
5.4 PROBLEMS ON AUTOCORRELATION FUNCTION OF INPUT AND 

OUTPUT 

1.  A random process {𝑿(𝒕)} is applied to a network with response 𝒉(𝒕) =

𝒕𝒆−𝒃𝒕𝒖(𝒕), where 𝒃 > 𝟎 is a constant. The cross function of 𝑿(𝒕) with the 

output 𝒀(𝒕) is known to have the same 𝒊. 𝒆 ACF ⋅ 𝑹𝑿𝒀(𝝉) = 𝝉𝒆−𝒃𝝉𝒖(𝝉). Find 

the ACF of the output {𝒀(𝒕)}. 

Sol: i) To find (𝜔) : 

ℎ(𝑡) = 𝑡𝑒−𝑏𝑡𝑢(𝑡)𝐻(𝜔) = 𝐹[ℎ(𝑡)] 

 

 = ∫  
∞

−∞

 ℎ(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡 = ∫  
∞

−∞

 𝑡𝑒−𝑏𝑡𝑢(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡
 

 = ∫  
0

−∞

 0 + ∫  
𝑚

0

 𝑡𝑒−𝑏𝑡(1)𝑒−𝑖𝜔𝑡𝑑𝑡 = ∫  
∞

0

 𝑡𝑒−(𝑏+i𝜔)t𝑑𝑡

𝐻(𝜔)  = [𝑡
𝑒−(𝑏+𝑖𝜔)𝑡

−(𝑏 + 𝑖𝜔)
− (1)

𝑒−(𝑏+i𝜔)𝑡

(𝑏 + 𝑖𝜔)2
]

0

∞

=
1

(𝑏 + 𝑖𝜔)2

 Also 𝐻∗(𝜔)  =
1

(𝑏 − 𝑖𝜔)2

 

ii) To find 𝑆𝑋𝑌(𝜔) : 

The cross power spectrum of {𝑋(𝑡)} and [𝑌(𝑡)] is given by 



𝑆𝑋𝑌(𝜔)  = 𝐹[𝑅𝑋𝑌(𝑡)] = ∫
−∞

∞
 𝑅𝑋𝑌(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏

 = ∫
−∞

∞
 𝜏𝑒−𝑏𝜏𝑢(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏 = [∫

−∞

0
 0 + ∫

0

∞
 𝜏𝑒−𝑏𝜏(1)𝑒−𝑖𝜔𝜏𝑑𝜏]

 = ∫
0

∞
 𝜏𝑒−(𝑏+𝑖𝜔)𝜏𝑑𝜏 = [𝜏

𝑒−(𝑏+𝑖𝜔)𝑡

−(𝑏 + 𝑖𝜔)
] − [

𝑒−(𝑏+𝑖𝜔)𝜏

(−(𝑏 + 𝑖𝜔))2
]

0

∞

𝑆𝑋𝑌(𝜔)  =
1

(𝑏 + 𝑖𝜔)2

 

 

iii) To find 𝑅𝑌𝑌(𝜏) : 

We know that, 

𝑆𝑌𝑌(𝜔)  = 𝐻∗(𝜔)𝑆𝑋𝑌(𝜔)

 =
1

(𝑏 − 𝑖𝜔)2

1

(𝑏 + 𝑖𝜔)2
=

1

((𝑏 − 𝑖𝜔)(𝑏 + 𝑖𝜔))2

 =
1

(𝑏2 + 𝜔2)2

 

The ACF of the output 𝑌(𝑡) is given by 

𝑅𝑌𝑌(𝜏)  =
1

2𝜋
∫

−∞

∞
 𝑆𝑋𝑌(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

 =
1

2𝜋
∫

−∞

∞
 

1

(𝑏2 + 𝜔2)2
𝑒𝑖𝜔𝜏𝑑𝜏

 

=
1

2𝜋

𝜋

2𝑏3
[1 + 𝑏|𝜏|]𝑒−𝑏|𝜏| ∣∵ ∫  

∞

−∞

𝑒𝑖𝜔𝜏

(𝜔2 + 𝑎2)2
𝑑𝜔 =

𝜋

2𝑎3
(1 + 𝑎|𝜏|)𝑒−𝑎|𝜏| 

𝑅𝑌𝑌(𝜏) =
1

4𝑏3
[1 + 𝑏|𝜏|]𝑒−𝑏|𝜏|

 
 



2.  Assume a random process {𝑿(𝒕)} is given to a system with for system 

transfer function 𝑯(𝝎) = {
𝟏  for  |𝝎| ≤ 𝝎𝟎

𝟎  else 
   

If the ACF of input is  
𝐍𝟎

𝟐
𝜹(𝝉), find the ACF of output. 

