ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

TRIGONOMETRIC INTEGRALS

(1) Products of powers of sines and cosines
Evaluating [ sin™xcos™xdx
Case (i) If nisodd (n = 2k + 1), then
[ sin™xcos?*1xdx = [ sin™ x(cos?x)*cosxdx
= [ sin™x(1 — sin®x)*cosxdx
Here, substitute u = sinx
Case (ii) If mis odd (m = 2k + 1), then

2kt1ycos™xdx = [(sin? x)*cos™xsinxdx

[ sin
= [(1 — cos?x)*cos™xsinxdx
Here, substitute u = cosx
Note: If both mand n are odd apply. case (i) or case (ii)

Case(iii) If both mand n are even, use half- angle identities
sin’x = %(1 — c0S2x), cos’x = %(1 + cos2x)

/2 . m-=1 m-3 2 1
[ sin™xcos™xdx = —
0 m+nm+n—-2-" 3+n 14n

(if m'is odd, n - may be even or odd)

m-1 m-3 1 n-1n-3 2 1

T m+nm+n-2""2+n n n-2""3

(if m is even, n is odd)

m-1 m-3 1 n-1n-3 1w

T minm+n-2""24n n n-2 22

(ifm is even, n is even)

(1) Products of powers of secx and tanx
Evaluating [ tan™xsec™xdx
Case (i) If misodd (m = 2k + 1), then
[ tan**1xsec™xdx = [(tan? x)*sec™ xsecxtanxdx
= [(sec?x — 1)ksec™ txsecxtanxdx
Here, substitute u = secx
Case (ii) If niseven (n = 2k), then
[ tan™xsec?*xdx = [ tan™ x(sec?x)* 1sec?xdx
= [ tan™x(1 + tan?x)* 1sec?xdx
Here, substitute u = tanx

(1) Products of sines and cosines of multiples of x
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Evaluating [ sinmx sinnxdx, [ sinmx cosnxdx and [ cosmx cosnx dx

Use the following identities

1
sinmxsinnx = 3 [cos(m —n) x — cos(m + n) x]
. 1 .
sinmxcosnx = - [sin(m — n) x + sin(m + n) x]
1
cosmxcosnx = o [cos(m —n) x + cos(m + n) x]

Example:
(i)Evaluate [ sin® xcos3xdx

Solution:
Given [ sin®xcos®xdx
= [ sin® xcos?xcosxdx

Here m =6, n = 3 (odd)

= [sin®x(1 — sin®x)cosxdx .... (1)

Put u = sinx; du = cosxdx

W= fu(1—-ud)du = [(u®=uddu

(i) Evaluate [ sin? (mx)cos®(mx)dx

Solution:

Given [ sin? (wx)cos®(mx)dx (Herem=2,n=5 (odd))
= [ sin? (mx)cos*(mx) cos(mx) dx

= [ sin? (mx)[1 — sin?(mx)]? cos(mx) dx ... (1)

Put u = sinmx; du = mcosmxdx
(D= fu?1— uz)z%u = %fuz(l —2u? +u*)du

= %f(uz —2u* +u®)du

1 u_3_2L+_ +C
ml3 5 7

_ 1 3 2 5 X 7

= —sin3(mx) o sin (mx) +_—sin (mx)+C

Example:
Evaluate [ sin® xcos?xdx

Solution:

Given [ sin® xcos?xdx (Herem=5 (odd),n=2)
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= [ sin* xcos?xsinxdx

= [(1 — cos?x)?cos?xsinxdx .... (1)

Put u = cosx; du = —sinxdx
D= A-ud)?u?(—du) = — [(1-2u?+uHu?du
= — [(u? - 2u* + u®)du
_ ud  2us v’
=[5 -5 +5]+c

= —§c053(x) + ECOSS(X) - %0057(x) +C
Example:
Evaluate [ cos?xsin2xdx
Solution:
Given [ cos? xsin2xdx
= [ 2sinxcosxcos®xdx
= [ 2sinxcos®xdx = (Here, m=1,n=3)
=2 [sinxcos3xdx ... (1)
Put u = cosx; du = —sinxdx
(M) = 2[ud(—du) = -2 [uddu
= —2%4+ C= —%cos‘*x +c
Example:
Evaluate [ sin?xcos*xdx
Solution:

Given [ sin? xcos*xdx (Here,m=2,n=4)

- 1= () o

= %f(l — c0s2x)(1 + 2cos2x + cos?2x)dx

= %f(l + cos2x — cos?2x — cos32x)dx

= % [x + %sian — [(cos?2x + cos32x)dx] . (1)

f 1+cos4x d

2 — -1 L
[ cos?2xdx = x = (x + 4sm4x)

