ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

1.5.BILINEAR TRANSFORMATION

¢ 15.a. Introduction
. b .
The transformation w = %, ad — bc # 0 where a, b, ¢, d are complex numbers, is

called a bilinear transformation.

This transformation was first introduced by A.F. Mobius, So it is also called Mobius

transformation.

A bilinear transformation is also called a linear fractional transformation because is a

az+b
cz+d

fraction formed by the linear fuctions az — b and cz + d.
Theorem:1 Under a bilinear transformation no two points in z plane go to the same
point in wplane.

Proof:

Suppose z;andz, go to the same point in the wplane under the transformationw = ‘Z:Z

azi+b __ azy+b
cz1+d czZy+d

= (az; + b)(czy +d) = (azy + b)(cz; + d)
i.e., (azy+b)(cz,+d)—(azy; +b)(cz; +d)=0
= acz, z, + adz; + bcz, + bd — acz, z, — adz, — bcz; —bd =0

= (ad — bc)(z; —2z,) =0

Then

orzy = 7, [+ ad — bc # 0]
This implies that no two distinct points in the z plane go to the same point in wplane.
So, each point in the z plane go to a unique point in the wplane.

Theorem: 2 The bilinear transformation which transforms z4, z,, z3,into wq{, wy, w3 is

w-w1)(wa-w3) _ (2-21)(22-23)
w-w3)(wa—w1)  (z—23)(z2-21)

Proof:

az+b
cz+d’

az+b az +b (ad—bc)(z— z)
cz+d cz;+d  (cz+d)(cz; +d)

= (cz+d)(czy +d)(w—wy) = (ad — bc)(z — z1)
= (czy + d)(cz3 + d) (W, —w3) = (ad — bc)(z, — z3)

= (cz+d) (czz + d)(Ww —w3) = (ad — bc)(z — z3)
= (cz, + d)(cz; + A)(wy —wy) = (ad — bc)(z, — z71)

If the required transformation w =

:>W_W1:
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[(ad—bc)(z—zl)] [(ad—bc)(zz—23)
w —w))(wy —wz) _ Weztd)(cza+d)] L(czatd)(cz5+d)
(w— W3)(W2 - w;) [(ad—bc)(z—zg)] [(ad—bc)(zz—zl)

(cz+d)(czz+d) ]l L(cza+d)(cz,+4d)

_ (z — 21)(2; — 73)

C(z- z3)(2; — 71)
w —wy)(w, —ws) _ (z — 21) (2, — 73)
‘W—wy)(wy —wy) (2= 23)(2, — 7)
Zy —Z3

Now,

(D)

w w
Let:A=—2——3 B =

Wy — Wy Z; — 17

w—-w Z —Z
1) = La= 'B
3 Z—Z3

wA-w;A zB —z;B
W — w3 Z — 73

= wAz — wAz; —w Az + w1Az3 = wBz —wz;B — w3zB + w3z,B
= w[(A—B)z+ (Bz; — Az3)| = (Aw; — Bw3)z + (Bw3z; — Aw, 23)
_ (AWl -~ BW3)Z + (BW3ZI i AW123)

> | (A—B)z + (Bz, — Az3)
ﬂ, Hence a = Aw; — Bws, b = Bw3z; — Aw;z3,c = A—B,d = Bz; — Az3
cz+d
Cross ratio
Definition:

(z—21)(23~24)

Given four point z4, z,, z3, z, in this order, the ratio B

is called the cross
ratio of the points.

Note: (1) w = % can be expressed as cwz + dw — (az+ b) = 0

It is linear both in w and z that is why, it is called bilinear.

Note: (2) This transformation is conformal only when Z—‘;’ 0

) ad — bc L
bz + d)?

i.e.,ad —bc#0

0

If ad — bc # 0, every point in the z plane is a critical point.

. . +b . —dw+b - .
Note: (3) Now, the inverse of the transformation w = Zﬁ is z = wa_a which is also a

bilinear transformation except w = =

C.

Note: (4) Each point in the plane except z = _Td corresponds to a unique point in the w plane.
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The point z = _Td corresponds to the point at infinity in the w plane.