Sol:   i) To find  𝑆𝑋𝑋(𝜔) : 

Given the ACF of the input is 

𝑅𝑋𝑋(𝜏) =
𝑁0

2
𝛿(𝜏) 

The PSD of the input is given by 

𝑆𝑋𝑋(𝜔)  = ∫  
∞

−∞

 𝑅𝑋𝑋(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏

 = ∫  
∞

−∞

 
𝑁0

2
𝛿(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏 =

𝑁0

2
∫  

∞

−∞

 𝛿(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏

 =
𝑁0

2
(1)

 Given 𝐻(𝜔) = {
1 ; |𝜔| ≤ 𝜔0

0  ;else 

 

ii) To find 𝑅𝑌𝑌(𝜏): The relation between the PSD’s of input and output is given by 

𝑆𝑌𝑌(𝜔)  = |𝐻(𝜔)|2𝑆𝑋𝑋(𝜔)

 = (1)2
𝑁0

2
;  |𝜔| ≤ 𝜔0

∴ 𝑆𝑌𝑌(𝜔)  =
𝑁0

2
; |𝜔| ≤ 𝜔0

 



The ACF of the output is given by 

𝑅𝛾𝑌(𝜏) =
1

2𝜋
∫  

∞

−∞

𝑆𝑌𝑌(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔 =
1

2𝜋
∫  

𝜔0

−𝜔0

𝑁0

2
𝑒𝑖𝜔𝜏𝑑𝜔 

 =
𝑁0

4𝜋
∫  

𝜔0

−𝜔0

 𝑒𝑖𝜔𝜏𝑑𝜔  =
𝑁0

4𝜋
[
𝑒𝑖𝜔𝑟

𝑖𝜏
]

−𝜔0

𝜔0

 =
𝑁0

4𝜋𝑖𝜏
[𝑒𝑡𝜔0𝑡 − 𝑒−𝜔𝜔0r]  =

𝑁0

4𝜋𝑖𝜏
2𝑖sin 𝜔0𝜏

 

 

𝑅𝑌𝑌(𝜏) =
𝑁0

2𝜋𝜏
sin 𝜔0𝜏 

3.  An LTI system has an impulse response 𝒉(𝒕) = 𝒆−𝜷𝒕𝒖(𝒕). Find the output 

auto correlation 𝑹𝒀𝒀(𝝉) corresponding to an input 𝑿(𝒕) 

 Sol: i) To find (𝜔) : 



 Given ℎ(𝑡) = 𝑒−𝛽𝑡𝑢(𝑡)
𝐻(𝜔) = 𝐹[ℎ(𝑡)]

 = ∫  
∞

−∞

 𝑒−𝛽𝑡𝑢(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡

 = ∫  
0

−∞

 0 + ∫  
∞

0

 𝑒−𝛽𝑡(1)𝑒−𝑖𝑎𝑡𝑑𝑡 = ∫  
∞

−∞

 𝑒−(𝛽+𝑖𝜔)𝑡𝑑𝑡

 = [
𝑒−(𝛽+𝑖𝜔)𝑡

−(𝛽 + 𝑖𝜔)
]

0

∞

|𝐻(𝜔)|  =
1

√𝛽2 + 𝜔2

|𝐻(𝜔)|2  =
1

𝛽2 + 𝜔2

 

ii) To find 𝑅𝑌𝑌(𝜏) : 

The relation between the PSD’s of input and output is given by 

𝑆𝑌𝑌(𝜔)  = |𝐻(𝜔)|2𝑆𝑋𝑋(𝜔)

