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4.3 Techniques of integration
Integration by parts
If the integrand is either a product or quotient of polynomial and a
transcendental function such as trigonometric, exponential or logarithmic function then
have to develop different methods to evaluate them.
[ f)g' (dx = f(x) g(x) — [ gQOf' (x)dx

The above formula is called the integration by parts.
Let if we take u = f(x) and v = g(x)
Then the above formula becomes [ udv = uv — [ vdu
To choose u, we should follow the following order

| — Inverse function

L — Logarithmic function

A — Algebraic function

T — Trigonometric function

E — Exponential function
Note:
The generalized integration by parts formula is known as Bernoulli’s formula

Bernoulli’s formula states that

fudv=uv —u'v, + u'"v, —u"" vy + -
Where v,, v,, v5, ...are functions obtained by integrating v successively with respect to x
and u’,u’, ... are functions obtained by differentiating u successively with respect to x.
Example:
Evaluate [ xe *dx
Solution:
Letu =x dv = e *dx
du = dx v= —e7 ¥
[udv =uv— [vdu
[xe™dx =x(—e™)— [—e ¥ dx
= —xe "+ [e*dx

=—xe*+(—e*)+C =—(xe™*+e*+0C)
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= —e*x+1)+C
Example :
Evaluate [ x*logxdx
Solution:
Letu = logx dv = x*dx
du = idxv= [x*dx = x?s
fudv =uv — [vdu
[ x*logxdx = (logx) (x?s) — f%idx
= x—slogx—ljx“dx
5 5
= x?s logx — §%5 +iq
x> 07
= ?logx T v
Example :
Evaluate [(log x)? dx
Solution:
dv = dx

Let u = (logx)?
1
du—2logx(;)dx v =_[dom=ar
[udv =uv — [vdu
ot _ 2, _ 1
[(logx)?dx = (logx)?x f(x 2 logx (x) dx)
= x(logx)? — 2 [logxdx ...(1)
Take [ logxdx
Letu = logx dv =dx
du = =dx v=[dx=x
X
[udv =uv— [vdu
1
[logxdx = (logx)(x) — fx;dx
= xlogx — [dx = xlogx —x
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E j(logx)zdx = x(logx)? — 2 [xlogx —x] + C

Example :

Evaluate [ xsec’*2xdx

Solution:
Letu =x dv = sec?2xdx
du = dxv = [sec?2xdx = 22
[udv =uv — [vdu
[ xsec?2xdx = (x) (tanzzx) — ftanzzx dx
%xtan 2x — %ftan 2xdx
= %x tan 2x — % [—log(ssc 2x)] +C
= %x tan 2x — %log(sec 2x)+C
Example :

Evaluate [ xsin®xdx

dv = sin®xdx

sin2x

)

1 1
Ol Ef(l—cost)dx— S (-

[udv =uv — [vdu

Solution:
Letu =x
du = dx
[ xsin?xdx =
X
¥ 2
- X
2
- X
2
- X
T4
Example :
X
Evaluate [ ——dx

X sin2x 1
s x JE— .
2 2 2

(X . sir;Zx) £

xsin2x 1 sin2x
iz _1p(y sinx g,

4 2
xsin2x 1 (x% = cos2x
i 12 com)
4 2\ 2 4
xsin2x  x%  cos2x
—_— = + C
4 4 8
xsin2x COS2X
— — + C
4 8
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Solution:
x — X . — 2X
Jozdx = fZCoszgdx [ 1+ cosx = 2cos 2]
1 2X dy o v
= 2fxsec ~dx -+ (1)
Let u =x dv = seczgdx
X tan(3) X
du = dx v = [sec’=dx = —% = 2tan=
2 > 2
[udv =uv — [vdu
x = 11 X\ x
(1) = f1+cosx dx'== [x (2 tan;) [2 tan> dx]
= xtan= — —log[sfc@] +C
2 1
2
X X
= xtanz — 2 log [sec (E)] +C
Example :
Solution:

f X B — f x (1-sinx)

