secx + tanx) — log( secx +
tanx) + C

Using example (3.53(i))
— %secx tanx — %log( secx + tanx) + C

Example:

(i) Evaluate f:/z sin’x cos®x dx

Solution:
. n/2 . 7 5 _ _
Given [ '“sin’xcos®xdx  (Herem=7,n=5)
2 ., -1 -3 2 1 .
[ sinmxcosmxdx = 223 (m is odd, n even or odd)
0 m+nm+n-2 3+ni1+n

7-1 7-3 2 1
745 7+5-2 " 3+51+5

-HEEE ==

(i)Evaluate [* sin’x dx

Solution:
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Given fon/z sinxdx  (Herem=7 (odd),n=0)

m—-1 m-3 2 1
m+nm+n-2 " 3+n 14n

_7-1 7-3 2 1 (6) (4) (2) 1) = 16
T 7407+0-2 " 3+01+0 \7/\5/\3 ~ 35

fon/ ? sinmxcos™xdx = (m is odd, n even or odd)

Example:
i)Evaluate [ sin 4x cos 5x dx
Solution:

Given [ sin 4x cos 5x dx

We know that, sinAxcosBx =

N |-

[sin(A — B) x + sin(A + B) x]
= %f[sin(—x) + sin9x]dx
X %f(—sinx + sin9x)dx

1

== [cosx — lcos9x] +C
2 9

ii)Evaluate [ cos 3x cos 4x dx
Solution:

Given [ cos 3x cos 4x dx

We know that cosAxcosBx = % [cos(A — B) x + cos(A + B) x]
1
= Ef(cosx + cos7x)dx

= %[sinx + %sin7x] +C
ey T

=-sinx + —sin7x + C
2 14

iii) Evaluate [ sin 5x sinx dx

Solution:

Given [ sin 5x sinx dx

We know that sinAxsinBx = %[COS(A — B) x — cos(4A + B) x]
= %f(cosélx — c0s6x)dx
=1 [lsin4x - lsin6x] +C
2 la 6

1 . 1 .
=Esm4x— Esm6x+ C
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Trigonometric Substitutions

Expression Substitution Identity Used
[a? — x2 X = asing cos?*0 =1 — sin®6
[aZ + x2 X = atand sec?0 = 1 + tan?6
2 _ g2 X = asecl tan®g = sec?6 — 1
Example:
xZ
Evaluate [ mdx
Solution:
Put x = 3sinf, — % 0 < %; dx = 3cos6db
= [ =s 5010 =3cos0df
=/ S - 3c0s0d0 [ V1 — sin20 = Vcos?0 = cosb|
= 9fsin29d9
1—-cos26
=9 [ gg
9 sin26
SE? [9 o ] wl
=29 -2sin20 +C
2 4
= 39 — % (2sinBcosB) + C
=20 —25infcosh + C
2 2
= 2gin~1 (X)) = 2(%) (=x
=S (3) 2(3)( 3 >+C
= 2sin~1 (f) —IxV9—x2+C
2 3 2
Example:
Evaluate f\/ﬁdx by using trigonometric substitution.
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Solution:

Put x = asin@, —% <0< % ; dx = acos6db

acos0do

acos@

J
= [——acos6d6
J

Example:

Evaluate [

—*  dx
Solution:
Let3 —2x —x%2 =—(x%2+2x)+3
= —[(x+1)>-1]+3
=—(x+1)2+4

Put u=x+1 >x=u—1 = du =dx

X u—1
> |t = g du
Put u = 2sinf ; du = 2cos0do

_'f 2sinf-1
V4—4sin20

= [ 200915 0s0d0

2cosf

2cos0do

= [(2sinf — 1)do
= 2(—cosf) — 6+ C
= —2cos8 —0+C

2
Y _sin™? (g) +C

= -2

x+1
2

)+C

=—\/4—(x+1)2—sin‘1( )+C

= —V3—2x—x2—sin? (x—+1
2
Example:

dx

Evaluate [
4+x2
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Solution:
Put x = 2tané, — % 6 < %; dx = 2sec?0d6
_ 2
= IWZSec 0do
= 2sec?0do [* 1+ tan?0 = sec?0]
2secl
= [ secOd6
= log(sech + tanb) + C
Va+x? ]+ c
Example:
2
Evaluate [ de
Solution:
Given f—dx

(a 2_x2)3/2

Put x = asinf = 0 = sin™! (g) = dx = acos8do

2152
— f(az GG cosOdO

f (az—x2)3/2 —a2sin20)3/2

_ f a?sin?6
(a2c0s20)3/2

acos@do

a?sin?6
<o

J~51n 9
cos26

= fl_cos d0 = [(sec?d — 1)do

cos20
= [sec?0do — [ dO
=tanf — 0+ C

acos@d@

=——_ —sin? (5)
Va?2—x? a

Example:
1
Eval s
aluate fo\/m dx
Solution:
Put x = 2tan9,—§ <6< %; dx = 2sec?6d6
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Example:
Evaluate f

Solution:

Put x = %tane;
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1 1
——dx = 2sec?0do
x2Vx2+422 f4tan29v4tan20+

2sec?*0d6

o f 4tan2 02secO

= (2 secOdf
4 tan?6

1 f cos 9
sm29

= = [ cosecOcotOdf
4

= —icosec@ +C

< Ly 1Vx2+d4 L
4 x
_ _\/x2+4 s
4x
3
X
(4x2+9)3/2 i
3\/_/2 x3
(4x2+9)3/2 dx
3
= f03\/§/2 —X 372 dx
8(x2+%)

X i STOE=Y
3v3

dx = >sec?0do; x=L=59==L
2 2 3

T
T 31 —tan 0 3
=f / —8 - sec d@

* B Crantes) 2

OB O
-HEE6) T e
R
N fn/s (_) (Z) secO

/3 tan%6
=3 tanfdo
16 70 secO
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/3 (sec 6-1

= E 0 ) tan6do

sec

= 7T/g(sece — cosB) tanfBdo

= (sec@tan@ — sinf) do

— [(Sec6 + 6059)]0”/3

=2 (2+ )—(1+1)] 2
=sinf +C

il Ty g

X
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