
UNIT IV  
INITIAL VALUE  PROBLEMS FOR ORDINARY DIFFERENTIAL EQUATIONS 

                      PROBLEMS BASED ON  

𝑴𝒊𝒍𝒏𝒆’𝒔 𝑷𝒓𝒆𝒅𝒊𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

 

 

 

 

𝑴𝒊𝒍𝒏𝒆’𝒔 𝑷𝒓𝒆𝒅𝒊𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

 

 

𝒚𝒏+𝟏, 𝒑 = 𝒚𝒏−𝟑 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝒏−𝟐 − 𝒚′
𝒏−𝟏 + 𝟐𝒚′

𝒏] 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏−𝟏 +
𝒉

𝟑
[𝒚′

𝒏−𝟏 + 𝟒𝒚′
𝒏 + 𝒚′

𝒏+𝟏] 

 

 

1.𝑼𝒔𝒊𝒏𝒈 𝑴𝒊𝒍𝒏𝒆’𝒔  𝑴𝒆𝒕𝒉𝒐𝒅   𝑮𝒊𝒗𝒆𝒏 
𝒅𝒚

𝒅𝒙
= 𝒙𝟑 + 𝒚 

𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟐, 𝒚(𝟎. 𝟐) = 𝟐. 𝟎𝟕𝟑 , 𝒚(𝟎. 𝟒) = 𝟐. 𝟒𝟓𝟐 , 𝒚(𝟎. 𝟔) = 𝟑. 𝟎𝟐𝟑 

𝒇𝒊𝒏𝒅 𝒚(𝟎. 𝟖) 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏: 𝒚′ = 𝒇(𝒙, 𝒚) = 𝒙𝟑 + 𝒚 

 

𝒙𝟎 = 𝟎          𝒚𝟎 = 𝟐 

𝒙𝟏 = 𝟎. 𝟐        𝒚𝟏 = 𝟐. 𝟎𝟕𝟑 

𝒙𝟐 = 𝟎. 𝟒        𝒚𝟐 = 𝟐. 𝟒𝟓𝟐 



𝒙𝟑 = 𝟎. 𝟔       𝒚𝟑 = 𝟑. 𝟎𝟐𝟑 

𝒙𝟑 = 𝟎. 𝟖       𝒚𝟒 =? 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟐 − 𝟎 = 𝟎. 𝟐 

𝑩𝒚 𝑴𝒊𝒍𝒏𝒆’𝒔 𝑷𝒓𝒆𝒅𝒊𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒑 = 𝒚𝒏−𝟑 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝒏−𝟐 − 𝒚′
𝒏−𝟏 + 𝟐𝒚′

𝒏] 

𝒚𝟒, 𝒑 = 𝒚𝟎 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝟏
− 𝒚′

𝟐
+ 𝟐𝒚′

𝟑
] 

𝑾𝒆 𝒉𝒂𝒗𝒆  𝒚′ = 𝒙𝟑 + 𝒚 

𝒚𝟏
′ = 𝒙𝟏

𝟑 + 𝒚𝟏 𝒚𝟏
′ = (𝟎. 𝟐)𝟑 + 𝟐. 𝟎𝟕𝟑 = 𝟎. 𝟎𝟎𝟒 + 𝟐. 𝟎𝟕𝟑 = 𝟐. 𝟎𝟖𝟏 

𝒚𝟐
′ = 𝒙𝟐

𝟑 + 𝒚𝟐 𝒚𝟐
′ = (𝟎. 𝟒)𝟑 + 𝟐. 𝟒𝟓𝟐 = 𝟎. 𝟎𝟔𝟒 + 𝟐. 𝟒𝟓𝟐 = 𝟐. 𝟓𝟏𝟔 

𝒚𝟑
′ = 𝒙𝟑

𝟑 + 𝒚𝟑 𝒚𝟑
′ = (𝟎. 𝟔)𝟑 + 𝟑. 𝟎𝟐𝟑 = 𝟎. 𝟐𝟏𝟔 + 𝟑. 𝟎𝟐𝟑 = 𝟑. 𝟐𝟑𝟗 

 

𝒚𝟒, 𝒑 = 𝒚𝟎 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝟏 − 𝒚′
𝟐 + 𝟐𝒚′

𝟑] 

𝒚𝟒, 𝒑 = 𝟐 +
𝟒(𝟎. 𝟐)

𝟑
[𝟐(𝟐. 𝟎𝟖𝟏) − 𝟐. 𝟓𝟏𝟔 + 𝟐(𝟑. 𝟐𝟑𝟗)] 

𝒚𝟒, 𝒑 = 𝟐 +
𝟎. 𝟖

𝟑
[𝟖. 𝟏𝟐𝟒] 

= 𝟐 + 𝟐. 𝟏𝟔𝟔𝟒 = 𝟒. 𝟏𝟔𝟔𝟒 

𝑩𝒚 𝑴𝒊𝒍𝒏𝒆’𝒔  𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏−𝟏 +
𝒉

𝟑
[𝒚′

𝒏−𝟏
+ 𝟒𝒚′

𝒏
+ 𝒚′

𝒏+𝟏
] 

𝒚𝟒, 𝒄 = 𝒚𝟐 +
𝒉

𝟑
[𝒚′

𝟐 + 𝟒𝒚′
𝟑 + 𝒚′

𝟒] 

𝒚𝟒
′ = 𝒙𝟒

𝟑 + 𝒚𝟒 = (𝟎. 𝟖)𝟑 + 𝟒. 𝟏𝟔𝟔𝟒 

= 𝟎. 𝟓𝟏𝟐 + 𝟒. 𝟏𝟔𝟔𝟒 = 𝟒. 𝟔𝟕𝟖𝟒 



𝒚𝟒, 𝒄 = 𝟐. 𝟒𝟓𝟐 +
𝟎. 𝟐

𝟑
[𝟐. 𝟓𝟏𝟑 + 𝟒(𝟑. 𝟐𝟑𝟗) + 𝟒. 𝟔𝟕𝟖𝟒] 

= 𝟐. 𝟒𝟓𝟐 +
𝟎. 𝟐

𝟑
[𝟐𝟎. 𝟏𝟓𝟎𝟒] 

= 𝟑. 𝟕𝟗𝟓𝟑𝟔 

 

 

 

 

2.𝑼𝒔𝒊𝒏𝒈 𝑴𝒊𝒍𝒏𝒆’𝒔  𝑴𝒆𝒕𝒉𝒐𝒅    𝑮𝒊𝒗𝒆𝒏 𝒚′ = 𝒙 − 𝒚𝟐   𝒂𝒏𝒅 

𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟎, 𝒚(𝟎. 𝟐) = 𝟎. 𝟎𝟐 , 𝒚(𝟎. 𝟒) = 𝟎. 𝟎𝟕𝟗𝟓 , 𝒚(𝟎. 𝟔) = 𝟎. 𝟏𝟕𝟔𝟐 

𝒇𝒊𝒏𝒅 𝒚(𝟎. 𝟖) 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏: 𝒚′ = 𝒇(𝒙, 𝒚) = 𝒙 − 𝒚𝟐 

 

𝒙𝟎 = 𝟎          𝒚𝟎 = 𝟎 

𝒙𝟏 = 𝟎. 𝟐        𝒚𝟏 = 𝟎. 𝟎𝟐 

𝒙𝟐 = 𝟎. 𝟒        𝒚𝟐 = 𝟎. 𝟎𝟕𝟗𝟓 

𝒙𝟑 = 𝟎. 𝟔       𝒚𝟑 = 𝟎. 𝟏𝟕𝟔𝟐 

𝒙𝟑 = 𝟎. 𝟖       𝒚𝟒 =? 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟐 − 𝟎 = 𝟎. 𝟐 

𝑩𝒚 𝑴𝒊𝒍𝒏𝒆’𝒔 𝑷𝒓𝒆𝒅𝒊𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒑 = 𝒚𝒏−𝟑 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝒏−𝟐
− 𝒚′

𝒏−𝟏
+ 𝟐𝒚′

𝒏
] 

𝒚𝟒, 𝒑 = 𝒚𝟎 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝟏 − 𝒚′
𝟐 + 𝟐𝒚′

𝟑] 