1+sinx (14sinx)(1—sinx)
fx(l smx) fx(l smx)
1-sin?x cos?x

= [(xsec?x — xsecxtanx) dx
= [ xsec?xdx — [ xsecxtanxdx ... (1)
Take [ xsec?xdx
Letu =x dv = sec?xdx
du = dx v = [ sec’xdx = tanx
[udv =uv — [vdu
[ xsec?xdx = (x)(tanx) — [ tanxdx
= xtanx — log(secx) ... (2)
Take [ xsecxtanxdx
Letu =x dv = secxtanxdx

du = dx v = [ secxtanxdx = secx
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[udv =uv — [vdu = [ xsecxtanxdx = (x)(secx) — [ secxdx

= xsecx — log(secx + tanx) ...(3)

V= ~__dx = xtanx — log(secx) — xsecx + log(secx + tanx) + C

1+sinx
[ by(2)and(3) ]

Example :
Evaluate [(x?e%*) dx

Solution:
Letu = x?, A=V i
2Xx 2x 2Xx
dv:ezxdxl v = v1=e_; v2=e_
2 4 8
judv =uwv—u'vy+ u'v, — -
2 2% e oxei K L el e
[(x2e?) dx = (x?) : (2x) A + (2) — +C
2X 2X 2X
= () - () + 2 +C
Example :

Evaluate [ e*cosxdx

Solution:
Letu = e”* dv = cosxdx

du = e*dx v = [ cosxdx = sinx

fudv =uv — [vdu
| = [ e*cosxdx = e*sinx — [ sinxe*dx ...(1)
Take [ e*sinxdx
Let u=¢e* dv = sin xdx
du = e*dx v = [ sinxdx = —cosx
[udv =uv — [vdu
[ e*sinxdx = (e*)(—cosx) — [(—cosx)(e*) dx
= —e*cosx + [ e*cosxdx = —e*cosx + 1
(1)=>1 =e*sinx — [—e*cosx+ 1]+ C
I = e*sinx +e*cosx — 1+ C
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2] = e*sinx + e*cosx + C

| =

N |-

[e*sinx + e*cosx] + C

~ [ e*cosxdx = e? [sinx + cosx] + C

Example :

Evaluate [ e**sinxdx

Solution:

I =fe2xsinxdx .. (1)

Let u = sinx dv = e?*dx

e
du = cosx dx =

[udv =uv— [vdu

ezx e X

2
sinx— — [ — cosx dx
2 2

I

L e# 1

= Tsinx = 511 L (2)
Take I, = [e?* cosx dx

Let u = cosx dv = e®*dx

. er
du = —sinxdx

= cosxﬁ—fﬁ(—s'nx)dx
4 2 2 l

ex 1

= — cosx + = [ e**sinxdx
2 2
e 1
=— cosx + -1
2 2

er

2x
(2)=>I=—sinx—l[e— cosx + =1
2 21 2 2

ezx i ezx 1
I = —sinx —— cosx — -1
2 4 4
1 ezx i ezx
I+ -1 = —sinx —— cosx
4 2 4
5 e3x ]
" I = e (2 sinx — cosx)

2x
I = %(2 sinx — cosx) + C
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Example :

Evaluate [ tan~lxdx. Alsofind f01 tan 1xdx

Solution:

Let u = tan™x dv = dx

1
du=_——dxv=[dx=x

fudv =uv — [vdu

[ tan™'xdx = xtan™'x — fx( : 2) dx
1+x

= xtan™1x —f( ad )dx fenl)

14x2

Takef( = )dx

1+x2

Putt = 1+ x?, dt = 2xdx

11 1 1 1 1
[ () dx = [zdt=3[dt = Jlogt = Jlog(1+x?)
(1) = [ tan~txdx = xtan~'x — =log(1 + x2) + C ...(2
2

o find fgltan 1x
( ) flt -1, — [ t -1 ]1 _[11 (1 2)]1
2) = 0 an “x = |xtan “xjy ; 0og + X 0

4, -11 _o—|1 aly
= tan""1-0 [zlogZ 2logl]

T 1
= Z'—'EICQJZ [. logil-— 0]

Reduction Formula

(1) Find the reduction formula for [ sin™x dx;n = 2 is an integer
Solution:

Consider I, = [ sin"x dx = [sin™ 1x sinx dx

We know by the method of integration by part

fudvzuv— fvdu

Let u = sin™ 1x dv = sinx dx;

du=(n—1)sin" ?xcosxdx v= [sinxdx = —cosx

I, = —cosx sin™ 1x — j(—cosx)(n — 1)sin™ 2 x cosx dx
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= —cosx sin" 'x + (n—1) [cos® xsin™?x dx