 =
1

𝛽2 + 𝜔2
𝑆𝑋𝑋(𝜔)

𝑅𝑌𝑌(𝜏)  = 𝐹−1[𝑆𝑌𝑌(𝜔)] [∴ 𝑆𝑋𝑋(𝜔) not known] 

 = 𝐹−1 [
1

𝛽2 + 𝜔2
] ⋅ 𝐹−1[𝑆𝑋𝑋(𝜔)] =

1

2𝜋
∫

−∞

∞
 

1

𝛽2 + 𝜔2
𝑒−𝜔𝜏𝑑𝑡 ∗ 𝑅𝑋𝑋(𝜏)

 =
1

2𝜋

𝜋

𝛽
𝑒−𝛽|𝜏| ∗ 𝑅𝑋𝑋(𝜏) =

1

2𝛽
𝑒−𝛽|𝜏| ∗ 𝑅𝑋𝑋(𝜏)

 

𝑅𝑌𝑌(𝜏) = ∫  
∞

−∞

1

2𝛽
𝑒−𝛽|𝑢|𝑅𝑋𝑋(𝜏 − 𝑢)𝑑𝑢    ( Since 𝑓(𝑡) ∗ 𝑔(𝑡) = ∫  

𝑡

0
𝑓(𝑢)𝑔(𝑡 −

𝑢)𝑑𝑢) 



4. The relation between input{X(t) }and output  {Y(t)} of the diode is 

expressed as Y(t) = X2(t). Let {X(t)} be a zero mean stationary Gaussian 

random process with ACF RXX(τ) = 𝒆−𝜶|𝝉|; 𝜶 > 𝟎. Find the output auto 

correlation RYY(τ) of the input. 

Sol: Given Y(t) =X2(t), where X(t) is the zero mean stationary Gaussian random 

process. 

            RYY(τ) = E[Y(t1) Y(t2)]   = E[X2(t1) X
2(t2)]    

                      =E[(𝑋(𝑡1)𝑋(𝑡2))2] 

                      = E[X2(t1)] E[X2(t2)]    + 2 [𝐸[(𝑋(𝑡1)𝑋(𝑡2)]]2 

                  =RXX(0) RXX(0)+ 2 [𝑅𝑋𝑋(τ) ]2            …………(1) 

Given RXX(τ) =𝑒−𝛼|𝜏| 

           RXX(0)  = 𝑒0 =1 

(1) => RYY(τ) = 1+2[𝑒−𝛼|𝜏|]
2
 

            = 1+2 𝑒−𝛼|𝜏| 

The PSD of output is given by 

SYY(ω)  = ∫ 𝑅𝑌𝑌(τ)
∞

−∞
𝑒−𝑖𝜔𝜏𝑑𝜏 

             = ∫ 1 + 2 𝑒−2𝛼|𝜏|∞

−∞
𝑒−𝑖𝜔𝜏𝑑𝜏 

             = ∫ 𝑒−𝑖𝜔𝜏𝑑𝜏 + 2
∞

−∞
 ∫ 1 + 2 𝑒−2𝛼|𝜏|∞

−∞
𝑑𝜏 

           =2𝜋𝛿(𝜔) + 2 ∫  𝑒−2𝛼|𝜏|∞

−∞
[cos 𝜔𝜏 − 𝑖 sin 𝜔𝜏]𝑑𝜏 



          =2𝜋𝛿(𝜔) + 2[∫  𝑒−2𝛼|𝜏|∞

−∞
cos 𝜔𝜏 𝑑𝜏 − 𝑖 ∫  𝑒−2𝛼|𝜏|∞

−∞
sin 𝜔𝜏 𝑑𝜏] 

                        =2𝜋𝛿(𝜔) + 2[2 ∫  𝑒−2𝛼|𝜏|∞

−∞
cos 𝜔 𝑑𝜏 − 𝑖(0)] 

