ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

UNIT-I
MATRICES
1.1 EIGEN VALUES AND EIGEN VECTORS
Definition
The values of A obtained from the characteristic equation |A — Al| = 0 are called
Eigenvalues of ‘A’.[or Latent values of A or characteristic values of A]
Definition
X1
Let A be square matrix of order 3 and A be scaler. The column matrix X = <iz>
3
which satisfies (A — AI)X = 0 is called Eigen vector or Latent vector or characteristic

vector.

2 2 1
Example: Find the Eigen values for the matrix (1 3 1)
1 2 2

Solution:
The characteristic equation is 1> — s; A% + s,A — 55=0

s; = sum of the main diagonal element

=24+34+2=7
S, = sum of the minors of the main diagonalelement

- 2 1 2 Dl _
_|2 2|+|1 2|+1 SRS 4 =11
o 2 I

ss=|Al=[1 3 1| =2(6—-2)—-22-1)+1(2-3)
1 2 2

=8-2—-1=5

Characteristic equation is 1> — 7A% + 11A =5 =0
>A=1,*-61L+5=0
=>A=1 AW=1)(A-=-5)=0
The Eigen valuesare A = 1,1,5
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Example: Determine the Eigen values for the matrix ( 22 i —2)
-1 -2 0
Solution:
The characteristic equation is A*> — s; A% + s,A — 55=0
s; = sum of the main diagonal element
=—2+1+0=-1

s, = sum of the minors of the main diagonalelement

=|_12 _06|+|:i _03|+|_22 ‘| =-12-3-6=-21

HNG/
ss=]Al=[2 1 -6/ =-2(0—-12)-2(0—6)—-3(-4+1)
/- 2\\0

=24+124+9 =45
Characteristic equation is A> + A —21A— 45 =0
>A=-3, A-2L-15=0
=>A=-3, AW+3)(A—-5)=0
The Eigen values are A, = —3,—3,5

Eigen values and Eigen vectors for Non — Symmetric matrix
8 -6 2
Example: Find the Eigen values and Eigen vectors for the matrix | -6 7 —4

Solution:
The characteristic equation is 1> — s; A% + s,A — 55=0

s; = sum of the main diagonal element

=8+7+3=18
S, = sum of the minors of the main diagonalelement
17 -4 8 2 8 —6|_ _
=17 S+ 5+l l=5+20+20=45
8 -6 2
ss=|Al=|-6 7 -4 =8(21-16)+6(—18+8) + 2(24 —14)
2 -4 3
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=40-404+20=0
Characteristic equation is A> — 181% + 451 = 0
= A(A% =181+ 45) =0
SA=0 (A—15)(A—3) =0

= A =0,3,15
To find the Eigen vectors:

X1
Case( 1) When A = 0 the eigen vector is given by(A — AI)X = 0 where X = ( )

X2

X3
8—0 -6 2 X1 0
= -6 7—-0 -4 x2)= 0
2 —4 3-0/ \X3 0
8x; — 6%, +2x3 =0...(1)

2x; —4x, +3x3 =0...(3)

From (1) and (2)
X\ N X2 _ X3
24-14 — -12+32 _ 56-36
TR0 X3,

10 20 20

X1 _ X2 _ X

1 2 2

ol

X1
Case (ii) When A = 3 the eigen vector is given by(A — ADX = 0 where X = < >

X2
X3
8—3 —6 2 X1 0
:(_6 73 _4)(x2)=(0)
2 -4 3-3/\X3 0
5x; — 6X, + 2x3 = 0...(4)

_6X1 + 4‘X2 - 4X3 - O (5)
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2X1 - 4X2 + 0X3 - 0 (6)
From (4) and (5)

X1 _ Xp X3
24-8  —12+20 20-36
X1 Xz X3
16 8 -16
X1 Xz X3
2 1 -2

(3

X1
Case (iii) When A = 15 the eigen vector is given by(A — AI)X = 0 where X = <x2>

X3
8 —15 —6 2 X1 0
ﬁ( IR e ><>=<0>
2 —4 3 —15/ \Xx3 0

7X1 — 6%, + 2x3 =0 ... (7)
—6x; — 8x, —4x3 =0...(8)
2X1 —4x, — 12x3 =0...(9)
From (7) and (8)

