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5.4 Change of variables in Double and Triple integrals:
Evaluation of double integrals by changing Cartesian to polar co- ordinates:
Working rule:
Step:1

Check the given order whether it is correct or not.
Step:2

Write the equations by using given limits.
Step:3

By using the equations sketch the region of integration.
Step:4

Replacement: put x =rcosf ,y = rsind , x? + y>= r? and dxdy = rdrd@
Step:5

Find r limits(draw radial strip inside the region) and 6 limits and evaluate the
integral.

Example:
Change into polar co-ordinates and then evaluate f0°° f0°° e‘("zﬂ’z)dydx

Solution:

0=n/2 (Cartesian form)

0=7l¢

r=0
v

@=-x/2 [Polar form]

Given order dydx is in correct form.

Given limitsarey: 0 - 00,x: 0 > 00
Equationsare y =0,y = ©o,x = 0,x =
Replacement:
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Put x? + y2 = r?, dydx = rdrd@
Limits:

r:0- oo, 8:0—>g

fooo fooo e~ C*+y ) dydx = J2 fooo e " rdrd6

Substitution: Putr? =t ,ifr=0=>t=0,r=co=>t=o
2rdr = dt t: 0—- o
rdr=%
2

T

— f00  _ .2 T w _4+ dt
JEJ, e rdrde = [z [ e™"—d0
LR Drer
\ Efoz [—_1]0 il
L % JE(—e™ +€%)do
=-f20+1)d®  (ve*=0,e"=1)
e
=5f02d9
R
=),
e
_2(2 0)

T

4

Example:

Change into polar co-ordinates and then evaluate foa fya# dydx

Solution:

Given order dxdy is in correct form.
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Given limitsarex:y—a,y:0-a
Equationsare x=y,x=a,y=0,y=a
Replacement:

Put x=rcosf, x?+y?=1r?,dxdy = rdrdf
Limits: r:Oaﬁ ,9:0—>%

ara Xx dvdx = 7 mrcoserdrde
L J, y &

x2+y2 T2
= fog[rcose]g‘% do
= f;ZT (ﬁcose —0)do
=a fog do
= a(9)§
=a(;—0)

Example:
2
Evaluate [} fya\/x’;—Tydedy by changing into polar co-ordinates.

Solution:

T O=n/4

e

Given order dxdy is in correct form.

Given limitsarex:y—=a,y:0-a
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Equationsare x=y,x=a,y=0,y=a
Replacement:
Put x> =r%cos?0, x?+y?=1r?=>r =,/x%2+ y2, dxdy = rdrdd

Limits: r: O—>— 0:0 > =
coS 4

2c0s%60

f fy dedy f Jgose coss T2C05%0 g

a

= fo% l? coszelgoW do

‘f(
:_f‘

371'
a®> ~ 1

=L [+ 46
3 Y0 cosf

COSZH 0)dé

COSZH do

aX Vo
= <[5 sec0do

T

3 ke
= a? (log(sech + tand)),

3

— “? [log (secf + tan %) — log(sec0 + tan0)]
= ? [log(N2 + 1) — log(1 — 0)]

a
Note:
1. x2 +y? =r?cos?0 + r?sin?0 = r?

1
2

N

: fz cos?0d6 = fz sin?0do =

T[
2

w

fcos49d9 f51n46d6—

1 T
_X_
2 2

-Mw

z : 11
4. f2c052951n29d9=—><—><E
0 27272
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Example:

v

By changing into polar co-ordinates and evaluate foza I 2ax=* v2 | y2)dydx

0

Solution:

ar

the circle.

-
0=

-
2

[Polar form]

Given order dydx is in correct form.
Given limitsare y : 0— vV2ax — x2 ,x: 0- 2a
Equationsare y=0,y=v2ax —x2,x=0,x=2a

y? = 2ax — x?

x? 4+ y? — 2ax = 0 is a circle with centre (a,0) and radius ‘a’.
Replacement:
Put x2+y? =r?,dxdy = rdrd6
Limits: r: 0 - 2acosf , 6:0 —>§
fOZa fO\/Zax—xZ(xz N o 2ydydy = f(? f02acose 2 s rdrd0

— fOE fozaCOSQ r3drd9

e

T4 2acos6
=z 5] de
o |21,

T 2%a*cos*
= 2 0y do
= 4a* [2 cos*0 d6
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3.1 m I
=4at X=X =-x~= ('.'fzcos46d6=§><l><3)
4727 2 0 47272

3ma*
T4
Example:
A 2x—x2
By changing into polar co-ordinates and evaluatefo2 fo 2xx ﬁdxdy

Solution:

he cir_cle.v
0=-n/2

(Polar form)

Given order dxdy is in incorrect form.