𝑾𝒆 𝒉𝒂𝒗𝒆  𝒚′ = 𝒙 − 𝒚𝟐 

𝒚𝟏
′ = 𝒙𝟏 − 𝒚𝟏

𝟐 𝒚𝟏
′ = 𝟎. 𝟐 − (𝟎. 𝟎𝟐)𝟐 = 𝟎. 𝟐 − 𝟎. 𝟎𝟎𝟎𝟒 = 𝟎. 𝟏𝟗𝟗𝟔 

𝒚𝟐
′ = 𝒙𝟐 − 𝒚𝟐

𝟐 𝒚𝟐
′ = 𝟎. 𝟒 − (𝟎. 𝟎𝟕𝟗𝟓)𝟐 = 𝟎. 𝟒 − 𝟎. 𝟎𝟎𝟔𝟑 = 𝟎. 𝟑𝟗𝟑𝟕 

𝒚𝟑
′ = 𝒙𝟑 − 𝒚𝟑

𝟐 𝒚𝟑
′ = 𝟎. 𝟔 − (𝟎. 𝟎𝟕𝟗𝟓)𝟐 = 𝟎. 𝟒 − 𝟎. 𝟎𝟎𝟔𝟑 = 𝟎. 𝟑𝟗𝟑𝟕 

 

 

 

 

𝒚𝟒, 𝒑 = 𝒚𝟎 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝟏 − 𝒚′
𝟐 + 𝟐𝒚′

𝟑] 

𝒚𝟒, 𝒑 = 𝟐 +
𝟒(𝟎. 𝟐)

𝟑
[𝟐(𝟐. 𝟎𝟖𝟏) − 𝟐. 𝟓𝟏𝟔 + 𝟐(𝟑. 𝟐𝟑𝟗)] 

𝒚𝟒, 𝒑 = 𝟐 +
𝟎. 𝟖

𝟑
[𝟖. 𝟏𝟐𝟒] 

= 𝟐 + 𝟐. 𝟏𝟔𝟔𝟒 = 𝟒. 𝟏𝟔𝟔𝟒 

𝑩𝒚 𝑴𝒊𝒍𝒏𝒆’𝒔  𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏−𝟏 +
𝒉

𝟑
[𝒚′

𝒏−𝟏 + 𝟒𝒚′
𝒏 + 𝒚′

𝒏+𝟏] 

𝒚𝟒, 𝒄 = 𝒚𝟐 +
𝒉

𝟑
[𝒚′

𝟐 + 𝟒𝒚′
𝟑 + 𝒚′

𝟒] 

𝒚𝟒
′ = 𝒙𝟒

𝟑 + 𝒚𝟒 = (𝟎. 𝟖)𝟑 + 𝟒. 𝟏𝟔𝟔𝟒 

= 𝟎. 𝟓𝟏𝟐 + 𝟒. 𝟏𝟔𝟔𝟒 = 𝟒. 𝟔𝟕𝟖𝟒 

𝒚𝟒, 𝒄 = 𝟐. 𝟒𝟓𝟐 +
𝟎. 𝟐

𝟑
[𝟐. 𝟓𝟏𝟑 + 𝟒(𝟑. 𝟐𝟑𝟗) + 𝟒. 𝟔𝟕𝟖𝟒] 

= 𝟐. 𝟒𝟓𝟐 +
𝟎. 𝟐

𝟑
[𝟐𝟎. 𝟏𝟓𝟎𝟒] 

= 𝟑. 𝟕𝟗𝟓𝟑 



 

 

 

 

 

 

 

 

3.𝑼𝒔𝒊𝒏𝒈 𝑴𝒊𝒍𝒏𝒆’𝒔  𝑴𝒆𝒕𝒉𝒐𝒅   𝒕𝒐 𝑭𝒊𝒏𝒅 𝒚(𝟎. 𝟒)  𝑮𝒊𝒗𝒆𝒏 𝒚′ =
(𝟏+𝒙𝟐)𝒚𝟐

𝟐
 , 𝒚(𝟎) =

𝟏, 𝒚(𝟎. 𝟏) = 𝟏. 𝟎𝟔, 𝒚(𝟎. 𝟐) = 𝟏. 𝟏𝟐   𝒂𝒏𝒅 𝒚(𝟎. 𝟑) = 𝟏. 𝟐𝟏 

Solution : 

𝑮𝒊𝒗𝒆𝒏 𝒚′ =
(𝟏 + 𝒙𝟐)𝒚𝟐

𝟐
 

 

 

𝒙𝟎 = 𝟎          𝒚𝟎 = 𝟏 

𝒙𝟏 = 𝟎. 𝟏        𝒚𝟏 = 𝟏. 𝟎𝟔 

𝒙𝟐 = 𝟎. 𝟐        𝒚𝟐 = 𝟏. 𝟏𝟐 

𝒙𝟑 = 𝟎. 𝟑       𝒚𝟑 = 𝟏. 𝟐𝟏 

𝒙𝟒 = 𝟎. 𝟒       𝒚𝟒 =? 

 

𝒚′ =
(𝟏 + 𝒙𝟐)𝒚𝟐

𝟐
 

𝒚𝟎
′ =

(𝟏 + 𝒙𝟎
𝟐)𝒚𝟎

𝟐

𝟐
=

𝟏

𝟐
(𝟏 + 𝟎)(𝟏) =

𝟏

𝟐
= 𝟎. 𝟓 



𝒚𝟏
′ =

(𝟏 + 𝒙𝟏
𝟐)𝒚𝟏

𝟐

𝟐
=

𝟏

𝟐
(𝟏 + (𝟎. 𝟏)𝟐)(𝟏. 𝟎𝟔)𝟐 = 𝟎. 𝟓𝟔𝟕𝟒 

𝒚𝟐
′ =

(𝟏 + 𝒙𝟐
𝟐)𝒚𝟐

𝟐

𝟐
=

𝟏

𝟐
(𝟏 + (𝟎. 𝟐)𝟐)(𝟏. 𝟏𝟐)𝟐 = 𝟎. 𝟔𝟓𝟐𝟐 

𝒚𝟑
′ =

(𝟏 + 𝒙𝟑
𝟐)𝒚𝟑

𝟐

𝟐
=

𝟏

𝟐
(𝟏 + (𝟎. 𝟑)𝟐)(𝟏. 𝟐𝟏)𝟐 = 𝟎. 𝟕𝟗𝟕𝟗 

By milne’s  method 

𝒚𝟒, 𝒑 = 𝒚𝟎 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝟏 − 𝒚′
𝟐 + 𝟐𝒚′

𝟑] 

=𝒚𝟎 +
𝟒(𝟎.𝟏)

𝟑
[𝟐(𝟎. 𝟓𝟔𝟕𝟒) − 𝟎. 𝟔𝟓𝟐𝟐 + 𝟐(𝟎. 𝟕𝟗𝟕𝟗)] =1.2771 

𝑩𝒚 𝑴𝒊𝒍𝒏𝒆’𝒔  𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏−𝟏 +
𝒉

𝟑
[𝒚′

𝒏−𝟏 + 𝟒𝒚′
𝒏 + 𝒚′

𝒏+𝟏] 

 

 

𝒚𝟒
′ =

(𝟏 + 𝒙𝟒
𝟐)𝒚𝟒

𝟐

𝟐
=

𝟏

𝟐
(𝟏 + (𝟎. 𝟒)𝟐)(𝟏. 𝟐𝟕𝟕𝟏)𝟐 = 𝟎. 𝟗𝟒𝟔𝟎 

 

 

𝒚𝟒, 𝒄 = 𝟏. 𝟏𝟐 +
(𝟎. 𝟏)

𝟑
[𝟎. 𝟔𝟓𝟐𝟐 + 𝟒(𝟎. 𝟕𝟗𝟕𝟗) + 𝟎. 𝟗𝟒𝟔𝟎] 

=1.2797 

 

 

 

 



 

 

 

 

 

 

 

 

 

𝟒. 𝑼𝒔𝒊𝒏𝒈 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂  𝒇𝒐𝒖𝒓𝒕𝒉 𝒐𝒓𝒅𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒇𝒊𝒏𝒅 𝒚 𝒂𝒕 𝒙 = 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑 𝒊𝒇 
𝒅𝒚

𝒅𝒙
= 𝒙𝒚 + 𝒚𝟐  𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟏and alsofind the 

solution at 𝒙 = 𝟎. 𝟒 using Milne’s method - 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏 𝒚′ = 𝒇(𝒙, 𝒚) = 𝒙𝒚 + 𝒚𝟐   𝒂𝒏𝒅 

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟏 − 𝟎 = 𝟎. 

