ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

3.4 SOLUTION OF DIFFERENTIAL EQUATION BY LAPLACE TRANSFORM
TECHNIQUE

There are so many methods to solve a linear differential equation. If the initial conditions are known,
then Laplace transform technique is easier to solve the differential equation. The Laplace transform
transforms the differential equation into an algebraic equation.

Lly'(®)] = sLly(®)] — y(0)
Lly"(®)] = s*Lly(®)] — sy(0) — y'(0)
Problems using Partial Fraction
Example: 1.So|ve% -3 % + 2x = 2, given x = 0and % = 5 for t = OQusing Laplace transform
method.
Solution:
Givenx" —3x" + 2x = 2;x(0) = 0;x'(0) =5
Taking Laplace transform on both sides, we get,

L[x" (t)] = 3L[x"(t)] + 2L[x(t)] = 2L(1)

[s2LIx(®)] — sx(0) — x"(0)] = 3[sL[x(®)] — x(0)] + 2L[x(8)] = f
Substituting x(0) = 0; x'(0) = 5

[s2L[x(t)] — 0 — 5] — 3[sL[x(t)] — 0] + 2L[x(t)] = %

S2L[x(t)] — 3sLlx(6)] + 2L[x()] =2 +5

S2L[x(t)] — 3sLlx(6)] + 2L[x(8)] =2 +5

Put L[x(t)] = x

S3% —35E+ 28 == +5

[82—3S+2]f=§+5

(s—D(s—2DF==+5

2+5s

X = s(s—1)(s—-2)

Consider ——>= _ =244 % 4 ¢
s(s—1)(s—-2) s s-1 s-2

2+5s __ A(s—1)(s—2)+Bs(s—2)+Cs(s-1)
s(s-1)(s-2) s(s—1)(s—2)

A(s—1)(s—2)+Bs(s—2)+Cs(s—1)=2+5s--(1)
Puts =0in (1) Puts =1in (1) Puts =2in (1)
A(-1D(-2) =2 B(LH)(-1) =7 cC(2)(1)=2+10
A=1 B=-7 C=6

2+5s _ 1

7 6
s(s=1)(s-2) s ; + ;
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_ 1 1 1
SX==-=7—+6—
N s—1 S—2

x@ =17 [ - ] v o [

x(t) =1—7et + 6e?t
Example: 2. Using Laplace transform solve the differential equationy” — 3y’ — 4y = 2e~t, withy(0) =
1 =1y'(0).
Solution:

Giveny" — 3y’ — 4y = 2e~%; withy(0) =1 = y'(0).
Taking Laplace transform on both sides, we get,

Lly"®] - 3Lly'®] —4Lly®)] = 2L(e™®)

[s?Lly(®)] = sy(0) — y'(0)] = 3[sL[y()] — ¥(0)] — 4L[y(t)] = 2 5%1
Substituting y(0) = 1 = y'(0).

[s2Lly(t)] — s — 1] = 3[sL[y(t)] — 1] — 4L[y(t)] = —

s+1
s2L[y(6)] —s — 1 = 3sL[y(t)] + 3 — 4L[y(®)] = Hil
SO = 3sLy(®] —4Ly(O)] = 25+~ 2
PutLly(©)] =y
25 _ 357 — 4y M=\ _
s“y — 3sy 4y—s+1+s 2
2 _ 3¢ — 4]y = D ga\
[s=—3s 4]y—s+1+s 2
2 Als — 2+s(s+1)—-2(s+1)
[s* —3s—4]y = S TN
_ 2+s%+s5-2s5-2
- s+1
_ §*-s
s+D(s—-4)y= —3
. s?-s
Y = DG t)G-9)
_ A s2-s
o (s+1)2(s—4)
. s2-s A B c
Consider eres i terts
s2—s _ A(s+1)(s—4)+B(s—4)+C(s+1)?
(s+1)2(s—4) - (s+1)2(s—4)
A+ 1D -4 +B(s—4)+C(s+1D*=s%>—5s-(1)
Puts = —1in (1) Puts = 4 in (1) equating the coefficients ofs?, we get
—-5B=1+1 25C =16—-4 A+C=1=>A=1—C=>1—;—§
5 25 25
s?-s 25 2 12