X1 X2 _ X3
24416 —-12-28 56-36
X1 _ X2 _ X3
AP TN OV
X1 _ X2 _ X3
2 27 1

()

1 2 2
Hence the corresponding Eigen vectorsare X; = (2) ; Xy = ( 1 ); X; = <_2
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Example: Determine the Eigen values and Eigen vectors of the matrix

7 -2 0
<—2 6 —2)
0 -2 5

Solution:
The characteristic equation is A*> — s;A% + 5,1 — 53=0
s; = sum of the main diagonal element
=74+6+5=18

S, = sum of the minors of the main diagonalelement

=|_62 _52|+|g (5)|+|_72 _62|=26+35+38=99

e N,
s;=|Al=|-2 6 -—2| =182-20+0=162
On —~2 5

Characteristic equation is > — 18A% + 994 — 162 = 0
>A=3,0A"—15L+54) =0
>1=3 AL—9)(L—6)=0

>A=3,69
To find the Eigen vectors:

X1
Case (i) When A = 3 the eigen vector is given by(A — AD)X = 0 where X = <x2>

X3
7—3 =2 0 X1 0
0 —2 5-3/\X3 0

4x; — 2%, + 0x3 = 0...(1)
—2x%x1 +3x, —2x3 =0...(2)
0xq — 2x, + 2x3 = 0...(3)
From (1) and (2)
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f

X1
Case (ii) When A = 6 the eigen vector is given by(A — ADX = 0 where X = <xz>

X3
7—6 =2 0 X1 0
=><—2 66 _z)()(o)
0 -2 5-—6/\X3 0
X; — 2X, + 0x3 = 0...(4)
—2x; + 0x, — 2x3 =0...(5)

0x; —2X, —x3 =0...(6)
From (4)and (5)

X1 _ X2 _ X3
=Tl
X1 _ X2 _ X3
N

(3

X1
Case (iii) When A = 9 the eigen vector is given by (A — AI)X = 0 where X = <x2>

X3
7—9 =2 0 X1 0
= -2 6-—-9 =2 xz) =(0
0 -2 5—-9/ \X3 0
—2x1 — 2%, + 0x3 =0 ...(7)
_2X1 - 3X2 - 2X3 = O (8)

0X1 - 2X2 - 4‘X3 = 0 s (9)
From (7) and (8)
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=0

1 2
Hence the corresponding Eigen vectors are X; = (2) ; Xy = ( 1 ); X3

Il
I
o N

2 VA
3 1
Example: Determine the Eigen values and Eigen vectors of the matrix |0 2
0 0

Solution:
The characteristic equation is A> — s;A% + s,A — 53=0
s; = sum of the main diagonal element
=3+2+5=10

S, = sum of the minors of the main diagonalelement
W2, /46 3 4 3 1| _ _
=6 o]y o]y Sl=10+15+6=31

3 1 4
0 2 6
0 0 5

Characteristic equation is A*> — 10A* + 311 — 30 = 0

s3 = |A| = =30

>A=20"—8L+15)=0
>A=2, A=5)(R—-3)=0
>i=235
To find the Eigen vectors:

X1
Case( i) When A = 2 the eigen vector is given by(A — AD)X = 0 where X = <x2>
X3
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3—2 1 4 X1 0
-(To 2=z s )(x)=(o)
0 0 5—2/ \X3 0

X1 + X5 + 4‘X3 =0 (1)
OX]_ + 0X2 + 6X3 = 0 (2)

0X1 + OXZ + 3X3 =0.. (3)
From (1) and (2)

X1 _ X2 _ X3

6 -6 0
X1 X2 _ X3
Kraa =i

()

X1
Case (ii) When A = 3 the eigen vector is given by(A — ADX = 0 where X = < >

X2
X3
SN 1 4 X1 0
=>( 0 2—3 6 )(x2>=<0>
0 0 5—-3/ \X3 0
0X1+X2 +4X3 = 0...(4‘)

0x; — X, + 6x3 = 0...(5)

OXl + OXZ + 2X3 = O oo (6)
From (4) and (5)

X1 X2 X3
10 0
X1 X2 X3
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X1
Case (iii) When A = 5 the eigen vector is given by (A — AI)X = 0 where X = (xz)

