ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

DIAGONALISATION OF A MATRIX BY ORTHOGONAL TRANSFORMATION
Orthogonal matrix
Definition

A matrix ‘A’ is said to be orthogonal if AAT = ATA =1

] . . cos® sinO
Example: Show that the following matrix is orthogonal (—sine cose)
Solution:

__( cos® sinB
LetA = (—sine cose)
T _ (cosB —sin®
" ( sin0 cosG)
T _ ( cosB sinB) /cosB = —sinO
AN (—sinG cose)( sin® cosB)
| ( c0s%0 + sin?0 —c0s0sin® + cosGsinG)
—sinBcosO + sinBcosH sin?0 + cos?0
_ (1 0y _
] (0 1) =1
~ A is orthogonal.
Modal Matrix

Modal matrix is a matrix in which each column specifies the eigenvectors of a
matrix .1t is denoted by N.
A square matrix A with linearity independent Eigen vectors can be diagonalized
by a similarly transformation, D = N=*AN, where N is the modal matrix .The diagonal matrix D
has as its diagonal elements, the Eigen values of A.
Normalized vector

Eigen vector X, is said to be normalized if each element of X is being divided by the

square root of the sum of the squares of all the elements of X,..i.e.,the normalized vector is X

X1
2 2 2
X1 X1/v %1 + x5 +x3
X, = xz] , Normalized vector of X, = |x,/\/x? + x2 + x2
X3

X3/ X+ x5 + x2
Working rule for diagonalization of a square matrix A using orthogonal reduction:
i) Find all the Eigen values of the symmetric matrix A.

il) Find the Eigen vectors corresponding to each Eigen value.
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iii) Find the normalized modal matrix N having normalized Eigen vectors as its column
vectors.
iv) Find the diagonal matrix D = NTAN.The diagonal matrix D has Eigen values of A
as its diagonal elements.
2 1 -1
Example: Diagonalize the matrix( 1 1 —2)
-1 -2 1
Solution:
The characteristic equation is A*> — s;1* + s,A — s3=0
s; = sum of the main diagonal element
=2+1+1=4

S, = sum of the minors of the main diagonalelement

=|_12 _12|+|_21 _11|+|i 1=—3+1+1=—1

2 1. =1
ss=|Al =1 1. =21 =-4
-1 =21

Characteristic equation isA* — 40> =1L+ 4 =10
SO = 1367 —= 2=l I
>i=1 A+1DA—-4)=0
>ir=-1,1,4

To find the Eigen vectors:

X1
Case (i) When A = 1 the eigen vector is given by(A — AI)X = 0 where X = <x2>

X3
2—1 1 -1 X1 0
= 1 1-1 =2 X =10
-1 -2 1-=1/ \X3 0

X7 +X, — %3 =0..(1)
X1 +0x, — 2x3 =0...(2)
—X; — 2%, + 0x3 = 0...(3)
From (1) and (2)

X1 __ X2 X3
—2-0  -1+2 0-1
X1 __ X2 _ X3
2 1

MA8251 ENGINEERING MATHEMATICS II



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

-2
X1 = 1
-1
X1
Case( i) When L = —1 the eigen vector is given by(A — A)X = 0 where X = <xz>
X3
2+1 1 -1 X1 0
:( Io1s1 )()(o)
-1 -2 1+1/\x3 0
3X1 g X2 - X3 == 0 e, (4‘)

X1 + 2X, — 2X3 =0 ...(5)
_X1 - 2X2 + 2X3 = 0 Y (6)

From (4) and (5)
X1 __ X2 X3
242  -146. 06-1
X1 _ X2 _ X3
0 5 5
F1_ X2 § PG

0 1 1

L

X1
Case (iii) When A = 4 the eigen vector is given by (A — ADX = 0 where X = ( )

X2
X3
2—4 1 — X1 0
= 1 1-4 =2 X2 =10
-1 -2 1-4/ \X3 0
2%, +%X, —x3=0...(7)

X1 — 3X2 — 2X3 =0.. (8)

—X; — 2X; —3%x3 =0...(9)
From (7) and (8)

X1 _ X2 __ X3
-2-3  -1-4 6-1
X1 __ X2 __ X3
-5 -5 5
X1 __ X2 __ X3
-1 -1 1

()

MA8251 ENGINEERING MATHEMATICS II



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

-2 0 -1
Hence the corresponding Eigen vectors are X; = < 1 ) ; Xy = <1>; X5 = (-1
-1 1 1
To check X4, X, & X5 are orthogonal
0
X, X, =(-2 1 -1D[1]=0+1-1=0
1
-1
X," X3 =(0 1 D|-1]=0-1+1=0
1

