24EC403-DIGITAL SIGNAL PROCESSING

DISCRETE FOURIER TRANSFORM

The discrete Fourter transform converts a fimte sequence of equally-spaced
samples of a function into a same-length sequence of equally-spaced samples of the
discrete-tume Fourter transform, which 1s a complex-valued function of frequency.

The N pomt DFT of x (n) can be expressed as

—jzxkn

X (K)=YNgx(n)e ¥
Fork=0 1,2 N-1

Example-1
Compute the DFT of the sequence is given by

x(n)= {0,121}
Soln:

—jzxkn
XXK)= Zn—o X(n)e X
The given signal x (n) 1s 4 pomnt signal. Let us compute 4 pomt DFT.

—jzzkn

X (K)=Xazox(n)e +

—jxkn

=3 _ox(n)e =

—jnk X —jsmk
=x (0)e’ +x() ez +x(2)e /™ +x(3)e =

—ink —jsmk

=0+e 2z +2e /™ +e 2
=cos£’5-j si1.1£+ 2(cos mk - sinitk)+cos§f£-j sing—;rf-
= (0057 +2 cos nk+ cos— ) (sm +sinﬂ)
K=0,1,23
When k=0;

X (0) = (cos 0+2 cos 0+cos 0)-j(sin O+sin 0)

= (1+2+1)9 (0+0) =4

When k=1

X()= (cc-sg+ 2cosm + cc-s%“) —j(sin§+ sin%n]

= (0-2+0)-j (1-1)=-2

When k=2

X (2)=(cosm+ 2cos2m + cos3m) — j(sinm + sin 3m)
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= (-1+2-1)-(0+0)
=0
When k=3

X(3)= (cnsg?;r+ 2cos3m+ cosZ—H) —j[sing?n + smc';—”)
=(0-2+0)-j (-1+1) =2

Answer:

X(0)=4.X(1)=2.X(2)=0.X(3)=-2

PROBLEMS:
1. Determine the 4-point DFT of the sequence x(n) =(1,0,1,0)

DFT of the sequence is defined as
N-1 .
X(k) = z z(n)e ¥ k=0,1,...(N —=1)

n=o

3

3
‘Y(k) = Z J'(ll)(';AJi.:L;L — Z _.l.(")(,~_;rr-‘é._=‘-

n—o

axk
<

X (k) = 2(0)e® + z(1)e ™% + x(2)e 7% + 2(3)e?
Substitute (0), (1), x(2) and x(3) values
=1+0+1e7** 1 0
X(k)y=1+e 77k

Sub k& = 0 in equation(1)
X(0)=1+e 7D =141=2
Sub k& = 0 in equation( 1)
X(1)=14+e 7" =14+cosm — jsinm
=1—-1—-3(0)=0
Sub k£ = 2 in equation(1)
X(2)=1+e72" =14 cos2r — jsin2rw
=1+1—;(0)=2.

Sub k& = 3 in equation(1)
X(3)=1+e 79 =1+ cos3m — jsin3n
—1+[-1-j(0)]=1-1=0

The output sequence is | X (k)= {2, 0, 2, 0}
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2. Find the 4-point DFT of the sequence x(n)=[1,1,-1,-1].(MAY/JUNE 2013)

XNZ[WN]XN
N=4
Xa=[Wa] x4
1 1 1 111 [1+1—-1-1
well = 1 j‘ll‘l—j+1—j
M -1 1 —1||-1||1—-1-1+1
1 j -1 —jll-1) [1+j+1+j
0
_ |2
X4~ 0
2+2j

3. Find the 4-point DFT of x(n) = {1, -1, 2, -2} directly.

SOLN:

A Nt \
(Wi = S x(n) /TN o N ()" IR 4 20,1,2.3
— —

Xk)= E
w(

n=0

=

a

A=)

3
X)) - }_ v e = x(M+=xiD+FEAA2)+ (D=1 =14+2=2=0

{

>

T I n ” ) i\ )
(e " o () +x(D)e” T 4 x(2)e T 4 x(B) eI PN

M-

X(H=

>

=1+ (=)= )+ 2(=1=jO)=2(0+ j)

-——1=y
' 3
3 . S o
X2)= }_' vime = x(+ x()e ® + x(2)e " 4 x(3)e
”n )

=l-1(=1-jO+2(1-jO)—-2(-1—-jO1=6

= = x(0)+ x(De 72 4 x(2)e™ T 4 x(3)e /T

3
X3B)= Y xtme 7=
—

n=d

=1-10+ )+ 2(-1-jO)-2(0- )=—1+]

X(k) = (0, =1 —j, 6, =1 + j)
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4. Compute the DFT of the 3-point sequence x(n) = {2, 1, 2}. Using the same sequence,
compute the 6-point DFT and compare the two DFTs.