𝑩𝒚 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒌𝟏 = 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 

𝒌𝟐 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟏

𝟐
) 

𝒌𝟑 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟐

𝟐
) 

𝒌𝟒 = 𝒉𝒇(𝒙𝒏 + 𝒉, 𝒚𝒏 + 𝒌𝟑) 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

𝒌𝟏 = 𝒉𝒇(𝒙𝟎, 𝒚𝟎) 



= (𝟎. 𝟏)𝒇(𝟎, 𝟏) 

= (𝟎. 𝟏)[𝟎 + 𝟏𝟐 ] = 𝟎. 𝟏 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟏

𝟐
) 

= (𝟎. 𝟏)𝒇 (𝟎 +
𝟎. 𝟏

𝟐
, 𝟏 +

𝟎. 𝟏

𝟐
) 

= (𝟎. 𝟏)𝒇(𝟎. 𝟎𝟓, 𝟏. 𝟎𝟓) 

= (𝟎. 𝟏)[(𝟎. 𝟎𝟓)(𝟏. 𝟎𝟓) + (𝟏. 𝟎𝟓)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟎𝟓𝟐𝟓 + 𝟏. 𝟏𝟎𝟐𝟓] 

= 𝟎. 𝟏[𝟏. 𝟏𝟓𝟓] 

= 𝟎. 𝟏𝟏𝟓𝟓 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟐

𝟐
) 

= (𝟎. 𝟏)𝒇 (𝟎 +
𝟎. 𝟏

𝟐
, 𝟏 +

𝟎. 𝟏𝟏𝟓𝟓

𝟐
) 

= (𝟎. 𝟏)𝒇(𝟎. 𝟎𝟓, 𝟏. 𝟎𝟓𝟕𝟕𝟓) 

= (𝟎. 𝟏)[(𝟎. 𝟎𝟓)(𝟏. 𝟎𝟓𝟕𝟕𝟓) + (𝟏. 𝟎𝟓𝟕𝟕𝟓)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟎𝟓𝟐𝟖𝟖𝟕𝟓 + 𝟏. 𝟏𝟏𝟖𝟖𝟑𝟓] 

= 𝟎. 𝟏[𝟏. 𝟏𝟕𝟏𝟕𝟐𝟐𝟓] 

= 𝟎. 𝟏𝟏𝟕𝟏𝟕 

𝒌𝟒 = 𝒉𝒇(𝒙𝟎 + 𝒉, 𝒚𝟎 + 𝒌𝟑) 

= 𝟎. 𝟏𝒇(𝟎 + 𝟎. 𝟏, 𝟏 + 𝟎. 𝟏𝟏𝟕𝟏𝟕) 

= 𝒉𝒇(𝟎. 𝟏, 𝟏. 𝟏𝟏𝟕𝟏𝟕) 

= (𝟎. 𝟏)[(𝟎. 𝟏)(𝟏. 𝟏𝟏𝟕𝟏𝟕) + (𝟏. 𝟏𝟏𝟕𝟏𝟕)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟏𝟏𝟏𝟕𝟏𝟕 + 𝟏. 𝟐𝟒𝟖𝟎𝟕] 

= 𝟎. 𝟏𝟑𝟓𝟗𝟖 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟏 + 𝟐(𝟎. 𝟏𝟏𝟓𝟓 ) + 𝟐(𝟎. 𝟏𝟏𝟕𝟏𝟕) + 𝟎. 𝟏𝟑𝟓𝟗𝟖] 



=
𝟏

𝟔
[𝟎. 𝟕𝟎𝟏𝟑𝟐] = 𝟎. 𝟏𝟏𝟔𝟖𝟗 

𝒚𝟏 = 𝒚𝟎 + ∆𝒚 = 𝟏 + 𝟎. 𝟏𝟏𝟔𝟖𝟗 = 𝟏. 𝟏𝟏𝟔𝟖𝟗 

To find 𝒚(𝟎. 𝟐) 

𝒙𝟏 = 𝟎. 𝟏       𝒚𝟏 = 𝟏. 𝟏𝟏𝟔𝟖𝟗 

 

𝒌𝟏 = 𝒉𝒇(𝒙𝟏, 𝒚𝟏) =  (𝟎. 𝟏)𝒇(𝟎. 𝟏, 𝟏. 𝟏𝟏𝟔𝟖𝟗) 

= (𝟎. 𝟏)[(𝟎. 𝟏)(𝟏. 𝟏𝟏𝟔𝟖𝟗) + (𝟏. 𝟏𝟏𝟔𝟖𝟗)𝟐] 

= (𝟎. 𝟏)[𝟎. 𝟏𝟏𝟏𝟔𝟖𝟗 + 𝟏. 𝟐𝟒𝟕𝟒𝟒] 

=0.1359 

 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟏

𝟐
) 

 

= (𝟎. 𝟏)𝒇 (𝟎. 𝟏 +
𝟎. 𝟏

𝟐
, 𝟏. 𝟏𝟏𝟔𝟖𝟗 +

𝟎. 𝟏𝟑𝟓𝟗

𝟐
) 

 

 

= (𝟎. 𝟏)𝒇(𝟎. 𝟏𝟓, 𝟏. 𝟏𝟖𝟒𝟖𝟒) 

= (𝟎. 𝟏)[(𝟎. 𝟏𝟓)(𝟏. 𝟏𝟖𝟒𝟖𝟒) + (𝟏. 𝟏𝟖𝟒𝟖𝟒)𝟐] 

= (𝟎. 𝟏)[𝟎. 𝟏𝟕𝟕𝟕𝟐𝟔 + 𝟏. 𝟒𝟎𝟑𝟖𝟒𝟔] 

=0.1582 

 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟐

𝟐
) 



= 𝟎. 𝟏𝒇 (𝟎. 𝟏 +
𝟎. 𝟏

𝟐
, 𝟏. 𝟏𝟔𝟖𝟗 +

𝟎. 𝟏𝟓𝟖𝟐

𝟐
) 

= 𝟎. 𝟏𝒇(𝟎. 𝟏𝟓, 𝟏. 𝟏𝟗𝟓𝟗𝟗) 

=(𝟎. 𝟏)[(𝟎. 𝟏𝟓)(𝟏. 𝟏𝟗𝟓𝟗𝟗) + (𝟏. 𝟏𝟗𝟓𝟗𝟗)𝟐] 

= (𝟎. 𝟏)[𝟎. 𝟏𝟕𝟗𝟑𝟗𝟖𝟓 + 𝟏. 𝟒𝟑𝟎𝟑𝟗𝟐𝟎𝟖] 

=0.16098 

𝒌𝟒 = 𝒉𝒇(𝒙𝟏 + 𝒉, 𝒚𝟏 + 𝒌𝟑) 

= 𝟎. 𝟏𝒇(𝟎. 𝟏 + 𝟎. 𝟏, 𝟏. 𝟏𝟏𝟔𝟖𝟗 + 𝟎. 𝟏𝟔𝟎𝟗𝟖) 

= 𝟎. 𝟏𝒇(𝟎. 𝟐, 𝟏. 𝟐𝟕𝟕𝟖𝟕) 

=(𝟎. 𝟏)[(𝟎. 𝟐)(𝟏. 𝟐𝟕𝟕𝟖𝟕) + (𝟏. 𝟐𝟕𝟕𝟖𝟕)𝟐] 

=(𝟎. 𝟏)[𝟎. 𝟐𝟓𝟓𝟓𝟕𝟒 + 𝟏. 𝟔𝟑𝟐𝟗𝟓] 