= —cosx sin" tx + (n—1) [(1 - sin®x) sin™ ?x dx

= —cosxsin"'x+(n—1) [ sin"%x dx — (n—

1) [ sin™x dx
= —cosx sin" lx+ (n—1) [ sin"%x dx — (n— DI,
L + (n— DI, = —cosx sin™ x4+ (n—1) [ sin"?x dx
nl, = —cosxsin® *x+ (n—1) [ sin"2x dx
-1 =
I, = __cosx sin x_l_ (n l)f sin™2x dx
n n

The ultimate integral is I, or I;
neven:Ip = [dx =x+C [Putn=0in(1)]
nodd: I; = [sinx dx = —cosx + C [Putn=11in (1)]

(1) Find the reduction formula for [ cos™x dx;n > 2 is an integer
Solution:

Consider I, = [ cos™x dx = [ cos™ 1x cosx dx

We know by the method of integration by part

judv=uv— jvdu

Let u= cos" 1x dv = cosx dx

du = (n—1)cos™ %x (—sinx)dx v = [cosxdx = sinx
I, = sinxcos™ 1x — f(sinx)[—(n — 1)cos™ 2 x sinx] dx
= sinx cos™ 'x + (n—1) [sin® xcos" %x dx
= sinx cos™ lx + (n—1) [(1 — cos?x) cos™ %x dx
= sinx cos™ 'x + (n—1) [ cos™?x dx —(n—1) [ cos™x dx
= sinx cos" lx + (n—1) [ cos™ %x dx — (n — DI,

I, + (n—1)I, = sinxcos™ x+ (n— 1)[ cos™ 2x dx

nl, = sinxcos™ 'x+(n—1) [ cos™ %x dx

sinx cos™x = (n-1) _
L, = + [ cos™2

x dx
n n

The ultimate integral is I, or I;
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neven:ly = [dx =x+C [Putn=0in (1)]
nodd: I; = [ cosx dx = sinx + C [Putn=1in (1)]

(I1DFind the reduction formula forfon/2 sinx dx
Solution:

Consider I, = ["*sin™x dx

} cosx sin™1x n-1 .
We know that [ sin™x dx = — - +— [ sin"?x dx
/2 . cosx sin™ 1x m/2 T/2 .
[ sin™x dx = [——] +— /2 sin"2 x dx

T[/Z . n—2

= 04+2— o Sin x dx
n-1 n-3 prm/2 . y

= Dol 7S (/2 nt g dy

n-2+70

x dx

n

n-1 n-3 n-5 /2 . . _

= —— [T sin™ 70
n n-2 n—4-0

Y iins1"ns3 n=5. =% I
n n-2 n-4 n-6

If nis even then,

_ (T/2 N\ TR = TS _ &
I = [[""dx = (x)g = =
If nis odd then,
= fon/zsinxdx = (— cosx)”/2 =—cos%+cosO = 0+1=1
Thus,
/2 n—ln 3n—5n 7 1 =n ] ,
EE' if nis even

. n = n n—2 n—4 n—6
jsmxdx— n-1n-3 n-5n-7

n n—2 n—4 n—=~6

2
0 --§-1, if nis odd
(IV)Find the reduction formula for [* cos™x dx
Solution:

Consider I, = [T/ cos™x dx

[ n— 1 1
We know that [ cos™x dx = = (- )f cos™?x dx
n-1 T[/Z -1 2
foﬂ/ cos™x dx = [—Smx e x] + —nn On/ cos™ % x dx
0
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= 0+n__1f0n/2

n

cos" 2 xd

n-1 n-3 ,m/2 _
= —.— cos™ % x dx

n-1 n-3 n-5 ,n/2 _
= —— [ cos™ C x dx
n n-2 n—4v0

__ nh-1 n-3 n-5 n-7 I

n n-2 n—-4 n-6

If nis even then,

I = fon/zdx = (x)g/2 =%—O = %
If n is odd then,
I = fon/zcosxdx = (sinx)g/2 =sin£2—sin0 = 1-0=1
Thus,
/2 W 1\ 37 R 320 e 1w _ _
: : : s - =) if nis even
cos"xdx=4 " n—2n—-4n-6 2 2
n—-1n-3 n-5n-7 2 ] _
. --5-1, if nis odd