V2x-x2  x

The correct form is dydx = f Jo dydx

x2+y?
Given limitsarey : 0— V2x — x2 , x: 0- 2
Equationsarey =0,y =v2x —x2,x=0,x=2
y? = 2x — x?
x? + y? — 2x = 0 is a circle with centre (1,0) and radius ‘1°.
Replacement:
Put x =rcosd, x? + y? =r?, dxdy = rdrdd
Limits: r: 0 = 2cosf , 6:0 - E

2 V2x-x?
fofoxx

dydx . f J-Zcose rcosO < rdrd6

x2+y
:fog[rcose](z,cose do
= J2(2cos?6 — 0) df
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= 2 [?cos*0 do

— iz (3 2 —
=2X-X- (v JZ cos?0d0

N |-

T
x;)

2

Example:

By changing into polar co-ordinates and evaluate ;[ ¥ X2 1 y2dydx

Solution:

olar

1 the circle.

0=-n/2

Given order dxdy is in correct form.
Given limitsarey : 0- Va2 —x2 ,x:0- a
Equationsarey=0,y=va? —x?,x=0,Xx=a
yz — 32 — x2
x? + y? = a? is a circle with centre (0,0) and radius ‘a’.

Replacement:

Put x2+y?=r?=r=x2+y?2,dydx = rdrdf

Limits:r: 0 - a ,9:0—>§

foa fo F \Y, x% + yZdeX = fOE foa r X rdrd©

= [z [ r?drd6
_ [P
= [?]Ode
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Jz & —0yde

a3 =

= % do
as T
5 (8);
a® m

=5G-0

Example:

2y,2
Evaluate [ X’;eryz dxdy over the annular region between the circles x? + y? = a2
and
x2 +y? = b? (b>a) by transforming into polar co-ordinates.

Solution:

dr do
Replacement:
Put x? = r?cos?0,y? = r?sin?0
x% +y? =r?, dxdy = rdrdf
Given the region is between the circles x? + y? = a? and x? + y? = b?

Limits:r:a—-b ,0:0 - 271

ﬂ« x2y? dxdy = j-OZn J«ab r2c0s20x1r2sin%6 % rdrdo

x2+y2 r2
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. fZT[ fb r3cos20xsinZ0
—Jo a r2

X drd©

= fozn fab r3cos?0 x sin?0 drd6

_ 21 [r? b 2 .. 2

= fo [:L c0s“0 X sin“0 d6

= ifom(b4 — a*) cos?0 x sin?6 d6

(b*

.4
2 )fm cos?0 X sin’0 do
+ Jo

4_,4 s T
=0 4a )4 % Jgcos?*8 xsin’0de (v fozn =4[2)

4 _ 4 — . 2
(b* —a*) x [2cos?8 X sin*6 dO

—(b*—af) xixixT (v [Zcos20sin26d0 = Lxix T
(b* —a*) x - x-x - (+ JZ cos?*Bsin’0de 2 X5 %X7)

m(b*-a%)
16
Example:
J a2 _x2
Evaluate [’ ['" " /a? — x% — y2 dydx by transforming into polar co-ordinates.
Solution:
0=n/2
V-

olar

O=r <

1 the circle.

0 :-vrr/z
Given order dydx is in correct form.
Given limits are y : 0— Va2 —x2 ,x: 0~ a
Equationsarey=0,y=va? —x? ,x=0,Xx=a
y? = g% — x2

x? + y? = a? is a circle with centre (0,0) and radius ‘a’.
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Replacement:
Put a2 —x?—y?=a%*—- (x*+y?) =a?—r?,dydx = rdrdf
\/az —x2—y2= vVaz — r2

Limits:r: 0 - a ,9:0—>§

[ [ [ X =y dydx = [2 [“VaZ =12 rdrdo

= fg(foa\/az —r2rdr)do
Substitution:
Put a2 —r?=t ifr=0=t=a?