=0.1889 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟏𝟑𝟓𝟗 +2(𝟎. 𝟏𝟓𝟖𝟐) + 𝟐(𝟎. 𝟏𝟔𝟎𝟗𝟖) + 𝟎. 𝟏𝟖𝟖𝟗] 

= 0.16053 

𝒚𝟐 = 𝒚(𝟎. 𝟐) = 𝒚𝟏 + ∆𝒚 = 𝟏. 𝟏𝟏𝟔𝟖𝟗 + 𝟎. 𝟏𝟔𝟎𝟓𝟑 = 𝟏. 𝟐𝟕𝟕𝟒 

 

 

To find 𝒚(𝟎. 𝟑) 

 

𝒙𝟐 = 𝟎. 𝟐       𝒚𝟐 = 𝟏. 𝟐𝟕𝟕𝟒 

 

𝒌𝟏 = 𝒉𝒇(𝒙𝟐, 𝒚𝟐) = (𝟎. 𝟏)𝒇(𝟎. 𝟐, 𝟏. 𝟐𝟕𝟕𝟒) 

 



= (𝟎. 𝟏)[(𝟎. 𝟐)(𝟏. 𝟐𝟕𝟕𝟒) + (𝟏. 𝟐𝟕𝟕𝟒)𝟐] 

= (𝟎. 𝟏)[(𝟎. 𝟐𝟓𝟓𝟒𝟖) + (𝟏. 𝟔𝟑𝟏𝟕𝟓)] 

= 0.1887 

 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟐 +
𝒉

𝟐
, 𝒚𝟐 +

𝒌𝟏

𝟐
) 

 

= (𝟎. 𝟏)𝒇 (𝟎. 𝟐 +
𝟎. 𝟏

𝟐
, 𝟏. 𝟐𝟕𝟕𝟒 +

𝟎. 𝟏𝟖𝟖𝟕

𝟐
) 

= (𝟎. 𝟏)𝒇(𝟎. 𝟐𝟓, 𝟏. 𝟑𝟕𝟏𝟕𝟓) 

= (𝟎. 𝟏)[(𝟎. 𝟐𝟓)(𝟏. 𝟑𝟕𝟏𝟕𝟓) + (𝟏. 𝟑𝟕𝟏𝟕𝟓)𝟐] 

=(𝟎. 𝟏)[(𝟎. 𝟑𝟒𝟐𝟗𝟑𝟕𝟓) + (𝟏. 𝟖𝟖𝟏𝟔𝟗𝟖)𝟐] 

=0.22246 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟐 +
𝒉

𝟐
, 𝒚𝟐 +

𝒌𝟐

𝟐
) 

= (𝟎. 𝟏)𝒇 (𝟎. 𝟐 +
𝟎. 𝟏

𝟐
, 𝟏. 𝟐𝟕𝟕𝟒 +

𝟎. 𝟐𝟐𝟐𝟒𝟔

𝟐
) 

 

= (𝟎. 𝟏)𝒇(𝟎. 𝟐𝟓, 𝟏. 𝟑𝟖𝟖𝟔𝟑) 

= (𝟎. 𝟏)[(𝟎. 𝟐𝟓)(𝟏. 𝟑𝟖𝟖𝟔𝟑) + (𝟏. 𝟑𝟖𝟖𝟔𝟑)𝟐] 

= 𝟎. 𝟐𝟐𝟕𝟓 

𝒌𝟒 = 𝒉𝒇(𝒙𝟐 + 𝒉, 𝒚𝟐 + 𝒌𝟑) 

= 𝟎. 𝟏𝒇(𝟎. 𝟐 + 𝟎. 𝟏, 𝟏. 𝟐𝟕𝟕𝟒 + 𝟎. 𝟐𝟐𝟕𝟓) 

= 𝟎. 𝟏𝒇(𝟎. 𝟑, 𝟏. 𝟓𝟎𝟒𝟗) 

=(𝟎. 𝟏)[(𝟎. 𝟑)(𝟏. 𝟓𝟎𝟒𝟗) + (𝟏. 𝟓𝟎𝟒𝟗)𝟐] 

=0.2716 



 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟏𝟖𝟖𝟕 +2(𝟎. 𝟐𝟐𝟐𝟒𝟔) + 𝟐(𝟎. 𝟐𝟐𝟕𝟓) + 𝟎. 𝟐𝟕𝟏𝟔] 

=0.2267 

𝒚(𝟎. 𝟑) = 𝒚𝟐 + ∆𝒚 

=1.2774+0.2267 

= 1.5041 

 

 

 𝒙𝟎 = 𝟎  𝒚𝟎 = 𝟏 𝒚𝟎
′ = 𝟎 

 𝒙𝟏 = 𝟎. 𝟏  𝒚𝟏 = 𝟏. 𝟏𝟏𝟔𝟖𝟗 𝒚𝟏
′ = (𝟎. 𝟏)(𝟏. 𝟏𝟏𝟔𝟖𝟗) + (𝟏. 𝟏𝟏𝟔𝟖𝟗)𝟐

= 𝟏. 𝟑𝟓𝟗𝟏 

 𝒙𝟐 = 𝟎. 𝟐  𝒚𝟐 = 𝟏. 𝟐𝟕𝟕𝟒 𝒚𝟐
′ = (𝟎. 𝟐)(𝟏. 𝟐𝟕𝟕𝟒) + (𝟏. 𝟐𝟕𝟕𝟒)𝟐

= 𝟏. 𝟖𝟖𝟕𝟐 

 𝒙𝟑 = 𝟎. 𝟑  𝒚𝟑 = 𝟏. 𝟓𝟎𝟒𝟏 𝒚𝟑
′ = (𝟎. 𝟑)(𝟏. 𝟓𝟎𝟒𝟏) + (𝟏. 𝟓𝟎𝟒𝟏)𝟐

= 𝟐. 𝟕𝟏𝟑𝟔 

 

By Milne’s  Predictor formula 

𝒚𝟒, 𝒑 = 𝒚𝟎 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝟏
− 𝒚′

𝟐
+ 𝟐𝒚′

𝟑
] 

= 𝟏 +
𝟒(𝟎. 𝟏)

𝟑
[𝟐(𝟏. 𝟑𝟓𝟗𝟏) − 𝟏. 𝟖𝟖𝟕𝟐 + 𝟐(𝟐. 𝟕𝟏𝟑𝟔)] 

=1.8344 

 



 𝒙𝟒 = 𝟎. 𝟒  𝒚𝟒 = 𝟏. 𝟖𝟑𝟒𝟒 𝒚𝟒
′ = (𝟎. 𝟒)(𝟏. 𝟖𝟑𝟒𝟒) + (𝟏. 𝟖𝟑𝟒𝟒)𝟐

= 𝟒. 𝟎𝟗𝟖𝟕𝟖 

 

𝑩𝒚 𝑴𝒊𝒍𝒏𝒆’𝒔  𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏−𝟏 +
𝒉

𝟑
[𝒚′

𝒏−𝟏
+ 𝟒𝒚′

𝒏
+ 𝒚′

𝒏+𝟏
] 

𝒚𝟒, 𝒄 = 𝒚𝟐 +
𝒉

𝟑
[𝒚′

𝟐
+ 𝟒𝒚′

𝟑
+ 𝒚′

𝟒
] 

= 𝟏. 𝟐𝟕𝟕𝟒 +
𝟎. 𝟏

𝟑
[𝟏. 𝟖𝟖𝟕𝟐 + 𝟒(𝟐. 𝟕𝟏𝟑𝟔) + 𝟒. 𝟎𝟗𝟖𝟕𝟖] 

=1.8387 

 

5. 𝑼𝒔𝒊𝒏𝒈 𝑻𝒂𝒚𝒍𝒐𝒓𝒔 𝑺𝒆𝒓𝒊𝒐𝒖𝒔 𝑴𝒆𝒕𝒉𝒐𝒅 𝒇𝒊𝒏𝒅 𝒚 𝒂𝒕 𝒙 = 𝟎. 𝟏  

  𝒊𝒇 𝒚′′ + 𝒙𝒚′ + 𝒚 = 𝟎𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟏, 𝒚′(𝟎) = 𝟎  Obtain y for x=0.1,0.2,0.3 by 