° n n-2n-4n—6
(V) Find the reduction formula for [ sec™ xdx, n = 2 is an integer.
Solution:
Consider I, = [ sec™ xdx = [ sec™ % xsec’xdx ...(1)
We know by the method of integration by part
fudv=uv— [vdu
Let u = sec™ %x dv = sec®x dx
du = (n—2)cos™ 3x (secxtanx)dx v = [sec?xdx = tanx
L, = sec™ %x tanx — [(tanx)[(n — 2)sec™ 3 x secx tanx] dx
= sec" ?x tanx — (n — 2) [ tan® x sec™ *x dx
= sec" ?x tanx — (n — 2) [(sec’x — 1) sec™ %x dx
= sec" ?x tanx — (n — 2) [ sec™x dx + (n — 2) [ sec™ %x dx
=sec" %xtanx — (n—2), + (n — 2)I,,_,
L, + (n—2)I, = sec™ 2x tanx + (n — 2)I,,_,
(n—1)I,, = sec" ?x tanx + (n — 2)I,,_,
= — sec" 2x tanx + Z—:iln_z

n-—1
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The ultimate integral is I, or I,
neven : Iy = [dx =x+C [Putn=0in(1)]
nodd : I, = [secxdx =log(secx+tanx)+C [Putn=1in(1)]

(V1) Find the reduction formula for [ cosec™ xdx, n > 2 is an integer.
Solution:
Consider I, = [ cosec™ xdx = [ cosec™ % x cosec®xdx ...(1)
We know by the method of integration by part
fudv=uv— [vdu
Let u = cosec™ 2x dv = cosec?x dx
du = (n — 2)sec™ 3x (- cosecx cotx)dx
v = [ cosec?x dx = —cotx
L, = cosec™ ?x (—cotx) — [(—cotx)[(n — 2)cosec™ 3 x (—cosecx cotx)] dx
= —cosec™ ?x cotx — (n — 2) [ cot? x cosec™ *x dx
= —cosec™ 2x cotx — (n — 2) [(cosec?x — 1) cosec™ %x dx

=2y dx

= —cosec™ %x cotx — (n— 2) [ cosec™x dx + (n—2) [ cosec
= —cosec™ ?x cotx — (n— 2)I, + (n — 2)I,,_,
I, + (n—2)I, = —cosec™ ?x cotx + (n — 2)I,,_,
(n—1)I, = —cosec™ %x cotx + (n — 2)I,,_,
I, = — ﬁcosec"‘zx cotx + Z—:iln_z
The ultimate integral is I, or I;
neven : Iy = [dx =x+C [Putn=0in(1)]
nodd : I, = [cosecxdx =log(cosecx —cotx) +C [Putn=1in(1)]
(V) Find the reduction formula for [ cot™ xdx, n # 1
Solution:
Consider I, = [ cot™ xdx = [ cot™ 2x cot?x dx ...(1)
= [cot™ %x (cosec’x — 1) dx
= — [ cot™ %x (cosec’x)dx — [ cot™ ?x dx

= — [ cot™ 2x d(cotx) — I,_,
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= —ﬁcot”‘lx — I,
The ultimate integral is I, or I,
neven : Iy = [dx =x+C [Putn=0in(1)]
nodd : I, = [cotxdx =log(sinx)+C [Putn=1in(1)]
(VIIFind the reduction formula for [ tan™ xdx, n # 1
Solution:
Consider I, = [ tan™ xdx ...(1)
= [ tan™ 2x tan®x dx
= [ tan™2x (sec’x — 1) dx
= [ tan™2x sec’xdx — [ tan™ %x dx
= [ tan™ %x d(tanx) — I,,_;
= ﬁ tan™ x —I,_,
The ultimate integral is I, or I,
neven : I, = [dx =x+ C[Putn=0in(1)]
nodd : I, = [tanxdx =log(secx) + C [Putn=1in(1)]
Example:
i) Evaluate [ sin’x dx
Solution:
Given [ sin”x dx

n-1

cosx sin X

We know that I, = — +n;1f sin®?x dx -+ (1)

n
Put n =7 in equation (1)
cosx sin’ "1x
7

. 7-1 . g
[sin"xdx = — +— [ sin”"%x dx
cosx sin®x

.7 _
[ sin”x dx = -

6 ,
+2 sin®x dx -+ - (2)
Put n =5 in equation (1)

cosx sin*x

. 5 _
[ sin®x dx = -

+§f sin3x dx -+ - (3)