—2rdr=dt ifr=a=>t=0

rdr= — &
2
~t:a2 -0
2 e =T rdryde = [3[fo Vi)
-1 0
= J¢1f,. Vidide
NI
== [2[f, tadt]de
x[.21°
1 =
= 7fOZ l? do
2 1,2
1 Tr 3
== _EX_ 02 [tz]a do

= —1[20- (a%))do
= -~ [z (a%)do

a3 =
=?f02 do

as z
=0
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a m
SG-0)

_ mal

T e
Exercise:

Evaluate the following by changing into polar co-ordinates.

2a V2x—x2 . ma?
LS, dydx Ans: —
a Va?-x?, 5 2 _ma*
2. [, J, (x% + y¥)dydx Ans: —
1 02— 3
3.f fz xxy dxdy Ans: -
Ans: ==
4
2a vV2ax—x?2 . Ta
5, J, x2+y2 dxdy Ans: —
2 . ma*
6. f f (x + y*)dydx Ans: —
3 . a®
7. f f (x y + y3)dxdy Ans:
8. flf“z""‘z(xz +y2)dydx Ans: 2 — 1
9. ff dxdy over the annular region between the circles x?> + y?> = 16 and x*> + y> =4
Ans:15m
10.J] f dxdy over the positive quadrant of the circle x? + y? = a? Ans: aT:

Change of Variables in Triple Integral
Change of variables from Cartesian co- ordinates to cylindrical co — ordinates.

To convert from Cartesian to cylindrical polar coordinates system we have the following
transformation.

X =1 cosf y =71 sinf z

0(x y.2)
] = =

a8z
Hence the integral becomes

Il
N
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ﬂ f(x,y,z) dzdydx = ff f(r,0,z) dzdrd6
Example:
Find the volume of a solid bounded by the spherical surface x? + y% + z2 = 4a? and
the cylinder x? + y2 — 2ay = 0.

Solution:

s
. §
eyt ?=gd e
sin ¢ . T -
Cylindrical co — ordinates
X =rcos0
y =rsin®

Z=1
The equation of the sphere x? + y2 + z% = 4a?
r?cos? 0 + r?sin? 0 + z2 = 4a?
r’ 4+ z? = 4a*
And the cylinder x? +y? — 2ay = 0
x? +y? = 2ay
r?cos? @ +r?sin? @ = 2arsin®
r? = 2arsin 0
r = 2asin 0

Hence, the required volume,
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Volume = [ [ [dx dy dz
= [[[rdBdrdz

f2a sin© J-\/4a2— r2

o 0 rdz dr do

=4f;/2

=4 f;/z fozasme rv4a? —r? drd6

2asin©
=4 [ -2 (42? - r2)3/2]0 do

- g fo“/z[—(élaz — 4a”sin? 0)%/2 + 8a%| do

- % fon/z(—8a3 cos® B+ 8a%) do

= g 8a3 f:/z(l — cos®0) de

32 a3 2 i ]
- [E— —] cubic units
3 2 3

Example:
Find the volume of the portion of the cylinder x? + y? = 1 intercepted between the
plane x = 0 and the paraboloid x? + y? = 4 — z.

Solution:
Cylindrical co — ordinates

X =1rcosBf
y=rsinf
Z=2

Given x%2 +y? =1
r’cos?0+r?sin?0 =1
r’=1
r=#+1
Given x> +y? = 4—z
r’cos?0+r?sin?0 = 4—z
r’=4-z

7 = 4 — r?
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Hence the required volume
Volume = [ [ [rdzdrd®

= fozn fol f:_rzrdzdrde
= [ [ rlzl¢" drde
= [7" [ r(4— r?) drde
= fom f01 (4r — r3) drde

— f02“ 3 f] do

2 4

2m 1
- " [~ ©-0)] e
= ;" 2de

7
= Z[o1gr

7 7 a .
=, [2m—0] = > mcubic.units

Example:

Find the volume bounded by the paraboloid x* + y? = az, and the cylinder
x? + y% = 2ay and the plane z = 0
Solution:

Cylindrical co — ordinates

X =rcos0
y =rsin0
7 Z

The equation of the sphere x + y?+= az
r’cos?0+r?sin?0 = az
r’ = az
And the cylinder x? +y? = 2ay
r’cos? 0 +r?sin? 0 = 2arsin®

r?2 = 2arsin 0
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r = 2asin 0
Hence, the required volume,
Volume = [ [ [dx dy dz
= [[[rd6drdz