Taylor’s series method and find the solution for y(0.4) by Milne’s method  

𝑮𝒊𝒗𝒆𝒏 ∶   𝒚′′ + 𝒙𝒚′ + 𝒚 = 𝟎  

𝒚′′ = −𝒙𝒚′ − 𝒚 

 

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

                                  𝑦0
′ = 0 

𝒚′′ = −𝒙𝒚′ − 𝒚 

 

𝑦0
′′ = − 𝒙𝟎𝑦0

′ − 𝒚𝟎 

= −(𝟎)(𝟎) − 𝟏 = −𝟏 

𝒚′′′ = −𝒙𝒚′′ − 𝒚′ − 𝒚′ 

= −𝒙𝒚′′ − 𝟐𝒚′ 

𝑦0
′′′ = − 𝒙𝟎𝑦0

′′ − 𝟐𝒚𝟎
′  

=-(0)(-1)-2(0)=0 

𝒚′𝒗 = −𝟑𝒚′′ − 𝒙𝒚′′ 𝒚′𝒗 = −𝟑𝑦0
′′ −  𝒙𝟎𝒚𝟎

′′ 



 

 

 

 

 

𝒚(𝒙) = 𝒚𝟎 +
𝒙

𝟏!
𝒚𝟎

′ +
𝒙𝟐

𝟐!
𝒚𝟎

′′ +
𝒙𝟑

𝟑!
𝒚𝟎

′′′ + ⋯ … … … … … … … .. 

𝒚(𝒙) = 𝟏 + 𝒙(𝒐) +
(𝒙)𝟐

𝟐
(−𝟏) + 𝟎 +

(𝒙)𝟒

𝟒!
(𝟑) + ⋯ … … … … … … … .. 

𝒚(𝒙) = 𝟏 −
(𝒙)𝟐

𝟐!
+

(𝒙)𝟒

𝟖
−

(𝒙)𝟔

𝟒𝟖
… … … … … … … … .. 

 

𝒚(𝟎. 𝟏) = 𝟏 −
(𝟎. 𝟏)𝟐

𝟐!
+

(𝟎. 𝟏)𝟒

𝟖
+ ⋯ … … … … … … … .. 

 

𝒚(𝟎. 𝟏) = 𝟏 − 𝟎. 𝟎𝟎𝟓 + 𝟎. 𝟎𝟎𝟎𝟎𝟏𝟐𝟓 = 𝟎. 𝟗𝟗𝟓 

 

 

𝒚(𝟎. 𝟐) = 𝟏 −
(𝟎. 𝟐)𝟐

𝟐!
+

(𝟎. 𝟐)𝟒

𝟖
+ ⋯ … … … … … … … .. 

 

= 𝟏 − 𝟎. 𝟎𝟐 + 𝟎. 𝟎𝟎𝟎𝟐 = 𝟎. 𝟗𝟖𝟎𝟐 

 

 

𝒚(𝟎. 𝟑) = 𝟏 −
(𝟎. 𝟑)𝟐

𝟐!
+

(𝟎. 𝟑)𝟒

𝟖
+ ⋯ … … … … … … … .. 

=-3(-1)-(0)(0)=3 



 

= 𝟏 − 𝟎. 𝟎𝟒𝟓 + 𝟎. 𝟎𝟎𝟏𝟎𝟏𝟐𝟓 = 𝟎. 𝟗𝟓𝟔 

 

 𝒙𝟎 = 𝟎 𝒚𝟎 = 𝟏 𝑦0
′ = 0 

 𝒙𝟏 = 𝟎. 𝟏 𝒚𝟏 = 𝟎. 𝟗𝟗𝟓 𝑦1
′ = −0.0995 

 𝒙𝟐 = 𝟎. 𝟐 𝒚𝟐 = 𝟎. 𝟗𝟖𝟎𝟐 𝑦2
′ = −0.196 

 𝒙𝟑 = 𝟎. 𝟑 𝒚𝟑 = 𝟎. 𝟗𝟓𝟔 𝑦3
′ = −0.2865 

 

 

𝒚(𝒙) = 𝟏 −
(𝒙)𝟐

𝟐!
+

(𝒙)𝟒

𝟖
−

(𝒙)𝟔

𝟒𝟖
… … … … … … … … .. 

 

𝒚′(𝒙) =
−𝟐𝒙

𝟐!
+

𝟒(𝒙)𝟑

𝟖
−

𝟔(𝒙)𝟓

𝟒𝟖
… … … … … … … … .. 

 

𝒚′(𝒙) = −𝒙 +
𝟏(𝒙)𝟑

𝟐
−

𝟏(𝒙)𝟓

𝟖
… … … … … … … … .. 

𝒚′(𝟎. 𝟏) = −𝟎. 𝟏 +
𝟏(𝟎. 𝟏)𝟑

𝟐
−

𝟏(𝟎. 𝟏)𝟓

𝟖
… … … … … … … …. 

= −𝟎. 𝟏 + 𝟎. 𝟎𝟎𝟎𝟓 

= 𝟎. 𝟎𝟗𝟗𝟓 

 

𝒚′(𝟎. 𝟐) = −𝟎. 𝟐 +
𝟏(𝟎. 𝟐)𝟑

𝟐
 

= −𝟎. 𝟏𝟗𝟔 



 

𝒚′(𝟎. 𝟑) = −𝟎. 𝟑 +
𝟏(𝟎. 𝟑)𝟑

𝟐
 

= −𝟎. 𝟐𝟖𝟔𝟓 

 

 

By  milne’s  method 

𝒚𝟒, 𝒑 = 𝒚𝟎 +
𝟒𝒉

𝟑
[𝟐𝒚′

𝟏
− 𝒚′

𝟐
+ 𝟐𝒚′

𝟑
] 

 

= 𝟏 +
𝟒(𝟎. 𝟏)

𝟑
[𝟐(−𝟎. 𝟎𝟗𝟗𝟓) − (−𝟎. 𝟏𝟗𝟔) + 𝟐(−𝟎. 𝟐𝟖𝟔𝟓)] 

=0.9232 

 

 

𝑩𝒚 𝑴𝒊𝒍𝒏𝒆’𝒔  𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏−𝟏 +
𝒉

𝟑
[𝒚′

𝒏−𝟏 + 𝟒𝒚′
𝒏 + 𝒚′

𝒏+𝟏] 

 

𝒚𝟒, 𝒄 = 𝒚𝟐 +
𝒉

𝟑
[𝒚′

𝟐 + 𝟒𝒚′
𝟑 + 𝒚′

𝟒] 

𝒚′(𝟎. 𝟒) = −𝟎. 𝟒 +
𝟏(𝟎. 𝟒)𝟑

𝟐
 

= −𝟎. 𝟑𝟔𝟖 

 

𝒚𝟒, 𝒄 = −𝟎. 𝟗𝟖𝟎𝟐 +
𝟎. 𝟏

𝟑
[−𝟎. 𝟏𝟗𝟔 + 𝟒(−𝟎. 𝟐𝟖𝟔𝟓) + (−𝟎. 𝟑𝟔𝟖)] 



 

= 𝟎. 𝟗𝟐𝟑𝟐 

 

 

 

 

 

 

 

 

 

 

 

 

𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉 𝑭𝒐𝒓𝒕𝒉  𝑷𝒓𝒆𝒅𝒊𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

 

 

𝒚𝒏+𝟏, 𝒑 = 𝒚𝒏 +
𝒉

𝟐𝟒
[𝟓𝟓𝒚′

𝒏 − 𝟓𝟗𝒚′
𝒏−𝟏 + 𝟑𝟕𝒚′

𝒏−𝟐 − 𝟗𝒚′
𝒏−𝟑] 

 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏 +
𝒉

𝟐𝟒
[𝟗𝒚′

𝒏+𝟏 + 𝟏𝟗𝒚′
𝒏 − 𝟓𝒚′

𝒏−𝟏 + 𝒚′
𝒏−𝟐] 

 

