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3.4 SOLUTION OF DIFFERENTIAL EQUATION BY LAPLACE TRANSFORM 

TECHNIQUE 

 There are so many methods to solve a linear differential equation. If the initial conditions are known, 

then Laplace transform technique is easier to solve the differential equation. The Laplace transform 

transforms the differential equation into an algebraic equation. 

   𝐿[𝑦′(𝑡)] = 𝑠𝐿[𝑦(𝑡)] − 𝑦(0) 

   𝐿[𝑦′′(𝑡)] = 𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0) 

Problems using Partial Fraction 

Example: 1.Solve
𝒅𝟐𝒙

𝒅𝒕𝟐 − 𝟑
𝒅𝒙

𝒅𝒕
+ 𝟐𝒙 = 𝟐, given 𝒙 = 𝟎and 

𝒅𝒙

𝒅𝒕
= 𝟓 for 𝒕 = 𝟎using Laplace transform 

method. 

Solution: 

             Given 𝑥′′ − 3𝑥′ + 2𝑥 = 2; 𝑥(0) = 0; 𝑥′(0) = 5 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑥′′(𝑡)] − 3𝐿[𝑥′(𝑡)] + 2𝐿[𝑥(𝑡)] = 2𝐿(1) 

 [𝑠2𝐿[𝑥(𝑡)] − 𝑠𝑥(0) − 𝑥′(0)] − 3[𝑠𝐿[𝑥(𝑡)] − 𝑥(0)] + 2𝐿[𝑥(𝑡)] =
2

𝑠
 

Substituting 𝑥(0) = 0; 𝑥′(0) = 5 

 [𝑠2𝐿[𝑥(𝑡)] − 0 − 5] − 3[𝑠𝐿[𝑥(𝑡)] − 0] + 2𝐿[𝑥(𝑡)] =
2

𝑠
 

 𝑠2𝐿[𝑥(𝑡)] − 3𝑠𝐿[𝑥(𝑡)] + 2𝐿[𝑥(𝑡)] =
2

𝑠
+ 5 

 𝑠2𝐿[𝑥(𝑡)] − 3𝑠𝐿[𝑥(𝑡)] + 2𝐿[𝑥(𝑡)] =
2

𝑠
+ 5 

 Put 𝐿[𝑥(𝑡)] = �̅� 

 𝑠2�̅� − 3𝑠�̅� + 2�̅� =
2

𝑠
+ 5 

 [𝑠2 − 3𝑠 + 2]�̅� =
2

𝑠
+ 5 

 (𝑠 − 1)(𝑠 − 2)�̅� =
2

𝑠
+ 5 

  �̅� =
2+5𝑠

𝑠(𝑠−1)(𝑠−2)
 

 Consider 
2+5𝑠

𝑠(𝑠−1)(𝑠−2)
=

𝐴

𝑠
+

𝐵

𝑠−1
+

𝐶

𝑠−2
  

 
2+5𝑠

𝑠(𝑠−1)(𝑠−2)
=

𝐴(𝑠−1)(𝑠−2)+𝐵𝑠(𝑠−2)+𝐶𝑠(𝑠−1)

𝑠(𝑠−1)(𝑠−2)
 

 𝐴(𝑠 − 1)(𝑠 − 2) + 𝐵𝑠(𝑠 − 2) + 𝐶𝑠(𝑠 − 1) = 2 + 5𝑠 ⋯ (1) 

 Put 𝑠 = 0 in (1) Put 𝑠 = 1 𝑖𝑛 (1) Put 𝑠 = 2 in (1) 

 𝐴(−1)(−2) = 2 𝐵(1)(−1) = 7 𝐶(2)(1) = 2 + 10 

 𝐴 = 1   𝐵 = −7  𝐶 = 6  

 
2+5𝑠

𝑠(𝑠−1)(𝑠−2)
=

1

𝑠
−

7

𝑠−1
+

6

𝑠−2
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 ∴ �̅� =
1

𝑠
− 7

1

𝑠−1
+ 6

1

𝑠−2
 

        𝑥(𝑡) = 𝐿−1 [
1

𝑠
] − 7𝐿−1 [

1

𝑠−1
] + 6𝐿−1 [

1

𝑠−2
] 

 𝑥(𝑡) = 1 − 7𝑒𝑡 + 6𝑒2𝑡 

Example: 2. Using Laplace transform solve the differential equation𝒚′′ − 𝟑𝒚′ − 𝟒𝒚 = 𝟐𝒆−𝒕, with𝒚(𝟎) =

𝟏 = 𝒚′(𝟎). 