(s+1)2(s—4) - 25(s+1)  5(s+1)2 + 25(s—4)
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__ 1z 1
T 25(s+1)  5(s+1)2  25(s—4)

0= 2 [ 2 ] 2

<A

B3t _ 2, -t 12 4t
y(t)—ZSe cte +25e

Example: 3. Solve the differential equation‘;% -3 % + 2y = e, withy(0) = 1 and y'(0) = Ousing
Laplace transform.
Solution:

Giveny” — 3y’ + 2y = e~t; withy(0) = 1 and y'(0) = 1.
Taking Laplace transform on both sides, we get,

Lly"(®)] = 3Lly' (O] + 2LIy(®)] = L(e™)

[sLIy(D)] = sy(0) — y'(0)] = 3[sLIy(6)] — y(0)] + 2L[y(8)] = —
Substituting y(0) = 1 and y'(0) = 0.

[s2Lly ()] = s — 0] = 3[sLIy(©)] = 1] + 2L[y()] = —

s2Ly()] — s — 3sLIy(£)] + 3 + 2L[y(£)] = —

s+1
1
s2LIy(©)] = 3sLIy(®)] + 2L[y(0)] = — +5 — 3
25 _ s N T B
$°y—=3sy+2y=—+s5-3
[s?—3s+2]y=—+s-3

_ 1+s(s+1)-3(s+1)
[s2 =3s+ 2]y =——F——
s+1
_ 1+s%+s5-3s5-3
- S+1
52-25-2
s+1

(=D —-2)y=

52-25-2

Y= (s+1)(s—-1)(s—2)

Consider SZ_Z—S_Z — i i L
(s+1)(s—1)(s-2) T s+1 0 s-1 s-2
52-25-2 _ A(s—1)(s=2)+B(s+1)(s—2)+C(s+1)(s—1)
(s+1)(s-1)(s-2) (s+1)(s-1)(s-2)

A—D(—2)+BG+D(s—2)+C(s+D(s—1)=s2—25s—2-(1)
Puts = —11in (1) puts = 1in (1) puts = 2in (1)
6A=1+2-2 —-2B=1-4 3C=4—-4-2

-2

A=1 p=2 c==
6 2 3

§2-25-2 1 3 2

G+DG-1)(s-2) _ 6(s+1) | 2(s-1)  3(s-2)

1 3.2
y_6(s+1) 2(s—=1) 3(s-2)
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o =i 2 -3
y(t) = %e—t + %et _ geZt

Example: 4. Using Laplace transform solve the differential equationy” + 2y’ — 3y = sint, withy(0) =
y'(0) = 0.
Solution:
Given y" + 2y' — 3y = sint with y(0) = 0 = y'(0).
Taking Laplace transform on both sides, we get,
Lly"(®]+ 2Lly"(®] - 3L[y(©] = L(sint)

[s2L[y()] — sy(0) — y'(0)] + 2[sLy(£)] — y(0)] = 3L[y(t)] = —

s2+1
Substituting y(0) = 0 = y'(0).
1
[s2L[y(6)] = 0 — 0] + 2[sL[y(6)] — 0] — 3L[y(£)] = 5
1
S2LIy()] + 2sLly(O)] - 3L[y(D)] = 5
1
S2LIy()] + 2sLly(0)] - 3LIy()] = 5
PutLly()] =¥y
9 P -
sy +2sy—3y = .
2 _ — _ W
[s°+2s = 3]y = 5
_ 1
(s—D(s+3)y= 2%
— 1
Y = DG+
. A B Cs+D
Consider (s—1)(s+3)(s2+1) T 51 s+3 | 8241
1 _ A(s2+1)(s+3)+B(s—1)(s2+1)+(Cs+D)(s—1)(s+3)
(s—1)(s+3)(s2+1) (s—1)(s+3)(s2+1)
A2+ 1D(s+3)+B(s—1D(s2+ 1)+ (Cs+D)(s=1D(s+3)=1-(1)
Puts =11in(1) Put s = —3in (1) equating the coefficients ofs?, we get
84=0+1 B(-4)(10)=1 | A+B+C=0=C=-A-B="+—
A=12 B== c==
8 40 10