Put n = 3 in equation (1)

cosx sin’x

. 5 —
[sin’x dx = -

+2 [ sinx dx
3
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2

coSx sin“x 2
= —————+ = (—cosx)
3 3
. } cosx sin*x = 4[-sin’xcosx 2
~ (3) gives [sin®xdx = — + —[ — —cosx]
5 5 3 3
cosx sin*x 4 . 5 8
= —— — —SIN"X COSX —— CO0SX
5 15 15

and (2) gives

. 7 cosx sin®x 6 [—sin*x cosx 4 . 9 8
fSlTl xdx = — + - — —SIn~ X COSX —— COSX
7 7 5 15 15

1 e 6 . .4 8 . 16
= —=cosx sinx — —sin*x cosx — — — sin’x cosx — = cosx
7 35 35 35
(ii) Evaluate [ cos*x dx

Solution:

Given [ cos*x dx

; n-1 _
We know that I,, = Smxczs =+ (nnl)f cos™ %x dx -+ (1)
Put n =4 in equation (1)
H 3
[cos*x dx = ZEETX L 31 pos2x dx
4 4
_ sinx cos3x i Ef (1 + cos Zx) doc
4 4 2
- sin x cos3x + g (X L sin Zx)
4 8 7

(iii)Evaluate [ * sin” x dx
Solution:

: 2
Given fon/ sin” x dx

n-1 n-3 n-5 n-7

We know that fon/z sin® x dx = r % 1, whennisodd --- (1)

n n-2 n—-4 n-6

Put n =7 in equation (1)

iv)Evaluate [ cos1® x dx
0
Solution:

: 2
Given fon/ cos® x dx
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n-1 n-3 n-5 n-7

We know that fon/ % cos™ x dx =

(1)
Put n =10 in equation (1)

o cosm x dx = ((37) (3532) (5om3) Goze) (550) (3)
=GHEERGE) = o

(v) Evaluate f: sin®x dx

1 = .
-+= =, whenniseven ---
n n-2 n—-4 n-6 2 2

Solution:
. mw . 2
Given [ sin®x dx

fon sinxdx = [ (1_COS Zx) dx

0 2

1,1
=5f0 (1 — cos 2x) dx
1 sin 2x\7
:E(x_ 2 )0

-[(e- 29 - (0- 2]

=-(m—0-0+0) =

NIE!

(vi) Evaluate f:/z sin®™*1 x dx

Solution:

: 2 .
Given fon/ sin®™*1 x dx

n-1 n-3 n-5 n-7

We know that fon/z sin® x dx = r g .1, whennisodd -+ (1)

n n-2 n—-4 n-6
Putn=2n+1inequation (1)

(2n+1)-1 (2n+1)-3 (2n+1)-5
2n+1  (2n+1)-2 (2n+1)—4

n/2 .,
Js /2 sin™ x dx =

2n 2n-2 2n-4 6 4

2n+1 2n-1 2n-3 7 5

2
(vii) Evaluate [ tan? x dx
Solution:
Given [ tan® x dx
[tan? x dx = [(sec?x — 1) dx
= [sec?x dx — [ dx
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=tanx —x+C
(viii)Evaluate [ tan3 x dx
Solution:
Given [ tan® x dx
[ tan3 x dx = [ tan?® x tanx dx
= [(sec’x — 1) tanx dx
= [ sec?x tanx dx — [ tanx dx

= [ tanx d(tanx) — [ tanx dx

2
= tmzl “ logsecx + C

(ix)Evaluate f:// 62 cot® x dx
Solution:
Given f://; cot? x dx
ff//: cot? x dx = f;//j(cosecz x—1)dx
= f;//j cosec? x dx — f;’//; dx

/2 /2
/6 [x]n/6

-0~ (<B)- (5-3) = V- in

= [—cotx]
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