[ cos®2xdx = [ cos?2xcos2xdx = [(1 — sin?2x) cos2xdx

Put u = sin2x; du = 2cos2xdx

~ fcos®2xdx = [(1 —uz)%u = %[u—u;] = %[sian—%sirﬁZx]
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(1) =1 [x + Ssin2x — 1x — sindx — Zsin2x + lsin32x] +C
8 2 2 8 2 6
=1 [lx — Lsindx + lsin32x] +C
812 8 6
=L [x — Lsindx + lsin32x] +C
16 4 3
Example:
(i)Evaluate [ tanxsec3xdx
Solution:
Given [ tanxsec3xdx (Here m=1(odd))
= [ sec®x(secx tanx)dx

Put u = secx; du = secx tanxdx

sec3x

3

3
= [u?du =u?+C= +C
(ii)Evaluate fO”/S tan®xsec*xdx
Solution:
Given fon/3 tan®xsec*xdx (Here m="5 (odd))
— f”/3 tan* 3
= J, | tan*xsec®x (secx tanx)dx
= fon/s(seczx — 1)?sec3x(secx tanx) dx ...(1)
Putu=secx whenx=0>>u=1
du=secxtanxdx x = g Su=2
~ (D)= 2(u2 —1D?uddu = 2(u4 —2u® +1Duddu
1 1

= flz(u3 —2u®+u’)du

:[u_4_£+u_8]2

4 6 81q

:(4_24_32)_(1_14_1) o
3 4 3 8 8

Example:
(i)Evaluate [ tan’xsec*xd x
Solution:
Given [ tan’xsec*xd x
= [ tan®xsec’x sec’x d x
= [tan’x(1 + tan?x)sec?x dx ... (1)

Put u = tanx ; du = sec®x dx
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D= [uv?(1+u?)du = [(w? +ub)du
D
= étan3(x) + %tanS(x) +C
(ii)Evaluate [ tanxsec?xd x
Solution:
Given [ tanxsec?xd x
Put u = tanx; du = sec’x dx
= [udu
= [u;] +C = %tanz(x) +C
Example:
(i) Evaluate[ sec®x dx
Solution:
Givenl = [ sec3x dx = [ sec’x secx dx
Put u = secx dv = sec’x dx

du = secx tanx dx v = [sec’x dx = tanx

fudv=uv— Jvdu

| = (secx)tanx — [ tanx (secx tanx )dx
= (secx)tanx — [ tan?x secx dx
= (secx)tanx — [(sec?x — 1) secx dx
= (secx)tanx — [ sec3x dx + [ secx dx
= secx tanx — I + log( secx + tanx )

2] = secx tanx + log( secx + tanx)

i %secx tanx + %log( secx + tanx) + C
(ii)Evaluate [ tan®x secx dx
Solution:

Given [ tan®x secx dx = [(sec?x — 1)secx dx

= [secx dx — [ secx dx
= %Secx tanx + %1og( secx + tanx) — log( secx + tanx) + C
Using example (3.53(i))

= %secx tanx — %log( secx + tanx) + C
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Example:
(i) Evaluate f:/z sin’x cos®°x dx
Solution:

Given fon/z sin’x cosSx dx  (Herem=7,n=5)

/2 . -1 -3 2 1 -
/, /2 sinmxcostxdx = L3 2 L (m is odd, n even or odd)
m+n m+n-—2 3+n 1+n
_7-1 7-3 2 1

T 7+57+5-2 " 3+51+5
-HEEE) =
(iEvaluate ["* sin’x dx
Solution:

Given fon/z sinxdx  (Herem=7 (odd), n=0)

n/2 . -1 m-3 2 1 :
Jo /2 sinmxcostxdyx = ZL TS 2L (mis odd, n even or odd)
m+nm+n—2. 3+nl+n

D 000 -2
T 7407+0-2 ""3+01+0. \7J\5/\3 T 35

Example:
i)Evaluate [ sin 4x cos 5x dx
Solution:

Given [ sin 4x cos 5x dx

We know that, sindxcosBx = =[sin(4 — B) x + sin(4 + B) x|

N |-

= %f[sin(—x) + sin9x|dx
= %f(—sinx + sin9x)dx
=1 [cosx = lcos9x] +C

2 9

ii)Evaluate [ cos 3x cos 4x dx
Solution:

Given [ cos 3x cos 4x dx

We know that cosAxcosBx = % [cos(A — B) x + cos(4 + B) x]
= %f(cosx + cos7x)dx
= % [sinx + %sin7x] +C
1. 1.
=-sinx + —sin7x+C
2 14

iii) Evaluate [ sin 5x sinx dx
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Solution:

Given [ sin 5x sinx dx

We know that sinAxsinBx = %[cos(A —B)x — cos(4 + B) x]
= % [(cos4x — cos6x)dx

=1 [lsin4x — lsin6x] +C
2 la 6

1

= %sinél-x — —sinbx + C
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