𝟏. 𝑼𝒔𝒊𝒏𝒈 𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉    𝑴𝒆𝒕𝒉𝒐𝒅   𝑮𝒊𝒗𝒆𝒏 
𝒅𝒚

𝒅𝒙
= 𝒙𝟐(𝟏 + 𝒚) 

𝒘𝒊𝒕𝒉 𝒚(𝟏) = 𝟏, 𝒚(𝟏. 𝟏) = 𝟏. 𝟐𝟑𝟑 , 𝒚(𝟏. 𝟐) = 𝟏. 𝟓𝟒𝟖 , 𝒚(𝟏. 𝟑) = 𝟏. 𝟗𝟕𝟗 



𝒇𝒊𝒏𝒅 𝒚(𝟏. 𝟒) 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏: 𝒚′ = 𝒙𝟐(𝟏 + 𝒚) 

 

𝒙𝟎 = 𝟏          𝒚𝟎 = 𝟏 

𝒙𝟏 = 𝟏. 𝟏        𝒚𝟏 = 𝟏. 𝟐𝟑𝟑 

𝒙𝟐 = 𝟏. 𝟐        𝒚𝟐 = 𝟏. 𝟓𝟒𝟖 

𝒙𝟑 = 𝟏. 𝟑       𝒚𝟑 = 𝟏. 𝟗𝟕𝟗 

𝒙𝟒 = 𝟏. 𝟒       𝒚𝟒 =? 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟏. 𝟏 − 𝟏 = 𝟎. 𝟏 

 

𝑩𝒚 𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉 𝑭𝒐𝒓𝒕𝒉  𝑷𝒓𝒆𝒅𝒊𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒑 = 𝒚𝒏 +
𝒉

𝟐𝟒
[𝟓𝟓𝒚′

𝒏 − 𝟓𝟗𝒚′
𝒏−𝟏 + 𝟑𝟕𝒚′

𝒏−𝟐 − 𝟗𝒚′
𝒏−𝟑] 

𝒚𝟒, 𝒑 = 𝒚𝟑 +
𝒉

𝟐𝟒
[𝟓𝟓𝒚′

𝟑
− 𝟓𝟗𝒚′

𝟐
+ 𝟑𝟕𝒚′

𝟏
− 𝟗𝒚′

𝟎
] 

𝑾𝒆 𝒉𝒂𝒗𝒆  𝒚′ = 𝒙𝟐(𝟏 + 𝒚) 

 

𝒚𝟎
′ = 𝒙𝟎

𝟐(𝟏 + 𝒚𝟎) 𝒚𝟎
′ = (𝟏)𝟐(𝟏 + 𝟏) = 𝟏(𝟐) = 𝟐 

𝒚𝟏
′ = 𝒙𝟏

𝟐(𝟏 + 𝒚𝟏) 𝒚𝟏
′ = (𝟏. 𝟏)𝟐(𝟏 + 𝟏. 𝟐𝟑𝟑) = 𝟏. 𝟐𝟏 + 𝟐. 𝟐𝟑𝟑 = 𝟑. 𝟒𝟒𝟑 

𝒚𝟐
′ = 𝒙𝟐

𝟐(𝟏 + 𝒚𝟐) 𝒚𝟐
′ = (𝟏. 𝟐)𝟐(𝟏 + 𝟏. 𝟓𝟒𝟖) = 𝟏. 𝟒𝟒 + 𝟐. 𝟓𝟒𝟖 = 𝟑. 𝟗𝟖𝟖 

𝒚𝟑
′ = 𝒙𝟑

𝟐(𝟏 + 𝒚𝟑) 𝒚𝟑
′ = (𝟏. 𝟑)𝟐(𝟏 + 𝟏. 𝟗𝟕𝟗) = 𝟏. 𝟔𝟗 + 𝟐. 𝟗𝟕𝟗 = 𝟒. 𝟔𝟔𝟗 

 

𝒚𝟒, 𝒑 = 𝒚𝟑 +
𝒉

𝟐𝟒
[𝟓𝟓𝒚′

𝟑
− 𝟓𝟗𝒚′

𝟐
+ 𝟑𝟕𝒚′

𝟏
− 𝟗𝒚′

𝟎
] 

𝒚𝟒, 𝒑 = 𝟏. 𝟗𝟕𝟗 +
𝟎. 𝟏

𝟐𝟒
[𝟓𝟓(𝟒. 𝟔𝟔𝟗) − 𝟓𝟗(𝟑. 𝟗𝟖𝟖) + 𝟑𝟕(𝟑. 𝟒𝟒𝟑) − 𝟗(𝟐)] 



𝒚𝟒, 𝒑 = 𝟏. 𝟗𝟕𝟗 +
𝟎. 𝟏

𝟐𝟒
[𝟐𝟓𝟔. 𝟕𝟗𝟓 − 𝟐𝟑𝟓. 𝟐𝟗𝟐 + 𝟏𝟐𝟕. 𝟑𝟗𝟏 − 𝟏𝟖] 

𝒚𝟒, 𝒑 = 𝟏. 𝟗𝟕𝟗 +
𝟎. 𝟏

𝟐𝟒
[𝟏𝟑𝟎. 𝟖𝟗𝟒] 

𝒚𝟒, 𝒑 = 𝟏. 𝟗𝟕𝟗 + 𝟎. 𝟓𝟒𝟓𝟒 = 𝟐. 𝟓𝟐𝟒𝟒 

𝑩𝒚 𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉 𝑭𝒐𝒓𝒕𝒉   𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏 +
𝒉

𝟐𝟒
[𝟗𝒚′

𝒏+𝟏 + 𝟏𝟗𝒚′
𝒏 − 𝟓𝒚′

𝒏−𝟏 + 𝒚′
𝒏−𝟐] 

𝒚𝟒, 𝒄 = 𝒚𝟑 +
𝒉

𝟐𝟒
[𝟗𝒚′

𝟒 + 𝟏𝟗𝒚′
𝟑 − 𝟓𝒚′

𝟐 + 𝒚′
𝟏] 

𝒚𝟒
′ = 𝒙𝟒

𝟐(𝟏 + 𝒚𝟒) = (𝟏. 𝟒)𝟐(𝟏 + 𝟐. 𝟓𝟐𝟒𝟒) 

= 𝟏. 𝟗𝟔 + 𝟑. 𝟓𝟐𝟒𝟒 = 𝟓. 𝟒𝟖𝟒𝟒 

𝒚𝟒, 𝒄 = 𝟏. 𝟗𝟕𝟗 +
𝟎. 𝟏

𝟐𝟒
[𝟗(𝟓. 𝟒𝟖𝟒𝟒) + 𝟏𝟗(𝟒. 𝟔𝟔𝟗) − 𝟓(𝟑. 𝟗𝟖𝟖) + 𝟑. 𝟒𝟒𝟑] 

 

= 𝟐. 𝟒𝟓𝟐 +
𝟎. 𝟐

𝟑
[𝟒𝟗. 𝟑𝟓𝟗𝟔 + 𝟖𝟖. 𝟕𝟏𝟏 − 𝟏𝟗. 𝟗𝟒 − 𝟑. 𝟒𝟒𝟑] 

= 𝟐. 𝟒𝟓𝟐 +
𝟎. 𝟐

𝟑
[𝟏𝟏𝟒. 𝟔𝟖𝟕𝟔] 

= 𝟐. 𝟒𝟓𝟐 + 𝟎. 𝟒𝟕𝟕𝟗 

= 𝟐. 𝟗𝟐𝟗𝟗 

 

 

 

 

 

𝟐. 𝑼𝒔𝒊𝒏𝒈 𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉    𝑴𝒆𝒕𝒉𝒐𝒅   𝑮𝒊𝒗𝒆𝒏 
𝒅𝒚

𝒅𝒙
= 𝒙𝒚 + 𝒚𝟐 



𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟏, 𝒚(𝟎. 𝟏) = 𝟏. 𝟏𝟏𝟔𝟗 , 𝒚(𝟎. 𝟐) = 𝟏. 𝟐𝟕𝟕𝟒 , 𝒚(𝟎. 𝟑) = 𝟏. 𝟓𝟎𝟒𝟏 