Note: (5) The cross ratio of four points
(wy —wy)(ws — wy) _ (z1 — 22) (23 — 24)
Wy —w3)(wy —wy) (2 — 23)(24 — 21)

transformation.

is invariant under bilinear

Note: (6) If one of the points is the point at infinity the quotient of those difference which
involve this points is replaced by 1.
Suppose z; = oo, then we replace % by 1 (or)Omit the factors involving oo

2zi+5
z—4i’

Example: 1.59 Find the fixed points of w =

Solution:

The fixed points are given by replacing w by z

_22i+5

2. z—4i
72 —4iz=2zi+5; z°—6iz—5=0
6i +vV—36+ 20 N
zZ = 5 ~z=05i,i

Example: 1.60 Find the invariant points of w = T

Solution:
The invariant points are given by replacing w by z

_1+z
11—z

=z—2z2=1+2z

Z

=-zZ =1

=>z==I
Example: 1.61 Obtain the invariant points of the transformation w = 2 — % Solution:

The invariant points are given by

2 2z — 2
z=2—-——; zZ=
A z
72 =22-2; 72 —-2242=0
24VE—8 2+v—4 2+2i _
2 2 2
6z-9

Example: 1.62 Find the fixed point of the transformation w = JA.U N/D 2005]

z

Solution:
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The fixed points are given by replacingw = z

- 6z—-9 6z—9
le,w=—- = z=
z

z
=z2=6z—-9
=22z2-6z4+9=0
=(z-3)2%=0
=z=33

The fixed points are 3, 3.

2z+6

Example: 1.63 Find the invariant points of the transformation w = —

[A.U M/J 2009]

Solution:
The invariant (fixed) points are given by

_ZZ+6
T z+47
=224+72=22+6

=2z24+52-6=0
=>zZ+6)(z-1)=0

>z=—-6,z=1
Example: 1.64 Find the invariant points of f(z) = z%. [A.U M/J 2014 R-13]
Solution:
The invariant points are given by z = w = f(2)

AT
=2z2—2z=0
=2z(z—-1)=0
=2z=0 z=1

z3+7z

Example 1.65 Find the invariant points of a function f(z) = s [A.U D15/J16 R-13]

Solution:
. 2347z
Givenw = f(z) = ———
The invariant points are given by
z3+ 7z
>z = -
7 — 6zi

=7 —6zi=2z°+7

= —6zi=z2>z2+6zi=0=>z(z+6i)=0
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>z=0, z=—6i

PROBLEMS BASED ON BILINEAR TRANSFORMATION

Example: 3.66 Find the bilinear transformation that maps the points z = 0,—1,i into
the points w = i, 0, oo respectively. Solution:
Given z; =0,z, = —1,2z3 =i,
wy =1i,w, =0,wz = o0,
Let the required transformation be
(w —wy)(w, — ws) _ (z — 21) (2, — 23)
W —w3z)(w, —wy) (2 —23)(z2 — 21)

[omit the factors involving ws, since w3 = oo]

e (z —2,)(z; — 23)
Wy — Wq - (z —23)(z, — 1)
w—i (z-0)(-1-1)

= =
0—-i E-D(1-0)
w—1

— “ 1 7
M= dezn L ah

Z
SW—i=——(=i+1)

(z—1)

=

—iz+z+iz+1 z+1
(z—-1) oz —i

$W=ﬁ(—i+1)+i=

Aliter: Givenz; = 0,z, = —1,2z3 = i,
W, = i,WZ = 0,W3 = O,

Let the required transformation be

az+b
W=CZ+d...(1), ad —bc#0
b
‘=37
az,+b az,t+b azz+b
W1= a2~ a3 = e
b —a+bl ai+b
‘23 =—c+d6=ci+d
b=di=>—-a+php=0=ci+d=0
>a=b=>d=—ci
ca=b=di=c

az+a z+1 z+1

a — 1~ .
az+7 z+-=- Z—1
l

c(D)=>ws=
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Example:1.67 Find the bilinear transformation that maps the points o,i,0 onto
0, i, o respectively.
Solution:
Given z; = ,z, =i,z3 =0,w; = 0,w, = i,ws = o,
Let the required transformation be
(w —w,)(w; — ws) _ (z — 71)(2; — 73)
W —w3z)(w, —wy) (2 —23)(z2 — 21)

[omit the factors involving z;, and ws, since z; = oo, w; = o0]

w—=w; (22 — z3)
= =

WZ_WI Z—Z3
w—0 i—-0
= — =
i—0 z—0
-1
Sw=—
z

Example:1.68Find the bilinear transformation which maps the points 1,i,—1 onto the
points 0,1, oo, show that the transformation maps the interior of the unit circle of the
z — plane onto the upper half of the w — plane. [A.U. May 2001] [A.U M/J 2014] [A.U
D15/J16 R-13]
Solution:
Givenz, =1,z, =i,z = —1
wy =0,w, =1, w3 = oo,