Puts = 0in (1), we get

34—B-3D=1=>>+L1_3p=1
8 40

3D=-+—-1
8 40
15+1-40 —-24 -1
3D=—>=D = >D=—
40 40%3 5
-1 1
1 _ 1 SN v

(s—1)(s+3)(s2+1)  8(s—1) 40(s+3) s2+41
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1 1 s 1

Y= 8(s—1) 40(s+3) 10(s2+1) 5(s2+1)
_1,- -1 S | 1,11
y(t) - 8L [(s 1) 40 [s+3 [52+1] 5L [52+1]
1 ¢ 1 —3t_ 1 9
y(t) = sel— e m (cost 2sint)

Example: 5. Using Laplace transform solve the differential equationy” — 3y’ + 2y = 4e?¢, withy(0) =
—3and y'(0) = 5.
Solution:
Giveny” — 3y’ + 2y = 4e?"; withy(0) = —3 andy'(0) = 5.
Taking Laplace transform on both sides, we get,
Lly" (0] = 3LIy" (O] + 2Ly ()] = 4L(e*")
[s2Ly(£)] = sy(0) = y'(0)] = 3[sLIy(B)] = y(0)] + 2L[y(6)] = 4=
Substitutingy(0) = —3 and y'(0) = 5.
[s?LIy(6)] + 35 — 5] = 3[sLly(D)] + 3] + 2L[y(D)] =
2LLy(6)] + 35 — 5 — 3sL[y(6)] — 9 + 2L[y(£)] =
ZLly(®)] — 3sLly(®)] + 2L[y(t)] =— —3s + 14

PutLly(t)] =y
szy—3sy+zy=£—3s+14

4
s—2

[52—3s+2]y=%+14—3s

[S —3S+2]_ 4+(1453;)(s 2)

_ _ _ _ 4+(14-3s)(s-2)
(s — (s — 2)y = =2
— _ 4+(14-3s)(s-2)
T (s-1)(s-2)?
4+(14-3s)(s=2) _ A | B c
(s-D(s-2)2  s-1  s-2 (s=2)2

Consider

4+(14-3s)(s—2) _ A(s—2)?2+B(s—1)(s—2)+C(s—1)

(s—1)(s—2)? (s-1)(s—-2)?
A(s=2)>+B(s—1D(s=2)+C(s—1) =4+ (14 —-35)(s = 2) - (1)
Puts =1in (1) Puts =2in (1) equating the coefficients ofs?, we get
A=4-11 C=4+0 A+B=-3=>-74+B=-3
A=-7 C=4 B =4

4+(14-3s)(s=2) _ -7 | 4 4
(s-1(s-2)2  s-1  s-2 (s=2)2

_ 4
Y= T+:+&W

y(©) = =717 [ 5| + 4t [ ] + 4t [ 5]
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= —7et + 4% + 4217 5]

y(t) = —7et + 4e?t + 4e?'t
Example: 6. Using Laplace transform solve the differential equation y"’ — 4y’ + 8y = e?¢, withy(0) =
2andy'(0) = —2.
Solution:

Giveny" — 4y’ + 8y = e?*; with y(0) = 2 andy’(0) = —2.

Taking Laplace transform on both sides, we get,

Lly"(®] —4Lly'®] + 8LIy(®)] = L(e*")

[s2LLy ()] = sy(0) — y'(0)] — 4[sLLy ()] — y(0)] + BL[y(O)] = i
Substituting y(0) = 2 andy'(0) = —2.

