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2.3 Differentiation Rules:
Derivatives of polynomials:
Formulae:
d —
E(C) =0

ji ny — n-1
dx(x ) =nx

Example

Differentiate the following functions:
a) f(x) =30
b) f(x) = t*
c) f(x) = Vx?
d) fF(x)=x8 + 12x°> —4x* + 10x3 —6x + 7

x%+4x+3
e)y = Jx
Solution:
a) Given f (x) =/30
f@)=0
b) Given f (x) =t*ie y=t*
Y - 4¢3
dt

0 f () =Va2= (=5

2
fr@=ga
-1
==-x3
3
d) Given f (x)=x8+12x> - 4x* + 10x3 - 6x+ 7
f'(x) =8x7 +12(5)x* — 4(4)x3 + 10(3)x% — 6
=8x7 +60x* - 16x3 +30x%2 — 6

x2+4x+3

Vx

e) Giveny =

-1 -1 -1
y=x%xz +4xxz +3xz
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3 1 -1
y=x2z+4x2 +3x2
dy _ 3 -3

1 1 1 -1\ =3
—==x2+4-x 2+3(—)x2
dx 2 2 2

3 2 3 32
=X+ —-=x2
2\/ Vx 2

Derivatives of exponential functions:

Formulae:
a4 x = X
— (e¥)=¢e
L (a*)=a* log a
dx
Example
Differentiate the following functions:

a) y=a* b)y =22

Solution:

a) Giveny =a* = elog@* = gxloga = p(log a)x

y' = Z—z = (09 V*(Jog @) = a* log a
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b) y= xexx— 1
—e* _lopx_ -1
X
_dy _ _ _ 1
y=—=e"-()x7? =e*+
Exercise:
I. Differentiate the following functions:
a) y=3x* Ans: y' = 12x3
b)y = Vx Ans:y’:ﬁ
c) f(x)=x"? Ans: f'(x) = V2xV2 1
d) y=ax®"+ 6x™+c Ans: f'(x) = 2nax?® 1 + npx™1
x3+ 4x243 L _
e)sz Ans.y—1—6x3
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I1. Differentiate the following functions:

— X LAY x
a)y =e*-x Ans.dx—e 1
b) y=2% Ans: y' = 2%log 2
C) y=e ™7 Ans:y' =-e™¥

-4

—a, x4 % e — 2o AX3
d) y=3e + Ans: y' =3e 5
e) y=e> Ans: y' = 5e°*

The product and quotient rules:
Formulae:

Product Rule:% (uv) = uwv' + vu’

u\ _vuw-uvs

Quotient Rule:% (;) =

)
Example
Find f'(x) and f"(x) of f(x) = x*e*

Solution:

u=x* : v=e*

u'=4x3: v =e*
f'(x) =x%e* + 4e*x3
f(x) =x*e* + 4e*x3 + 4e*x3 + 12x%e”
Example

Differentiate the following functions:
a) f(x) = e*(x + xVx)  b) f(x) = (- )(x + 5x°)
Solution:

a) f(x)=e*(x + xVx)
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ff(x)=e*(1+ %x%) +(x + xVx) e*

b) £() = (5 — ;) (x + 5x)

1 3
U ==-= v = x + 5x3
X X
-2 12
u=—=+= v’ = 1+ 15x2
X X
'(x) = (5 — =) (1+15x2) + (x + 5x3) (=
flx) =(G-2( x%) + (x +5x7) (
13 45 2 12 60
9 14
Tatat®
Example:

If £(x) = 2=~ then find f'(x) and £ (x)

Solution:
. xz
Given f(x) = —=
u = x?2 =1+ 2x

v
u =2x v=2

, _ (1+2x)(2x)-x2%(2)
fi(x) = (1+2x)2

_ 2x+ 4x%-2x?
1+4x+ 4x2

, _2x +2x?
f (X) T 1+4x+ 4x?

Now,
U= 2x + 2x%v = 1+ 4x + 4x?
w=2+4x v =4 + 8x

/" _ (1+4x+ 4x?)(2+4%)— (2x + 2x%)(4+8x)
f (x) - (1+4x+ 4x2%)2

2+ 8x+8x% +4x+16x% + 16x3 -8x — 16x% — 8x% — 16x3

12

x5

B (14+4x+ 4x2)2

1" _ 2+4x
f (x) B (1+4x+ 4x2)2
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Derivatives of trigonometric functions:

Formulae:

<2 (sin x) = cos x £ (cos x) = - sin x
dx - dx -

d d

—(tan x) = sec?x — (cosec x) = - cosec X cot X
dx dx

d d

— (sec x) = sec x. tan x —(cot X) = - cosec?X
dx dx

Example :

Find the derivatives of the following functions:

.3 _ cosx
a) y=x°sinx b) y s
Solution:
a) y = x3sin x
y' = x3c0s x + sin x(3x?2)
= x3 cos X + 3x2sin X
_ cosx
b) y= 1-sinx
; _ (1=sinx)(—sin x)—cos x (—cos x)
Y = (1-sin x)2
_ —sinx+ sin?x+ cos?x
- (1-sin x)2
_  1-sinx
~ (1-sin x)2
1
[ A—
Y= 1-sin x
Exercise

(a) Differentiate the following functions using product rule:

) f(x)=xe”
i) f(x)=(x3+2x)e*

i) f(x) = (x-Vx) (x + Vx)
iv) £ = (G- ) (X +5x%)

V) f) =2+ 1) (x+5+2)

Ans: f'(x) =e*(x + 1)
Ans: f'(x) =e* (x3 + 3x% + 2x + 2)
Ans: f'(x)=2x-1
, _ 14 9
Ans: f (x)—5+x—2+x—4

Ans: f'(x) =3x% + 10x + 2 xiz
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(b) Differentiate the following functions using quotient rule:

) fy =T Ans: f'(x) = LIS
i) f=S Ans: f(x) = =&
i) o= Ans: f'(x) = et D
iv)  f(x)= fo/x Ans: f'(x) = %
(©) If £ =22, find £ (x) and " (x) Ans: f1(x) = o f(x) = 2020

(d) Differentiate the following trigonometric functions:

sec x

. _ .1 _Secx(tanx-1)

) Y= 1+tan x Ans:y" = (1+tan x)2

i) y=Xxe*cosecx Ans: y' =e*cosec X (X + 1 — X COS X)
iii) f(X):sinx+%CotX Ans: f'(x) :cosx—%coseczx

. _ secx S A A 2

Iv)  f(x)= SRy — Ans: f'(x) =cos x S cosec”x

V)  y=x3cosx Ans: y' =3x%cos x — x3sinx

Derivatives of inverse trigonometric functions:

Formulae:

i in—1 — 1 i -1 —
— (sin™" x) N o (cos™" x)

-1
1+ x2

a -1, = a =1y =
— (tan™" x) - (cot™"x)

1+ x2

1 -1

i -1 = i -1 -
— (sec™x) — (cosec™x)

xVxZ-1 xVxZ-1
Example :
Find=—if (a)y=tan 'Vx b)y = sin~1(x2) ¢) y = sin"! (&)
Solution:

a) y=tan Wx
dy 1 1

dx 1+ (Vx)? 2vx
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ay _ 11
dx _-ZVx(1+x)
b) y =sint (x?)
ay _ 1
dx-_vT—x4(2x)
EX— 2x
dx  1-x*
c) y=cos™1(e¥)
v ___ -1 e*
dx V1-(e*)?
ay __-e*
dx +1—e2x

The Chain Rule:

In Leibnitz notation, if y = f(u) andu = g(x) are both differentiable

functions, then

ay _ dy du
dx du dx

The power rule combined with the chain rule:

If nis any real number and u = g(x) is differentiable, then

n—-1du
dx

d —
= (u™) =nu
Example :
Find the derivative of y if
(@)y=v3x+4 (b)y=tan(sinx) (c)y = cos™(e**) (d)y=log (x* +1) (e)y=sin

(cos tan x)

Solution:
a)y = Vv3x+4
2= ——(3)
dx  2v3x+4
dy _ 3
dx  2v3x+4

b) y = tan (sinx)
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d .
= ﬁ = sec?(sin x) . cos x

d .
= é = C0S X sec?(sin x)

c) y=cos™1(e?*)

dy_ -1 oo
dx 1-(e?x)1’
dy _ —2e%*

dx Viie*x

d) y=log (x3 + 1)

dy 1 2 3x?2
= —=—(3x°) =
dx x3+1 ( ) x3+1

e) y = sin (cos tan x)

d .
= é = cos(costan x) (— sintan x) sec? x

d )
= é = —cos (cos tan x) sin (tan x) sec?x

Exercise

1. Differentiate the following functions:

X

i eyt =&

(i) y = sin”™"(e¥) Ans: y T Vi e2x

-. - — . 2 ,_ x ] - 1
(||)y=xSln 1y 4+ sec— 1y Ans.y _ﬁ_x2+sm 1x+x —_1
_ —17.2 « gl =2

(i) y = cos™(x?) Ans: y T Vi—x*

2. Find the derivative for the following functions:

3x—-1

y=-— Ans:y’ = (2x+1)2
i)y =2 N MR
(“) Y= x+1 AnNs: y =€ I:1+x (1+x)2:I
(iii) y = sin (sin sin x) Ans: y’ = cos (sin cos x) cos (sin X) cos X
. _ e -1 sinvVx
(iv) y = v cosvx Ans:y' = -~
(v) y = 25mmx Ans: y'= 25T Jog 2 coSTX
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