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Triple Integrals
Triple integration in cartesian co-ordinates is defined over a region R is defined by
Iy f&x,y,z)dxdydz or [ff, f(xy,z)dV or [[f, f(x,y,2)d(x,y,2).
Example:
Evaluate [ [ 7 (x +y + z)dzdydx
Solution:

b b 221€
foa fo foc(X +y +z)dzdydx = foa fo [XZ +yz+ ?]0 dydx

b 2
= foa Jy (xc + ye + %) dydx

__ra y2c czyb
= J, [xcy+7+7]0 dx

= foa(xbc+b726+b7cz) dx

x2bc . b2cx . bc2x]?
= |2 4 2 2
2 2 21y

a’bc ab?c. —-abc?
=F oAl
2 2 W

abc

=—-(@+b+0o
Example:
Evaluate fol fylz fol_xxdzdxdy
Solution:
Iy fyedy xdadxdy = [ [o[xz]3 ™ dxdy
= fol fylz x(1 — x) dxdy

=M fylz (x — x2) dxdy

1
= 1ﬁ_£j|2dy

0L2 3y
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Example:
Evaluate f f gl Y e?dxdydz
Solution:
fol fol_x f0x+y e?dxdydz = fol fol_x fox+y e?dzdydx

= Jo Jy Tle15" dydx
= [y (e — 1) dydx
= J [e¥* —yJiT™ dx
= fol(ex“‘x —14+x—e")dx
= fol(e— 1+x—e¥)dx
= [ex—x+x?2—ex](1)
—e—1+--e=0+0-0+1

1
2

Example:

2_42 2_42_ 42
Evaluate foafoJa \ fOJa 7 dzdxdy

Solution:

foa f(;/az_yz f(;/az_xz_yz dzdxdy = foa fOJaz_yz [Z]E)/az-xz—yZ dxdy
. foa fo\/az—_}ﬁ\/mdxdy
T (=) - e axdy
S R

a?-y? . _; x

sin N :

aZ—y?Z
Lot

f( 25 Gin~11 - 0 — O)dy
—f(a_y) dy
:Zfo(aZ_yz)dy

b1 y321
S o
4 3l

-2
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Example:
Evaluate folog ¢ f; f:” e**V*2dzdydx
Solution:

folog afox f0x+y e**V*2dzdydx = folog af;[ex“’”]gw dydx

= [ [F(e? M) —e™+) dydx

X
- ex+3’] dx
0

flog a [e2(x+Y)

=
_ J-Olog a (e4x - Ez_x + ex) dx
v

log.a [e**
e [ —= x e ) dx
4x 2x loga
e 3e
[ ex]
8 8 0
e4loga

1 3
— __eZIoga+eloga e
8 8 8 8

elog a* 3

= —2e109@ 1 g+ (

—1+6—8)
8

=———+a—é [._.elogxzx]
Example:
Express the region x > 0,y = 0,z = 0,x* + y? + z% < 1 by triple integration.
Solution:

For the given region, z varies from0to /1 — x% — y2
y varies from 0 to v1 — x?

x varies from 0 to 1

a1= PR Y dpdydx

Example:

Evaluate [[[ x?yzdxdydz taken over the tetrahedron bounded by the planes
_ — — XY Z_
x=0,y=0,z=0and a+b+c—1.
Solution:

Given 2+ +Z%2=1.
a b [o
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Limits are , z varies from0to c ( — g — %)

y varies from 0 to b (1 - z)
x varies from 0 to a
a b(1-%) rc(1-2-2
JIf x*yzdxdydz = [ fo( a)fo( a b)dezdydx
(1-3) )
= 2P0 ey ] dydx

- RS,

2
=LA (1=2) ave [re=1-3
= %foa fobkxzy(k2 +§—z—%) dydx

_ c% ra bk y3  2ky?
=S I (e + 55 - 5 dy

bk
=§fax2 (£ + £ 2o "y
270 2 4bh2 3b

_ 2 a 2(b2k4 b4k4 2b3k4)

. _fa o2 (b2k4 b2k4 2b2k4
2

b?c?

== foak4x2( +———)dx
=2 e (1=2)

I:". (1_X)n — 1_nx+$X2_wX3+...]

3!
_ b3c? f 1 + 4x3 x2 4x3x2 %3 4AX3x2xX1 % x4) dx
T 24 Yo a2 3! a3 4! a*
b2¢c2 ra 4x 6X 4x° %6
=2 e -E +_2__3+_4)dx
24 Y0 a a a
_ b2c2 [x3 4x*  6x°  4x° x7 ] a
24 L3 4a  5a%? 6a® 7atlj
_ b2%cZ[a® a* | 6a® 2a° a’
24 L3 a 5a2 3a3  7a*
b2c? [a3 6a® 2a%  as
= ——a ===+
24 3 5 3 7
3122
a’b“cs [1 6 2 1
= [— —-14+-—=-4+=
24 3 5 3 7

a3b2c? (35—105+126—70+15)
24 105

_ a3b2c2( 1 )
24 \105
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__a3b3c?

~ 2520

Example:
Find the value of [[[ xyzdxdydz through the positive spherical octant for which
x2+ y* + 2% < a?
Solution:
In the positive octant, the limits are

z varigs from 0 to \/a% — x2 — y?
y varies from 0 to va? — x?

x varies from 0 to a

1= [ f: ¥ ¢ ff“z"xz‘yz xyzdzdydx

2
= foa Jy | xy(a? — x? — y?) dydx

Va2 —_y2
=I5l T (aPxy = xPy — xy®) dydx

1 cafa2xy?  x3y2 xy* Vva?—-x?
=- T T ive dx
270 | 2 2 4 1y
1 a (a?x(a?-x?)  x3(a?-x2)  x(a?-x2)
_1g \ . i
270 2 2 4

_1cax (a?-x2)
=-J, 5@ =x?) [az — x? —T] dx

_ 1 ra x(a?-x?)(a?-x?)
T2 J-0 4

= %foax(a2 — x2)? dx

dx

Puta? —x%2=t x=0>t=a?
—2xdx = dt x=a-t=0
100 dt
== et (_?)
__ 100 5
=-——Jptidt

2
== [ ¢2dt
16 “0

1 [t3]a2
16131,

=5 (%)
16 \ 3
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