[s2L[y(6)] — 2s + 2] — 4[sL[y(8)] — 2] + 8L[y(t)] = S_LZ
S2LIy(8)] — 25 + 2 — 4sLy()] + 8 + 8L[y()] = —
s2LIy(6)] — 4sLy()] + 8L[y(£)] = =+ 25 — 10

PutLly(t)] =y
52y — 457 + 87 = — + 25 — 10

[32—4s+8])7=£+25—10

[52 45+ 8]37 _ 1+(25;i(;)(s—2)
— _ 1+(25-10)(s—-2)

- (s—2)(s%2—45+8)

_ 1+(25-10)(s-2)

T (s=2)[(s—2)2+4]
1+(25-10)(s—2)

. A
Consider GoDlG—n7ra] — 52 +

B(s—2)+C
(s—-2)2+4

_ Al(s—2)%+4]+B[(s—2)+C](s-2)
- [s—2][(s—2)2+4]

Al(s—2)2+4]+B[(s—2)+Cl(s—2)=14+ (2s—10)(s — 2) --- (1)

Puts =2in (1) Puts =0in (1) equating the coefficients ofs?, we get
4A=1+0 8A+4B —2C =21 A+B=2:>i+B=2
A=2 C=-6 B=1
4 4
1 7
1+(25-10)(s—2) _ 3 , ;(5-2)-6

(s=2)[(s—2)2+4] s=2 (s-2)2+4

1 7 (s-2) 1

Y= 4(s—2) | 4(s—2)2+4 = (s—2)%+4
e Tr-1[_6=2) [ _ g1 1
y(t) - 4L [(5—2)] + 4L [(5—2)2+4] 6L [(5—2)2+4]

1 7 [ s [ 1
= Lp2t L 72t 1[ ]_6eZtL 1[ ]
4 4 S2+4 S2+4
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1 sin2t
= 2t+ e tcos2t — 6e?t ——

y(t) = iez’t + ZeZtCOSZt — 3e?tsin2t
Problems without using Partial Fraction

Example: 7. Solve using Laplace transform ‘;iz — 2 — + x = e’ withx = 2 —=-1att=0
Solution:

Givenx"” — 2x' + x = e%;x(0) = 2;x'(0) = -1
Taking Laplace transform on both sides, we get,

LIx"(®] = 2L[x"(O)] + LIx(@®)] = L(e")

[s2LIx(®)] — sx(0) — x"(0)] — 2[sL[x(®)] — x(0)] + L[x()] = S_%

Substituting x(0) = 2; x'(0) = —1

[s?L[x(t)] — 2s + 1] = 2[sL[x(t)] — 2] + L[x(t)] = i
2L[x(t)] — 2sLLx(D)] + L[x(5)] = =+ 25— 5

2L[x(6)] — 2sL[x(D)] + L[x(£)] = =+ 25— 5
Put L[x(t)] = x

1 2s 5

x= (s—1)(s—1)2 U (s-1)2  (s—1)2
x(t) = L7 [( 1)3] +2L7 [(s 1)2] ——— (5—1)2]
= et 5] + 217 fs‘_;;] —5etL 4]
= et;—2;+2L‘1 % — 1)2] Sett
= ettz—z! + 2et + 2efL7t [Siz] — Seft
= et% + 2et + 2e't — Se't
x = t—e +2et — 3elt

Example: 8. Solve the following differential equation using Laplace transform
(D? — 2D + 1)y = t?e* Given y(0) = 2 and Dy(0) = 3
Solution:

Given (D? — 2D + 1)y = t?e* with y(0) = 2 and Dy(0) = 3
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ie.,D?y — 2Dy +y = t?et
y" =2y +y=t?et Withy(0) =2and y'(0) =3
Apply Laplace transform on both sides, we get
Lly"®] - 2Lly'®] + LIy ()] = L(t*e")
[s2LLy ()] = sy(0) — ' (0)] — 2[sLLy ()] — y(0)] + LIy (®)] = L[t*]s-s-1
Substituting y(0) = 2 andy'(0) = 3.