                        =2𝜋𝛿(𝜔) + 4 ∫  𝑒−2𝛼|𝜏|∞

−∞
cos 𝜔𝜏 𝑑𝜏 

                       SYY(ω)  = 2𝜋𝛿(𝜔) +
8𝛼

4𝛼2+𝜔2
                 ∫  𝑒−𝑎𝑡∞

0
cos 𝑏𝑡 𝑑𝑡 =

𝑎

𝑎2+𝑏2
 

5.Find the auto correlation of the band limited white noise {N(t)} with PSD 

given by SNN(ω) = 
𝑵𝟎

𝟐
; |𝝎 − 𝝎𝟎| < 𝝎𝑩; 

Sol: SNN(ω)=
𝑁0

2
; |𝜔 − 𝜔0| < 𝜔𝐵; 

|𝜔 − 𝜔0| < 𝜔𝐵 =>  −𝜔𝐵 < 𝜔 − 𝜔0 < 𝜔𝐵 < 𝜔 < 𝜔0 + 𝜔𝐵  

The ACF of {N(t)} is given by 

R(τ)= 
1

2𝜋
∫ 𝑆𝑁𝑁(𝜔)

∞

−∞
𝑒𝑖𝜔𝜏𝑑𝜔 

= 
1

2𝜋
∫

𝑁0

2
𝑒𝑖𝜔𝜏𝑑𝜔

𝜔0+𝜔𝐵

𝜔0−𝜔𝐵
 

= 
𝑁0

4𝜋
∫ 𝑒𝑖𝜔𝜏𝑑𝜔

𝜔0+𝜔𝐵

𝜔0−𝜔𝐵
 

=
𝑁0

4𝜋
(

𝑒𝑖𝜔𝜏

𝑖𝜏
)

𝜔0−𝜔𝐵

𝜔0+𝜔𝐵

 

=
𝑁0

4𝜋

(𝑒𝑖(𝜔0+𝜔𝐵)𝜏−𝑒𝑖(𝜔0−𝜔𝐵)𝜏)

𝑖𝜏
 

=
𝑁0

4𝜋

𝑒𝑖𝜔𝐵𝜏+𝑖𝜔𝐵𝜏−𝑒𝑖𝜔𝐵𝜏−𝑖𝜔𝐵𝜏

𝑖𝜏
 

=
𝑁0

4𝜋

𝑒𝑖𝜔0𝜏𝑒𝑖𝜔𝐵𝜏−𝑒𝑖𝜔0𝜏𝑒𝑖𝜔𝐵𝜏

𝑖𝜏
 



=
𝑁0

4𝜋
𝑒𝑖𝜔0𝜏 𝑒𝑖𝜔𝐵𝜏−𝑒−𝑖𝜔𝐵𝜏

𝑖𝜏
 

=
𝑁0𝑒𝑖𝜔0𝜏

4𝜋

2𝑖 𝑠𝑖𝑛𝜔𝐵𝜏

𝑖𝜏
 

=
𝑁0

4𝜏𝜋
𝑒𝑖𝜔0𝜏𝑠𝑖𝑛𝜔𝐵𝜏 

=
𝑁0

4𝜏𝜋
(𝑐𝑜𝑠𝜔0 𝜏 + 𝑖 𝑠𝑖𝑛𝜔0 𝜏)𝑠𝑖𝑛𝜔𝐵 𝜏 

=
𝑁0

2𝜏𝜋
 𝑐𝑜𝑠𝜔0 𝜏 𝑠𝑖𝑛𝜔𝐵 𝜏 + 𝑖

𝑁0

2𝜏𝜋
 𝑠𝑖𝑛𝜔0 𝜏 𝑠𝑖𝑛𝜔𝐵  𝜏 

Since ACF is real, equating the real part, we get 

R(τ) = 
𝑁0

2𝜏𝜋
 𝑐𝑜𝑠𝜔0 𝜏 𝑠𝑖𝑛𝜔𝐵  𝜏 

   =
 𝑁0

2𝜋
 𝑐𝑜𝑠𝜔0 𝜏 

𝑠𝑖𝑛𝜔𝐵 𝜏

𝜔𝐵 𝜏
𝜔𝐵   

R(τ) = 
𝑁0𝜔𝐵 

2𝜏𝜋
 𝑐𝑜𝑠𝜔0 𝜏 

𝑠𝑖𝑛𝜔𝐵 𝜏

𝜔𝐵 𝜏
 

 

 

 