X3
3—-5 1 4 X1 0
=( 00 2-5 6 )()(o)
0 0 5—-5/ \X3 0

—2X, + X, +4x3 =0...(7)
0x; — 3x, + 6x3 =0...(8)
0x; + 0x, + 0x3 = 0...(9)
From (7) and (8)

X1 _ X _ X3
6+12 0+12 6—0
X1 X9 X3

()

1 1 3
Hence the corresponding Eigen vectors are X; = (—1) X, = (0); X; = (2)
0 0 1

Problems on Symmetric matrices with repeated Eigen values

Example: Determine the Eigen values and Eigen vectors of the matrix

6 -2 2
<—2 3 —1)
2 -1 3

Solution:
The characteristic equation is A*> — s; A% + s,A — 53=0
s; = sum of the main diagonal element
=6+3+3=12

S, = sum of the minors of the main diagonalelement

=|_31 _31|+|g §|+|_62 _32|=8+14+14=36
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6 -2 2
ss=|Al=|-2 3 —1| =32
2 -1 3

Characteristic equation is A*> — 121% 4+ 361 — 32 = 0
>1=2(A —101L+16) =0
5h=2 (h—2)(L—8)=0

>A=228

To find the Eigen vectors:

X1
Case (i) When A = 8 the eigen vector is given by(A — AD)X = 0 where X = <X2>

X3
6—8 =2 2 X1 0
2 -1 3-8/ \X3 0

—2xq — 2X, + 2x3 =0 ... (1)
—2x1 — 5%, — %3 =0...(2)
2X1 — X, —5x3=0..(3)
From (1) and (2)

X1 _ Xz _ X3
DR R ()
X1 X2 X3
12 -6 6
X1 X2 X3
EIIMIZEOU 1

2
(3
1
X1
Case (ii) When A = 2 the eigen vector is given by(A — AI)X = 0 where X = <X2>

X3
6—-2 =2 2 X1 0
:(_2 32 _1)<xz):(o)
2 -1 3-=-2/\X3 0

4x1 — 2%, + 2x3=0...(4)
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_2X1 + X2 - X3 == O (5)
2X1 - XZ + X3 - 0 e (6)
In (1) putx; =0 = —2x, = —2x;

0
Xz_X_g _
=3 =1=(]

In (1) putx, =0 =4x, +2x3=0

= 4‘X1 - _2X3

—1
Bty N _
2% ~n=(s)

2 0 -1
Hence the corresponding Eigen vectors are X; = (—1) ; X, = (1); X; = ( 0
1 1

2 2 1
Example: Find the Eigen values and Eigen vectors of the matrix (1 3 1)
1 2 2

Solution:
The characteristic equation is A*> — s;A% + s,A. — 53=0
s; = sum of the main diagonal element
=2+4+3+2=7

S, = sum of the minors of the main diagonalelement

=5 J+1F A+|F Y =4+3+a=1
2 2 1
s;=1al=[1 3 1| =5
12 2

Characteristic equation is A*> — 74> + 11A =5 =0
>A=10"—61+5)=0
>a=1 (b=1)(L—5)=0
>12=1,1,5

To find the Eigen vectors:
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X1
Case (i) When A = 5 the eigen vector is given by(A — A)X = 0 where X = (xz)

X3
2—5 2 1 X1 0
:( 1 aos 1 )()(o)
1 2 2—5/ \X3 0

—3x; +2X, +x3 =0...(1)
X1 — 2X; + X3 =0...(2)
X; +2x, —3x3=0...(3)
From (1) and (2)

X1 _ X2 _ X3
242 143 6-2
X1 __ Xz _ X3
P\ A
X1 _ X2 X3
E\ =

f

X1
Case (ii) When A = 1 the eigen vector is given by(A — AI)X = 0 where X = <x2>

X3
2—1 2 1 X1 0
:( T ><)=<0>
1 2 2—1/ \X3 0

X1 + 2Xx, + X3 =0...(4)
X1 + 2%, +x3 = 0...(5)
X1+ 2X; + X3 =0...(6)
In (1) putx; =0 = 2x, = —X;

0
2

In (1) putx, =0 =>x; = —X3
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—1
X1 _ X3 —
:>_1_1 = X3 = (1)

1 0 -1
Hence the corresponding Eigen vectors are X; = (1) ; Xy = (—1); X3 = < 0 >
1 2 1
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