Let the transformation be

(W —wy)(w, — ws) s (z —21)(2, — 23)

W —wz)(wy, —wy) (2 —23)(z — 21)

[Omit the factors involving w, since ,w; = o]

w—=wy (z — 21)(z; — 73)
w,—w;  (z-— 23)(22 — 21)

M=t (Gl Rl = B

z-1D(0+1
TG@+D(i-1)
z—1
=z+1 B
(=Dz+i _az+b

Sw= ad—bciOForm]

(Hz+1 Wt ad
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To find z:

Swz+w=—iz+1i
>wz+iz=-w+Ii
Szwtil=—-w+i
w—i
ﬁZz<w+i)

To prove:|z| < 1mapsv >0

=zl <1

= [l <
=>|lw—i|l <|w+i
> lutiv—i|l <|u+iv+il
Slut+iv-D|<|u+i(v+i)
Sul+w-1D%2<u?+(w+1)>2
>w-1Di<(w+1)>2
> v2-20+1<v?+2v+1
= —4v<0
>v>0
Example: 1.69 Determine the bilinear transformation that maps the points —1,0,1, in
the z plane onto the points 0, i, 3i in the w plane. [Anna, May 1999]
Solution:
Givenz, = —-1,z, =0,z3 = 1,
wy =0,w, =1i,wz = 3i,
Let the required transformation be
(W —wy)(w, —ws) _ (z — 21)(2; — 23)
W —wz)(w, —wy) (2 —23)(z2 — 21)
L wo0)=3) _ [z- (DI -1]
w-=30)@(—-0) (z-D[0-(-D)]
. w(—2i) _ (z+1)(-1D
w-=30@ -D@)
—2w _z+ 1
w—3i z-1

=
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2w _Z+1
w—3i z-—1

=

=>2wz—-2w=wz+w —3zi — 3i

=>2wz—-2w—wz—w = -3i(z+1)

>w[2z—2—-z—-1]=-3i(z+ 1)
=> wl[z—-3]=-3i(z+1)

z+1
>w=-3i EZ — 3;
Note: Either image or object or both are infinity should not apply the following Aliter
method.
Aliter:

Given Z1 = _1,Z2 = O,Z3 = 1,
wq = O,WZ = i,W3 = 31,
Let the required transformation be

W —wy)(w, —ws) 1 (z —21) (2, — 23)
W —w3)(w, —wy) (2 —23)(2; — z1)

Letd =22 322 _ 5

Wy —Wq i-0 i

ZZ_Z3 0_1
B = — =—1
Z,—z1 0+1

=>a=Aw; —Bw3; =0+ 3i = 3i
= b = Bwzz; — Aw;z3 = (—1)(3i)(—1) — 0 = 3i
25c=A-B=(-2)-(-1)=-1
=d =Bz —Azs = (-1)(-=1) — (=2)(1) = 3

+b
We know that, w = 222,
cz+d

ad —bc#0

- (3i) + z(3i)

(-1z+3

Example: 1.70 Find the bilinear transformation which maps the points —2,0, 2 into the
points w = 0, 1, —i respectively. [Anna, May
2002]
Solution:
Givenz; = —-1,z, =0,2z3 = 2,
wy =0,w, =i,wz = —i,

Let the required transformation be
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(w —wy)(w, — ws) . (z — 21)(2, — 23)
(W —ws)(w, —wy) (- 23)(z— 7)

Zy, — Z 0-2
Bzzz—zj=0+2=_1

= a=Aw; —Bw; = (2)(0) = (=1)(-1) = =i

= b = Bwzzy — Aw;z3 = (=1)(=)(-2) — (2)(0)(2) = —2i
Sc=A-B=2-(-1)=3

= d =Bz — Azs = (—1)(=1) — (2)(2) = —2
az+b
cz+d’

We know that, w =

ad —bc #0
_(=Dz+ (=2
3z+ (—2)
Example: 1.71 Find the bilinear transformation which maps z = 1,i,—1 respectively
onto w = i, 0, —i. Hence find the fixed points. [A.U, May 2001][A.U April 2016 R-15
U.D]

Solution:

Givenz, =1,z, = i,z3 = —1,
wy =1i,wy =0,wz = —i,
Let the required transformation be
(w —wy)(w; — ws) a (z — 21)(2; — 23)
W —w3)(w, —wy)  (z—23)(z2 — 71)
w,—ws O0+i