Solution: The given 3-point sequence is x(n) = (2, 1, 2], N = 3.
N=1 2
DFTx(m = X(k)= 3, x(mWg' =Y x(me /3" g =0,1,2
we U el
= X(0)+ x()e 7PN 4 y(2) e FW

2x 2r ( 4r ) ar
= 2+' cosTA-jsixlTA -v-2| coaTL—jsillTA]

/i

When k = 0, XK)=X(0)=2+14+2=3S5

. > \ 3
When k = 1, Xiky=XihH= 2-4-‘ cos = -/51ni]+ Z"cnﬁﬂ— jsinﬂ
3 3 3 3 )
= 24(=05-jO866)+ 205+ jO.866)
= 0.5+ JO.866
When k = 2, Xk)=X(2)=2 +( cos.‘i JSiﬂ4—ﬂ I+ 2{ cosg jcing
3 3 3 3)
=24+ (-05+ jOB66)+ 2(-0.5 — jOB6O)

=05- J0866

s 3-point DFT of x(n)= X(k)=[5.0.5+ j0.866.0.5— j0.866)
To compute the 6-point DFT. convert the 3-point sequence x(n) into 6-point sequence by

padding with zeros. : _
x(n)=1{2,1,2,0,0,0}, N=¢6
N-1 5 o
DFT {x(n)}= X(k) = E .r(n)W"" = Z x(n)e J2xiNdsk  p—0,1,2, 3.45
n=() n=(
= X(0)+ X(1)eFATOk & 03y o= JATIO o 3y = HETIOE o gy = RO

+ x[s)e‘ J10x/6)k

= D4 g~ HAIDE 4 7 5 j2xi3k

When k = 0. X0)=2+1+2=35
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When & = 1, X(1) =24 673 4 2410w
=2+(0.5- j0.866) + 2-0.5~ j0.866)= 1.5~ j2.598

When & = 2, X(2) =2+ 71 4 9 ~HAW/D
=2+ (=05-JO866)+ 2=05+ jJOE66) = 0.5+ J0.866
When £ = 3, X(3)= x(0) + x(he "3 4 x(2)e 7D

=24(CosT — jsinm) + 2Acos2m — fsin2rxw)
=2-1+2=3

When & = 4, X(4) = x(0)+ x()e "5 4 x(2)e AW
=2+ cos—"}z jsm"T" +’tcos -jcinsT"]

=24+ (=0.5+ jO.866) + 2~0.5~ j0.866)
=0.5- ;0866
When & = S, X(5) = X(0) + x()e" /7Y 4 1) /MY
24+ cu\s—r- uns—”]-r“(unm—x- \inlo—’r
- 3 /%3 T A T

=24(05=J0866)+ 2054 jOB66) =154 JOKB6H
Tabulating the above 3-point and 6-point DFTs, we have

DFT X(0) X(1) X(2) X(3) X(4) X(5)
3-point 5  05+j086 05— j0.866 = = =
6-point 5 1.5 —j2.598 0.5 + j0.866 3 05-/0866 1.5+ j0.866

5. Find the 4-point DFT of x(n) = {1, -2, 3, 2}.
Soln:

Given xin) = {1, -2, 3, 2).
Here N = 4, L = 4. The DFT of xtn) is Xh),

Al 3 3
Xik)= 3 ximyWg' = 3 xinje /0L N ximpe VI k20,1,2,3

P ) weth sl

x.m-—Z Wk =i+ D+ 2D+ 23 =1=2+3+2=4

»-0

4
X1 = 3 s(m)e A o x(0)4 (e 4 x(2)e™ T 4 x(Bpe A
“1=20= )+ M=1= )+ 20+ ) = =2+ j4

X(2)= z A o x(0)+ XD e X (20 T e (eI

S Lo 20l = JO) + M = JO)+ 2(=] = jO) = &

h ]
X(3 = Y xta)e™ A3 o x(0)+ x(De™ 12 4 x(2)e™ ¥ 4 x(3)e™ A4
-t

“l=20+ 1+ 3=1=JO) + 20— ) = =2~ |4
Xk)= (4.-24 4.4, -2~ j4)
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