𝒇𝒊𝒏𝒅 𝒚(𝟎. 𝟒) 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏: 𝒚′ = 𝒙𝒚 + 𝒚𝟐 

 

𝒙𝟎 = 𝟎          𝒚𝟎 = 𝟏 

𝒙𝟏 = 𝟎. 𝟏        𝒚𝟏 = 𝟏. 𝟏𝟏𝟔𝟗 

𝒙𝟐 = 𝟎. 𝟐        𝒚𝟐 = 𝟏. 𝟐𝟕𝟕𝟒 

𝒙𝟑 = 𝟎. 𝟑       𝒚𝟑 = 𝟏. 𝟓𝟎𝟒𝟏 

𝒙𝟒 = 𝟎. 𝟒       𝒚𝟒 =? 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟏 − 𝟎 = 𝟎. 𝟏 

 

𝑩𝒚 𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉 𝑭𝒐𝒓𝒕𝒉  𝑷𝒓𝒆𝒅𝒊𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒑 = 𝒚𝒏 +
𝒉

𝟐𝟒
[𝟓𝟓𝒚′

𝒏 − 𝟓𝟗𝒚′
𝒏−𝟏 + 𝟑𝟕𝒚′

𝒏−𝟐 − 𝟗𝒚′
𝒏−𝟑] 

𝒚𝟒, 𝒑 = 𝒚𝟑 +
𝒉

𝟐𝟒
[𝟓𝟓𝒚′

𝟑 − 𝟓𝟗𝒚′
𝟐 + 𝟑𝟕𝒚′

𝟏 − 𝟗𝒚′
𝟎] 

𝑾𝒆 𝒉𝒂𝒗𝒆  𝒚′ = 𝒙𝒚 + 𝒚𝟐 

𝒚𝟎
′ = 𝒙𝟎𝒚𝟎 + 𝒚𝟎

𝟐 𝒚𝟎
′ = (𝟎)(𝟏) + (𝟏)𝟐 = 𝟎 + 𝟏 = 𝟏 

𝒚𝟏
′ = 𝒙𝟏𝒚𝟏 + 𝒚𝟏

𝟐 𝒚𝟏
′ = (𝟎. 𝟏)(𝟏. 𝟏𝟏𝟔𝟗) + (𝟏. 𝟏𝟏𝟔𝟗)𝟐 = 𝟏. 𝟑𝟓𝟗𝟐 

𝒚𝟐
′ = 𝒙𝟐𝒚𝟐 + 𝒚𝟐

𝟐 𝒚𝟐
′ = (𝟎. 𝟐)(𝟏. 𝟐𝟕𝟕𝟒) + (𝟏. 𝟐𝟕𝟕𝟒)𝟐 = 𝟏. 𝟖𝟖𝟕𝟐 

𝒚𝟑
′ = 𝒙𝟑𝒚𝟑 + 𝒚𝟑

𝟐 𝒚𝟑
′ = (𝟎. 𝟑)(𝟏. 𝟓𝟎𝟒𝟏) + (𝟏. 𝟓𝟎𝟒𝟏)𝟐 = 𝟐. 𝟕𝟏𝟑𝟓 

 

𝒚𝟒, 𝒑 = 𝒚𝟑 +
𝒉

𝟐𝟒
[𝟓𝟓𝒚′

𝟑
− 𝟓𝟗𝒚′

𝟐
+ 𝟑𝟕𝒚′

𝟏
− 𝟗𝒚′

𝟎
] 

𝒚𝟒, 𝒑 = 𝟏. 𝟓𝟎𝟒𝟏 +
𝟎. 𝟏

𝟐𝟒
[𝟓𝟓(𝟐. 𝟕𝟏𝟑𝟓) − 𝟓𝟗(𝟏. 𝟖𝟖𝟕𝟐) + 𝟑𝟕(𝟏. 𝟑𝟓𝟗𝟐) − 𝟗(𝟏)] 



𝒚𝟒, 𝒑 = 𝟏. 𝟓𝟎𝟒𝟏 + 𝟎. 𝟑𝟑 = 𝟏. 𝟖𝟑𝟒𝟏 

𝑩𝒚 𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉 𝑭𝒐𝒓𝒕𝒉   𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏 +
𝒉

𝟐𝟒
[𝟗𝒚′

𝒏+𝟏
+ 𝟏𝟗𝒚′

𝒏
− 𝟓𝒚′

𝒏−𝟏
+ 𝒚′

𝒏−𝟐
] 

𝒚𝟒, 𝒄 = 𝒚𝟑 +
𝒉

𝟐𝟒
[𝟗𝒚′

𝟒 + 𝟏𝟗𝒚′
𝟑 − 𝟓𝒚′

𝟐 + 𝒚′
𝟏] 

 

𝒚𝟒
′ = 𝒙𝟒𝒚𝟒 + 𝒚𝟒

𝟐 = (𝟎. 𝟒)(𝟏. 𝟖𝟑𝟒𝟏) + (𝟏. 𝟖𝟑𝟒𝟏)𝟐 = 𝟒. 𝟎𝟗𝟕𝟔 

 

𝒚𝟒, 𝒄 = 𝟏. 𝟓𝟎𝟒𝟏 +
𝟎. 𝟏

𝟐𝟒
[𝟗(𝟒. 𝟎𝟗𝟕𝟔) + 𝟏𝟗(𝟐. 𝟕𝟏𝟑𝟓) − 𝟓(𝟏. 𝟖𝟖𝟕𝟐) + 𝟏. 𝟑𝟓𝟗𝟐] 

= 𝟏. 𝟓𝟎𝟒𝟏 + 𝟎. 𝟑𝟑𝟒𝟖 

= 𝟏. 𝟖𝟑𝟖𝟗 

 

 

3.   𝑪𝒐𝒔𝒊𝒅𝒆𝒓 𝒕𝒉𝒆 𝒊𝒏𝒊𝒕𝒊𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎  
𝒅𝒚

𝒅𝒙
= 𝒚 − 𝒙𝟐 + 𝟏 

𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟎. 𝟓 

(𝒊)𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆  modified Euler method ,find y(0.2) 

(𝒊𝒊)𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝟒𝒕𝒉   order Runge kutta  method ,find y(0.4) and y(0.6) 

 (iii) 𝑼𝒔𝒊𝒏𝒈 𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉    𝑴𝒆𝒕𝒉𝒐𝒅   find y(0.8) 

Solution : 

 (i) (𝒙, 𝒚) = 𝒚 − 𝒙𝟐 + 𝟏 , 𝒙𝟎 = 𝟎          𝒚𝟎 = 𝟎. 𝟓  ,  h=0.2  𝒙𝟏 = 𝟎. 𝟐      

     𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒉

𝟐
𝒇(𝒙𝒏, 𝒚𝒏))] 

𝒚𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒉

𝟐
𝒇(𝒙𝟎, 𝒚𝟎))] 



 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐 [𝒇 (𝟎 +
𝟎. 𝟐

𝟐
, 𝟎. 𝟓 +

𝟎. 𝟐

𝟐
𝒇(𝟎, 𝟎. 𝟓))] 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟓 + (𝟎. 𝟏)(𝟎. 𝟓 + 𝟏))] 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟔𝟓)] 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝟎. 𝟔𝟓 − (𝟎. 𝟏)𝟐 + 𝟏 ] 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟑𝟐𝟖 

𝒚𝟏 = 𝟎. 𝟖𝟐𝟖 

(ii) (𝒙, 𝒚) = 𝒚 − 𝒙𝟐 + 𝟏 , 𝒙𝟎 = 𝟎          𝒚𝟎 = 𝟎. 𝟓  ,  h=0.2  𝒙𝟏 = 𝟎. 𝟐   

   𝒚𝟏 = 𝟎. 𝟖𝟐𝟖,     𝒙𝟐 = 𝟎. 𝟒   

To find    𝒚𝟐 = 𝒚(𝟎. 𝟒)       

 

 

 

 

 By Runge Kutta 4th order method  

 

𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒌𝟏 = 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 

𝒌𝟐 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟏

𝟐
) 

𝒌𝟑 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟐

𝟐
) 