[s2Lly(t)] — 2s — 3] — 2[sLly(®)] — 2] + L[y(t)] = [53'] et

2Lly(®)] —2s —3 —2sLly(®)] + 4 + L[y(D)] = W

Lly(®)] = 2sLly®] + Lly(©)] = 1)3 +2s5—1

PutL[y(t)] =
Sy —2sy+y = —— R LS A
[s?2—2s+1]y=—5+2s—-1

(5—1)237— 1)3+25—1
2 2s 1

Y=t Y oce ~ Gore

y(t) =L [(5_21)5] +2L7! [(5_51)2] = Lz (5—11)2]

= 2¢'L7t [ 2] + 207t [ — efLt [

(s—1)2 s2

s—1 1
(s-1)2  (s-1)2

=2et§+2L‘1[ ]—eft

=2etL +2L-[—]+2L—[ | —ete

(s—1)?
= et £ 4 26t 4 2etL 1 [iz] —e't
12 S
= ot £ 4 20t 4 26tt — ot
12
t
=% f2et +elt
12
2
Example: 9. Solve using Laplace transform ZT; + 6% + 9y = 6t%e3t, given that y(0) = 0 and
y'(0)=0
Solution:
leen 2+ 6 + 9y = 6t2e~3t with y(0) =0andy’(0) =0
y" +6y +9y= 6t2e‘3t With y(0) = 0and y'(0) =0
Apply Laplace transform on both sides, we get

Lly" ()] + 6L[y'(®)] + 9L[y()] = 6L(t*e™>")
[s2L[y(t)] = sy(0) — y'(0)] + 6[sL[y(t)] — y(0)] + IL[y(t)] = 6L[t*]s-s43
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Substituting y(0) = 0 andy’(0) = 0.

[s2LIy(5)] — 0 — 0] + 6[sLLy ()] — 0] + 9L[y ()] = 6 [ %]

2LIy(©)] + 6sLIy(O)] + IL[y()] =

(s+3)3
12
‘Ly(@©] + 6sLly(®D)] + ILly(D)] = 55
PutLly(t)] =
0 _ _ 12
S°y + 6sy + 9y = Gy
2 _ 12
[s*+6s5s+9]y = Gr?
2— 12
(s+3)y= Gra)
_ 12
Y= s
1 [ 12 _3ty-
y(®) = 17 [ =5] = 12e 720071 |
3¢ t*
= 12e 3tZ
t4e—3t
oo y =

2

S$—s+3

1
55

Example: 10. Solve— + 2— + 5x = e tsint; x(0) = 0and x'(0) = 1

Solution:

Given x” + 2x’ + 5x = e~ tsint; x(0) = 0;x'(0) = 1

Taking Laplace transform on both sides, we get,
L[x" ()] + 2L[x' ()] + 5L[x(t)] = L(e~‘sint)

[s2LIx ()] — sx(0) — x"(0)] + 2[sLx(©)] — x(0)] + 5L[x(8)] = L[sint]s 541

Substituting x(0) = 0; x'(0) =1

[s2L[x(£)] = 0 — 1] + 2[sL[x(t)] = 0] + 5L[x(£)] = [ = ]
se+1llsos+1
2 _ i 1
Llx(t)] + 2sL[x(t)] + 5L[x()] -1 = T
1
2LIx(t)] + 2sL[x ()] + 5L[x ()] = IO
Put L[x(t)] = x
S2% 4+ 25K + 58 = ———+ 1 1
(s+1)2+1
) (s?2+ax+Db)(s?+ax+c¢)
2 _—
[s° +2s +5]x = (s+1)2+1 _ 1 1 B 1
2 1 c—bls?+ax+b s?+4+ax+c
[s*+ 25+ 5]x = T
- 1 1
X = (s2+2s+2)(s2+25+5)  sZ2+2s+5
_ L[ 11 ] 1
5-2 Ls24254+2  s24+25+5 52+2s+5
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1 1 1 1