=2
X3TX1=(—1 -1 1)(1)=2—1—1=0
-1

Normalized Eigen vectors are

4 -1
[\ [7)
1 — -1
| Ve | x/li | NG |
\2/\/
AR
Normalized modal-matrix
-2 -1
3 0.5)
1 1 -1
N= ' %%
\—_1 s, L/
V6 N2 3
ey, "
/\/3 V6 \/3\
T 1 1
NT=|o0 V2 V2 |
\—_1 -1 L/
V3 43 3

Thus the diagonal matrix D = NTAN

-2 -1 =2, ot
V6 V6 2 1_1/\/3 \/§\
=] o = | = + =
= 201 1 2NE 7 5
-1 L/__Zl\—_lii/
V3 V3 V6 VZ V3

o Lo gllsl-5l-

1
=10
0
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10 -2 -5
Example: Diagonalize the matrix | -2 2 3
-5 -3 5
Solution:
The characteristic equation is A*> — s;A% + 5,1 — 53=0
s, = sum of the main diagonal element

=10+2+5=17

s, = sum of the minors of the main diagonalelement

=_23 §|+|ig _55|+|13 _22|=1+25+16=42

10 -2 -5
ss=|Al=1]-2 2 31=0
-5 -3 5

Characteristic equation is A*> — 170.% + 421 = 0
> MM =1704+42) =0
=>A=0,3,14

To find the Eigen vectors:

X1
Case (i) When A = 0 the eigen vector is given by(A — AID)X = 0 where X = <x2>

X3
10—-0  —2 -5 X1 0
> —2 2—0 3 X2 =10
) —3 5-0/ \x3 0

10x; — 2x, —5%3 = 0...(1)
—2X; + 2%, + 3x3=0...(2)
—5x; + 3%, + 5x3 = 0...(3)
From (1) and (2)

X1 X2 X3

—6+10  10-30  20-4

X1 __ X2 __ X3
4 —20 16
X1 __ X2 _ X3
1 -5 a4

1
1
Xl == —5
4
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Case (ii) When A = 3 the eigen vector is given by (A — A)X = 0 where X = (

X1
X2
X3

10-3 =2 -5 X1 0
-5 -3 5-3/\X3 0
7X1 - 2X2 - 5X3 - 0 . (4‘)

—2%X; — X5, +3x3 =0...(5)
_5X1 aF 3X2 + 2X3 =0.. (6)

From (4) and (5)
X1 _ X2 _ X3
~6-5 10-21 -7-4
X1 _ X2 _ X3
TATEI 1
X1 _ Xz _ X3
PRRAET s

A

Case (iii) When A =14 the eigen vector is given by (A — ADX = 0 where X = (

10 -14 —2 -5 X1 0
= —2 2—14 3 X2 =10
-5 -3 5—14/ \X3 0

—4‘X1 — ZXZ — 5X3 =0.. (7)

=2x; —12x, +3x3 = 0...(8)

—5%; + 3%, —9x3 =0 ...(9)
From (7) and (8)

X1 X2 X3

—6-60  10+12  48—4
X1 __ X2 _ X3
—66 22 44
X1 _X_X3

-6 2 4

()

1 1
Hence the corresponding Eigen vectors are X; = <—5) ; Xy = <1); X3 = <

4
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To check X;, X,& X5 are orthogonal

-3
V14

1
1
-3
X,"X;3=(1 1 D[ 1 |=-3+1+2=0
2
1
X;"X; =(=3 1 2)|=5]=-3-5+8=0
4
Normalized Eigen vectors are
S WA W
SN
=z |l =
Vaz || V3 g V14
.y I W W
<)\ \
Normalized modal matrix
Y 1S3
Va2 3 \/1_4\
NI, st
T VA2 V3 V1R
1 2
\\/ﬁ V3 x/ﬁ/
g e 4 S
x/ﬁ Va2 42
NT_ i i |
V3. V3
2 x2)
Vid V14 14
Thus the diagonal matrix D = NTAN
> . L
/m g \ 10 -2 5 PR3
—THVE OPYINIZE OV = 2
V3 V3 \/_ V3
\_3 BN / — 1
Vid V14 \/_ V3

Solution:

The characteristic equation is A*> — s;A% + 5,4 — 53=0
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s, = sum of the main diagonal element
=6+3+3=12

s, = sum of the minors of the main diagonalelement

=|_31 _31|+|g §|+|_62 _32|=8+14+14=36

6 -2 2
s3=|Al=|[-2 3. -1} =32
2 -1 '3

Characteristic equation is A> — 121.% + 364 — 32 =0
>L=2 0" -10L+16)=0
>A=228
To find the Eigen vectors:

X1
Case (i) When A = 8 the eigen vector is-given by(A — AI)X = 0 where X = <x2>

X3
6—8. =2 2 X1 0
> =2 3-8 -1 |[x2]={o0
2 -1 3-8/"\X3 0
_2X1 13 ZXZ + 2X3 =10.. (1)
_2X1_5X2_X3=0...(2)

2X1 — X — 5X3 =0.. (3)

From (1) and (2)

Xy __ Xp  _ X3
2410  —4—-2 10-4
Xy _ Xy _ X3
12 -6 6
X1 _ Xz _ X3
2701 1

2
Xl - —1
1
X2

X1
Case (ii) When A = 2 the eigen vector is given by(A — AI)X = 0 where X = < )

X3
6—2 =2 2 X1 0
> -2 3-2 -1 X2 =10
2 -1 3-2/\X3 0

4’X1 - 2X2 + 2X3 = 0 . (4’)
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—2X, + X, —x3 =0...(5)
2X1 - XZ +X3 == 0 ...(6)

of

a
Case (iii) Let X5 = <b) be a new vector orthogonal to both X;and X,
C

PUt X1 == O = _2X2 - _2X3

(i.e)XTX;=0& XJX3=0

a
2 -1 1)<b>=0&(0 1 1)<b

C
2a—b+c=0..(7)
a+b+c=0..(8)
From (7) and (8)

a b _c
-1 o0-2 2

_ b
N
a b _c
R, 1w,

o

Hence the corresponding Eigen vectors are X, =

Normalized Eigen vectors are

~__
NIEESIEES
—
al= @l @l
S~ — —

TR
S-Sl Sl

Normalized modal matrix
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£
[
-1
N=|ﬁ
V6
2

(7
NT=]| 0
4
V3

Thus the diagonal matrix D = NTAN
& -1
V6 V6

1

=10 i
R 4
V3 3

8 0
=10 2
0 O

3
Example: Diagonalize the matrix (1
1

Solution:

-1

0 7

- 22

V2 43

LL/

V2 43

-1

V6 /6

— 1]

V2 42

—_11/

V3 43
S 2 g 1
‘/56—22/\/3 ﬁ\
1 -1 1 -1
ﬁ<—2 3 ‘1)|_65ﬁ|
1Nz -1 3\111/
V3. V6 V2 A3
0

0

2

1 1
3 -1
-1 3

The characteristic equation is > — s;A% 4 s;k — s3=0

s; = sum of the main diagonal element
=3+3+3=9

s, = sum of the minors of the main diagonalelement

:|_31 _31|+|i §|+|i §=8+8+8:24

3 1
S3:|A|: 1 3
1 -1

1
-1
3

=16

Characteristic equation is A> — 91 + 24A — 16 = 0
>A=1,0"-8L+16)=0

To find the Eigen vectors:
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Case (i) When A = 1 the eigen vector is given by (A — ADX = 0 where X = (

1 -1

3—-1 1 1 X1 0
= 1 3—-1 -1 X2 ]1=1{0
3—1/ \X3 0

2X1 +X2 +X3 =0.. (1)
X1+ 2%, = %3 =0...(2)
X1 - X2 + 2X3 = 0 ...(3)

From (1) and (2)

X1 X2 _ X3
&7 s\
X1 Xy _ X3
TEEEER T

(]

Case (ii) When A = 4 the eigen vector is given by (A — AD)X = 0 where X = (

3—4 1 1 X1 0

> 1 3—4 -1 X2 1={0
1 -1  3—-4/ \X3 0
—Xq +X2 +X3 = 0(4)

Xl—XZ—X3=0"'(5)

X; — X, —X3 =0...(6)

(3

a
<b) be a new vector orthogonal to both X;and X,

C

Case (iii) Let X5 =

(i.e) XTX;=0& XIX;=0
a

C
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—a+b+c=0..(7)
0da—b+c=0..(8)
From (7) and (8)

Hence the corresponding Eigen vectors are X; = ( 1 ) ; Xy = <—1>; X5 = <1>

Normalized Eigen vectors are

=2\ o\ /2
/“f\ -\ [P
|ﬁ| \E |‘\/§|
\&/\3/ &
Normalized modal matrix
-1 2
/ﬁ -
1 -1 1
N=|7%7F %
1 -1 1
N \/_8/
O A
V3 3B \/5\
T _ “Ire
NT=10 Z 5|
2 1 1
\ﬁ NG ﬁ/
Thus the diagonal matrix D = NTAN
111 1y 2
Y G
111/1—1 3 \i—_li/
Ve V6 V6 V3 V2 Ve
1 0 O
=<0 4 0)
0 0 4
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