𝒌𝟒 = 𝒉𝒇(𝒙𝒏 + 𝒉, 𝒚𝒏 + 𝒌𝟑) 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

 

 𝒚𝟏 = 𝒚𝟎 + ∆𝒚 

 



 

𝒌𝟏 = 𝒉𝒇(𝒙𝟏, 𝒚𝟏) 

=(0.2)[𝑦1 − 𝑥1
2 + 1] 

=(0.2)[0.828 − (0.2)2 + 1] 

=0.3576 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟏

𝟐
) 

= (0.2)𝒇 ((0.2) +
(0.2)

𝟐
, 𝟎. 𝟖𝟐𝟖 +

0.3576

𝟐
) 

= (0.2)𝒇(0.3, 𝟏. 𝟎𝟎𝟔𝟖) 

=(0.2)[1.0068 − (0.3)2 + 1] 

=(0.2)[1.9168] 

=0.3834 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟐

𝟐
) 

= (0.2)𝒇 ((0.2) +
(0.2)

𝟐
, 𝟎. 𝟖𝟐𝟖 +

0.3834

𝟐
) 

= (0.2)𝒇(0.3, 𝟏. 𝟎𝟏𝟗𝟕) 

 

=(0.2)[𝟏. 𝟎𝟏𝟗𝟕 − (0.3)2 + 1] 

 

=(0.2)[1.9297] 

=0.3859 

𝒌𝟒 = 𝒉𝒇(𝒙𝟏 + 𝒉, 𝒚𝟏 + 𝒌𝟑) 

𝒌𝟒 = (𝟎. 𝟐)𝒇(𝟎. 𝟐 + 𝟎. 𝟐, 𝟎. 𝟖𝟐𝟖 + 𝟎. 𝟑𝟖𝟓𝟗) 



= (𝟎. 𝟐)𝒇(𝟎. 𝟒, 𝟏. 𝟐𝟏𝟑𝟗) 

= (0.2)[𝟏. 𝟐𝟏𝟑𝟗 − (0.4)2 + 1] 

= (0.2)[𝟐. 𝟎𝟓𝟑𝟗] 

=0.4108 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[0.3576 +2(0.3834) + 𝟐(0.3859) + 0.4108] 

=0.3845 

𝒚(𝟎. 𝟒)  = 𝒚𝟏 +∆𝒚   

= 𝟎. 𝟖𝟐𝟖 +0.3845  

𝒚(𝟎. 𝟒)  =  𝒚𝟐 = 𝟏. 𝟐𝟏𝟐𝟓 

 

 

To find    𝒚𝟑 = 𝒚(𝟎. 𝟔)       

By Runge Kutta 4th order method 

𝒌𝟏 = 𝒉𝒇(𝒙𝟐, 𝒚𝟐) 

= (𝟎. 𝟐)𝒇(𝟎. 𝟒, 𝟏. 𝟐𝟏𝟐𝟓) 

= (0.2)[𝟏. 𝟐𝟏𝟐𝟓 − (0.4)2 + 1] = 0.4105 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟐 +
𝒉

𝟐
, 𝒚𝟐 +

𝒌𝟏

𝟐
) 

𝒌𝟐 = (𝟎. 𝟐)𝒇 (𝟎. 𝟒 +
𝟎. 𝟐

𝟐
, 𝟏. 𝟐𝟏𝟐𝟓 +

𝟎. 𝟒𝟏𝟎𝟓

𝟐
) 

𝒌𝟐 = (𝟎. 𝟐)𝒇(𝟎. 𝟓, 𝟏. 𝟒𝟏𝟕𝟕𝟓) 

= (0.2)[𝟏. 𝟒𝟏𝟕𝟕𝟓 − (0.5)2 + 1] = 0.4336 



𝒌𝟑 = 𝒉𝒇 (𝒙𝟑 +
𝒉

𝟐
, 𝒚𝟑 +

𝒌𝟐

𝟐
) 

= (𝟎. 𝟐)𝒇 (𝟎. 𝟒 +
𝟎. 𝟐

𝟐
, 𝟏. 𝟐𝟏𝟐𝟓 +

𝟎. 𝟒𝟑𝟑𝟔

𝟐
) 

= (𝟎. 𝟐)𝒇(𝟎. 𝟓, 𝟏. 𝟒𝟐𝟗𝟑) 

= (0.2)[𝟏. 𝟒𝟐𝟗𝟑 − (0.5)2 + 1] = 0.4359 

𝒌𝟒 = 𝒉𝒇(𝒙𝟐 + 𝒉, 𝒚𝟐 + 𝒌𝟑) 

𝒌𝟒 = (𝟎. 𝟐)𝒇(𝟎. 𝟒 + 𝟎. 𝟐, 𝟏. 𝟐𝟏𝟐𝟓 + 𝟎. 𝟒𝟑𝟓𝟗) 

𝒌𝟒 = (𝟎. 𝟐)𝒇(𝟎. 𝟔, 𝟏. 𝟔𝟒𝟖𝟒) 

𝒌𝟒 =(0.2)[𝟏. 𝟔𝟒𝟖𝟒 − (0.6)2 + 1] = 0.4577 

∆𝒚 =
𝟏

𝟔
[0.4105 +2(0.4336) + 𝟐(0.4359) + 0.4577] 

= 0.4345 

𝒚(𝟎. 𝟔)  =  𝒚𝟑 = 𝒚𝟐 + ∆𝒚 =  𝟏. 𝟐𝟏𝟐𝟓 + 0.4345 = 1.647 

 

To find 𝒚(𝟎. 𝟖)  =  𝒚𝟒 by using Adam-Bashforth predictor –Corner method 

 Adam Predictor formula  

𝒚𝟒, 𝒑 = 𝒚𝟑 +
𝒉

𝟐𝟒
[𝟓𝟓𝒚′

𝟑
− 𝟓𝟗𝒚′

𝟐
+ 𝟑𝟕𝒚′

𝟏
− 𝟗𝒚′

𝟎
] 

𝑦0
′ = [𝑦0 − 𝑥0

2 + 1] = 0.5 − 0 + 1 = 1.5 

𝑦1
′ = [𝑦1 − 𝑥1

2 + 1] = 0.828 − (0.2)2 + 1 = 1.788 

𝑦2
′ = [𝑦2 − 𝑥2

2 + 1] = 1.2125 − (0.4)2 + 1 = 2.0525 

𝑦3
′ = [𝑦3 − 𝑥3

2 + 1] = 1.647 − (0.6)2 + 1 = 2.287 

𝒚𝟒, 𝒑 = 𝟏. 𝟔𝟒𝟕 +
𝟎. 𝟐

𝟐𝟒
[𝟓𝟓(2.287) − 𝟓𝟗(2.0525) + 𝟑𝟕(1.788) − 𝟗(𝟏. 𝟓)] 

=2.1249 



𝑦4
′ = [𝑦4 − 𝑥4

2 + 1] = 2.1249 − (0.8)2 + 1 = 2.4849 

 

𝑩𝒚 𝑨𝒅𝒂𝒎’𝒔 𝑩𝒂𝒔𝒉 𝑭𝒐𝒓𝒕𝒉   𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒐𝒓  𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏, 𝒄 = 𝒚𝒏 +
𝒉

𝟐𝟒
[𝟗𝒚′

𝒏+𝟏
+ 𝟏𝟗𝒚′

𝒏
− 𝟓𝒚′

𝒏−𝟏
+ 𝒚′

𝒏−𝟐
] 

𝒚𝟒, 𝒄 = 𝒚𝟑 +
𝒉

𝟐𝟒
[𝟗𝒚′

𝟒 + 𝟏𝟗𝒚′
𝟑 − 𝟓𝒚′

𝟐 + 𝒚′
𝟏] 

𝒚𝟒, 𝒄 = 𝟏. 𝟔𝟒𝟕 +
𝟎. 𝟐

𝟐𝟒
[𝟗(2.4849) + 𝟏𝟗(𝟐. 𝟐𝟖𝟕) − 𝟓(𝟐. 𝟎𝟓𝟐𝟓) + 𝟏. 𝟕𝟖𝟖] 

=2.109955 

 