- E[sz+25+2 N sZ+25+5] s2+425+5
_ 1 1 1

T 3(s2+25+2) N 3(s2+2s+5)  s2+2s+5

1 2
3(s2+2s5+2)  3(s%2+2s+5)

X =

© =317 3 s

=§ - [(s+11)2+1] ; - [(s+11)2+4]

_ 1 —t;- —ty- 1
=3¢ L [ 2+1] tel [52+4]
= le tsint + 2ot X
3 3 2
LX = ée‘t[sint + sin2t]
Example: 11. Solve using Laplace transform ‘;—2 +—==1t*+2t,giventhat=4,y' = —2whent =0

Solution:

Given &2 — >+ % = t2 + 2t withy(0) =4 and y'(0) = —
y"+y' =t?+2t withy(0) =4andy’'(0) = —
Apply Laplace transform on both sides, we get

Lly"®] + Lly'®] = L(£*) + L(2t)

[sLIy(D)] - sy(0) — y'(0)] + [sLIy(®)] = y(0)] = = + 25
Substituting y(0) = 4 andy'(0) = —

[2LIy(6)] — 4s + 2] + [sLy(®)] - 4] =2 + 5

2L[y(®)] + sL[y(t)] — 4s + 2 — 4 = 222
2LLy(0)] + sLiy(®)] = 52 + 45 + 2
PutL[y(t)] =
s’y +sy = (1+S) +2(2s+1)
s(s?+s)y = Z(SH) +2(2s +1)
s(s+ 1y Z(SH) +2(2s+1)
_2(s+1) | 2(2s+1)
Y= s4(s+1) s(s+1)
_ 2 [s+(s+1)
T st +2 | s(s+1)
S s+1
Tt +2 [ s(s+1) s(s+1)]
2 11
=S+2[5+
v—242%2 12
Y= s*  s+1 s
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y(t) = 2071 | 5] + 207t || + 207 [F]
¢3 -
=25 +2e7"+2(1)
SN -t
Sy = ? + 2e + 2
2
Example: 12. Solve using Laplace transform% + 9x = cos2t,if (0) =1 ;x (g) =-1
Solution:
Given x"" 4+ 9x = cos2t; x(0) = 1;x(§) =-1
Since x'(0) is not given assume x'(0) = k
Taking Laplace transform on both sides, we get,
Lx"(t)] + L[x(t)] = L(cos2t)
[s2L[x(t)] — sx(0) — x'(0)] + 9L[x(t)] = L(cos2t)
. . s
Substituting x(0) = 1; x (E) =-1

N

[s2L[x(t)] —s — k] + 9L[x(t)] =

s2+4
2 _ S
sLlx(t)] + 9L[x(t)] = st k
2 il S
[s* +9]L[x(t)] = st k
Put L[x(t)] = x
2 - S
[s +9]x—sz+4+s+k
- s N k
x = (s2+9)(s2+4) s249  s2+9
_ s [ 1 ] s k
T 9-4ls2+4  s2+9 s2+9 = s249

S 1 1 s k

_5[sz+4 sz+9] s2+9 = s249

_ S s s k
T 5(s2+4)  5(s2+49)  s249 = s249

s (55-5) k
5(s2+4)  5(s2+9) s%+49

X =
1 s 4 s k

" 55244 55249  §249

x(t)=§L‘1 [L]+1L—1 [L]+kL‘1 [;]

s2+4 5 s2+9 s2+9

sin3t

— (1)

= %cosZt + §C083t +k

Given x(g) =—1

Putt == in (1)

. 3T

T 1 2T 4 3T Sin—-

(1):>x(—)=—cos—+—cos—+k 2
2 5 2 s 2 3

~1=2(-D+0+2(-1)
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k 1 k -4
—-==-—-13>—-—-=—=2k=—
3 5 3 5 5

12 sin3t
5 3

1

= EcosZt + §c053t +

~x(t) = g[COSZt + 4cos3t + 4sin3t]
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