. I'2
=T [0 [Srdzdrde

r2

=f; fozasm 0 [Z]Erdrde

:f(;'[ fOZasine [r3] drde

a

deo

1 1o [rt 2asin®

avo [4]0

_ 1fn 16a*sin*0
avo 4

deo

=4a® x 2 f:/z sin*6de

= 4a3 x 2317 -
422 2

Change of variables from Cartesian Co — ordinates to spherical Polar Co — ordinates

To convert from Cartesian to spherical polar co-ordinates system we have the

following transformation

x = rsinfcose y = rsinBsing Z = rcoso
0(x,y,z) 2
= ——= =r*sinb
J o(r,8,¢)

Hence the integral becomes

ﬂj f(x,y,z) dzdydx = ﬂj f(r,0,z)r?sin0 drdéde

dx dy dz over the region bounded by the sphere

Example:

1
Evaluate [ [ f\/m

x2+y2+z2=1.
Solution:
Let us transform this integral in spherical polar co — ordinates by taking
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X =rsinBcos P

y =rsin0sin¢

Z=rcosH
dxdy dz = (r?sin®) dr d6 d¢

Hence ¢ varies from 0 to 27

¢ varies from 0 to 1

¢ varies from 0to 1

_ fOZ“ fO“ f:% r’sin@drdod ¢
A [fozﬂdq,] [/ sin 6 d6] [fj% dr]
= (913" [-cos0] § [ o dr
=2n-0)(1+1) f;% dr

=41Tf1

r2
—— dr
0 v1-r2

Put r = sint ; dr = costdt

r=0>= t=0

r=1= t=-—

Example:

2

== m/2 sin?t
=4m [ = costdt

P2
= 41 f(;T/Z\/SICr:)_S:tcostdt

02
_ /. f‘rt/Zsm t

o ostdt

= 4m f;/zsinztdt

2

=4n =T

N | R
SN =

1 1-x% (1 dz dy dx
Evaluate [; [; I W

Solution:

Vx2+ y2+z2
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Given x varies from 0to 1

y varies from 0to v1 — x?

z varies from /x? +y?to 1

Let us transform this integral into spherical polar co — ordinates by using
X =rsinBcos ¢
y =rsin0sin¢
Z=rcos0
dx dy dz = (r?sin®) dr d6 d¢
Let z = \/m
= z2 = x*+ y?

= r? cos?0 = r? sin?6 cos?¢p + r? sin?0 sin’¢

= c0s? 0 = sin? 0 [ cos?¢d + sin?¢p =1]
> 0=
4
Let z=1

= rcosf =1

> r=

cos 0

= r =secH
The region of integration is common to the cone z? = x? + y? and the cylinder
x? + y? = 1 bounded by the plane z = 1 in the positive octant.
Limitsofr: r=0 to r=secH

Limitsof6: ©6=0 to e=g

Limitsofd: ¢ =0 to c|>=g

fn/Z fn/4 fsecel r2sin 6 dr d6 dd _ fOTt/Z foﬂ/4fosec6rsine dr do dd
secH
_ fon/z fon/4[ . _] de d<|> th/Z f1‘[/4- [sec 0sin 06— 0] de dcl)
/2 (/41 1 m/2 /4
= [/% [;/" > sectan 0 d6 dob =[5 [77%de | [f;"*secotan6 do |
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/2 /4
[6], " [secO],

-t ol 2
- T(VZ- 1)

N |-

Example:
Evaluate [ [ [ (x%2+ y?+ z2)dxdydz taken over the region bounded by the
volume enclosed by the sphere x? + y% + z% = 1.
Solution:
Let us convert the given integral into spherical polar co — ordinates.
x=rsinfcos¢ = x?=r?sin®0Ocos? P
y =rsinBsing = y? =r?sin?0sin® ¢
Z=rcosO = z2 =r?cos? 0

dx dy dz = (r?sin®) dr d6 d¢
[ [ %%+ y*+ z?)dxdydz = f:fomfolrz (r?sin 0 d6 d¢ dr)
Limitsofr: r=0 to r=1
Limitsof6: ©6=0 to 6=m
Limitsofdp: ¢=0 to ¢=2m
[ [ &+ y?+ 22)dxdydz = [ [77 [ r? (r*sin® d6 do dr)
= |J, r* dr| [f;'sin6 do] [[;" do

1

= [5], [-cosels [o13"
= (:-0)(1+1)(2n-0)
= (%) (2)(2m) = —
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