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Total Derivative
Differentiation of composite functions
Type-I
Ifu = f(x,y) isa function of x and y where x = f(t) and y = g(t) then Yy, u

du _ Judx , dudy
dt = 9x dt = dydt - (1) x y
In the differential form, (i) can be written as N
u du
du = adx + @dy
du is called the total differential of w.
Example:
If =x%y3,wherex = logt,y = e' findi—':
Solution:
o R dx | QuEts
dt  dx dt odydt T (1) /u\
given ‘u =x%y3, x = logt,y = e x\ /
i VRN, LR
ax—ny, & car € t
U 5. 2.2
35 3x°y

1 = Z—l:=2xy3.%+3x2y2.et

Put x = logt,y = ¢
= ZIogt(et)3.% + 3(logt)’(e%)’et

__2logt.e’"

—+ 3(logt)’e’t

Z
d—T: =4 e3tlogt(; + 3logt)
Example:

Ifu =xy + yz + zx,WherexZ%,y:et,ZZe't findi—':

Solution: u
du_Ouds dudy  Suds x/ \Z
dt ~ dx dt dydt dzdt

. 1 t -t ﬂ /
Givenu = xy + yz + zx, x =T,y =e,z=e
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ou _ dx _ 1 dy _ ¢ 4z -t

o YT w T vac €

Z—;=x+z

ou

5=y+x

d i _
1 = d—lz=(y+z)(—t—2)+(x+z)et+(y+x)(—e D)

1
Putx=;,y=et,z=e't

=(e"+e™) (—tiz) + (f + e‘t) el + (et + f) —e™H)

2 - (s af) e

Type-II

If z = f(x,y)isafunction of x and y where x and y are the functions

of u and v such that z
9z 0z0x | 020y o
du _ 9x du dy du X y
0z _0z0x 020y oF

v | 9x v dy dv
Example:
If g(x,y) = Y(u,v) whereu = x* —=y?andv = 2xy then prove that

o, Pa_ 4o, vy 2 0
6x2+0y2_4(x +y)(0u2+6v2)

Solution:
Given u = x?2=y?,v = 2xy

w0y

ax—2x, EzZy

Z_z = 2y, Z—; = 2x /9(1/1)
= w0y (D e
3_5:%2_;+%___(2) X yx y

09 _ 2% 5. 4 W
1 = ——au2x+av2y

0x
99 _ 50, 0% | OV
ax _2(x6u+y6v)
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=2 = iy 26 +y Y
:4[ +2xya 5 +y? ‘Zf] -.(3)
2) :Z—i:%—i(—zy)+g—f2x
Z—z=2(—yaa—t+xg—f)
-2 = - ya Fx2) 2y 41 G
=kl Zyaa 2“’] @
@)+ @) = Z2428 = g2y T+ (24D TY

%y 9%y
SAE G 5

Hence proved.

Example:
If £ is a function of x and y then x = e"sinv andy = e"cosv, show that

4T =4y (S + ) = (214 2]) (OR)

ou? axZz  ady
°f L O*f _ —Zu( a I°f
axZ  9y? ou? 0172

Solution:

Given x = e%sinv,y = e%cosv

0x 5 o]
= elsinv, = elcosv

6_ ou
ox _ ecosv, & _ _ evsinv f
ov ov / \
OF _9f 0% L0910y 3 %
ou . 9xdu dyou

7\
OF_008x 0 0y o -’

v dxadv - dyadv

f _9f jug; of Ju
1 = Pl 4 smv+aye cosv
of _ of L Of
6u_x6x+y6y
’f _ a _ af
ou?  ou au) = (x 6x+y ) ( ax ay)

d’f 3’f
— 2. (3)

_[,29f
= [x +2xyaxay+y 2y

0x?
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617 yax X@
o’f _ 0 . of s
2 = oy av —(y )(y 3y
5 0°f
=[y*%L yaay+x ]...(4)

o’ | o°r 22
@+ @ = L+ = @ayhZLs 04yt

9’ ;
= (x’+y?) (ax2 ];) [+ x2 = e’¥sin’v,y? = e’*cos?v]
¥ eZ”( + 2L
ox? 6y2
ﬂ ﬂ —Zu( azf
ax2 " ay? 6u2 2

Example:

Ifu = e*sinywhere x = st?andy = s’ flnd = and —

Solution:
Given u =e*siny, x =st’,y = s’
dx
ou ST Yl
5 ersiny, — 2st
d )
= —eroosi) L= s? u
ay at / \
6u _ 6u 6x 6_ua_y (1) X
ds  dx ds dy as " y
6u 6u 6x 6_u6_y (2) S/ \t s 4 \t
ot ox ot dyat

1 = Z—Z = e*siny x t’ + e*cosy x 2st

2) = Z—T: = e*siny x 2st + e*cosy x s’
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