Let A= = -=—1
w,—w; 0-—1i

Z, — Z i+1
B=2 3 -

= - =i
Zy—2z7 1-—1

>a=Aw; —Bw; = (1)) - (-)(-i)=—-i+1
= b = Bwzz; — Awyzz = (=)D - (DO =-1-1i
Sc=A—B=(-1)—(=i)=—-1+i
=>d=Bz; —Az; = (D)) - (D) =—-i—-1

az+b
cz+d’

We know that, w = ad —bc #0

(it Dz (1) iz+1
Y Itz (mi— 1) (=Dz+1
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Example: 1.72 Find the bilinear transformation which maps z = 0 onto w = —i and has
—1 and 1 as the invariant points. Also show that under this transformation the upper
half of the z plane maps onto the interior of the unit circle in the w plane. Solution:
Given z; =0,z, = -1,z3 = 1,

wy=—-i,w, ==-1wy; =1,
Let the required transformation be

(w —wy)(w, — ws) . (z — 21)(2; — 23)
(W —ws)(w, —wy) (- 23) (22— 71)

w,—wz; —1-1 =2

Let A= = = =1+
¢ Wy —wy  —A4i 141 '
Zy— Z -1-1
Z,—2z7 —1-0

Sa=Aw, —Bws =1+ D)(=) -2 =—i+1-2=—-i—1
= b =Bw3z; —Aw;z; = 2)(DO) - A+ D)D) =i—-1
Sc=A-B=(1+4)-2=i-1
=>d=Bz; —Az;=2)(0) -1 +)1) =—-1+1)

az+b
cz+d’

ad —bc #0

We know that, w =

_(—i+1)z+(i—1)_z+(—i)
Ve i Dz+(—1-1) (—Dz+1
—dw + b —w =i w+i
We know that, z = == = -
cw—a —iw—1 14+ wi
_u+iv+i
T 1(u+ iv)i
_u+iv+i_ ut+iv+i

T 14+iu-v (1-v)+iu
ut+iv+i Hl—v—iu]
(

V4

- A-v)+iull(l-v)—iu
u—w-—+iv—ivP+tuw+i—iv+u
(1—-v)?2+u?
x+iy:2u+i[—u2—v2+1]
(1-v)2+u?
1—u?—v?
T Tawra
Upper half of the z —plane
=y=20
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s 1—u?—v? -0
(1-v)2+u?—
>1-u?-v2>0
=1=>u?+v?
s>u’+1v2<1

Therefore the upper half of the z —plane maps onto the interior of the unit circles in the w-
plane.
Example: 1.73 Find the Bilinear transformation that maps the points 1 + i, —i,2 — i of
the z —plane into the points 0, 1, i of the w-plane. [A.U M/J 2007, N/D
2007]
Solution:
Given z;=1+iw; =0

Zy = —iwy, =1

Zz=2—1iwz3 =1
Let the required transformation be
(w —wy)(w; — ws) ) (z — 21)(2; — 23)
W —w3)(w, —wy)  (z—23)(z2 — 71)
wy,—wz 1—1 NS ] 3+1
Wamwy 10 L T Trat Tt =Ty
=2 N 2
Zon— Z R Y Tl AL V- 20

:~a=AW1—BW3:<3+i)(O)_( 2 >(i): —2i

Let A=

B =

1+ 2i 1+ 2i 1+ 2
_ : —2+2i

g3t 2 151
= = — = — e
¢ 1+20 1+2i 1+2i

J=B 2 ( 2 )(1+_) <3+i)2 . -5+ 3i
= = — = — — —
AT A% =\ T D=\T52) D=7

We know that, w = %2 ad — bc £ 0
cz+d

(227 + ()
()7 + (%)
_ (2D)z+ (20— 2)
T (14+)z+@Bi-5)

> w=

>w

Verification:
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(1) Ifz=1+ithen
2D+ D+ (2i-2)
W_(1+i)(1+i)+(3i—5)
—2i+2+2i—2

=(1+i)(1+i)+(3i—5) =0
(i) If z = —i, then
(2D +(2i-2)
YA+ D)+ (3i-5)
o —2+42i-2  2i—4
> A CINEER, T
(iii)If z = —i, then
(2D -D+Q@i-2)  —4i—-242i-2

YT A+ D2-0D)+@Bi-5) 2-i+2i+1+3i—5
\Gi £ = s/

a2~ 20-1% 2441
A — 4V 5

= = =il

e R o
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