Solution: 

            Given 𝑦′′ − 3𝑦′ − 4𝑦 = 2𝑒−𝑡;  with𝑦(0) = 1 = 𝑦′(0). 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑦′′(𝑡)] − 3𝐿[𝑦′(𝑡)] − 4𝐿[𝑦(𝑡)] = 2𝐿(𝑒−𝑡) 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0)] − 3[𝑠𝐿[𝑦(𝑡)] − 𝑦(0)] − 4𝐿[𝑦(𝑡)] = 2
1

𝑠+1
 

Substituting 𝑦(0) = 1 = 𝑦′(0). 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠 − 1] − 3[𝑠𝐿[𝑦(𝑡)] − 1] − 4𝐿[𝑦(𝑡)] =
2

𝑠+1
 

 𝑠2𝐿[𝑦(𝑡)] − 𝑠 − 1 − 3𝑠𝐿[𝑦(𝑡)] + 3 − 4𝐿[𝑦(𝑡)] =
2

𝑠+1
 

           𝑠2𝐿[𝑦(𝑡)] − 3𝑠𝐿[𝑦(𝑡)] − 4𝐿[𝑦(𝑡)] =
2

𝑠+1
+ 𝑠 − 2 

 Put𝐿[𝑦(𝑡)] = �̅� 

 𝑠2�̅� − 3𝑠�̅� − 4�̅� =
2

𝑠+1
+ 𝑠 − 2 

 [𝑠2 − 3𝑠 − 4]�̅� =
2

𝑠+1
+ 𝑠 − 2 

 [𝑠2 − 3𝑠 − 4]�̅� =
2+𝑠(𝑠+1)−2(𝑠+1)

𝑠+1
 

   =
2+𝑠2+𝑠−2𝑠−2

𝑠+1
 

                (𝑠 + 1)(𝑠 − 4)�̅� =
𝑠2−𝑠

𝑠+1
 

   �̅� =
𝑠2−𝑠

(𝑠+1)(𝑠+1)(𝑠−4)
 

   �̅� =
𝑠2−𝑠

(𝑠+1)2(𝑠−4)
 

 Consider 
𝑠2−𝑠

(𝑠+1)2(𝑠−4)
=

𝐴

𝑠+1
+

𝐵

(𝑠+1)2 +
𝐶

𝑠−4
  

 
𝑠2−𝑠

(𝑠+1)2(𝑠−4)
=

𝐴(𝑠+1)(𝑠−4)+𝐵(𝑠−4)+𝐶(𝑠+1)2

(𝑠+1)2(𝑠−4)
 

 𝐴(𝑠 + 1)(𝑠 − 4) + 𝐵(𝑠 − 4) + 𝐶(𝑠 + 1)2 = 𝑠2 − 𝑠 ⋯ (1) 

 Put𝑠 = −1 in (1) Put𝑠 = 4 𝑖𝑛 (1) equating the coefficients of𝑠2, we get 

 −5𝐵 = 1 + 1  25𝐶 = 16 − 4  𝐴 + 𝐶 = 1 ⇒ 𝐴 = 1 − 𝐶 ⇒ 1 −
12

25
 

 𝐵 =
−2

5
   𝐶 =

12

25
   𝐴 =

13

25
  

 
𝑠2−𝑠

(𝑠+1)2(𝑠−4)
=

25

25(𝑠+1)
−

2

5(𝑠+1)2 +
12

25(𝑠−4)
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 ∴ �̅� =
13

25(𝑠+1)
−

2

5(𝑠+1)2
+

12

25(𝑠−4)
 

 𝑦(𝑡) =
13

25
𝐿−1 [

1

(𝑠+1)
] −

2

5
𝐿−1 [

1

(𝑠+1)2] +
12

25
𝐿−1 [

1

𝑠−4
] 

 𝑦(𝑡) =
13

25
𝑒−𝑡 −

2

5
𝑡𝑒−𝑡 +

12

25
𝑒4𝑡 

Example: 3. Solve the differential equation
𝒅𝟐𝒚

𝒅𝒕𝟐
− 𝟑

𝒅𝒚

𝒅𝒕
+ 𝟐𝒚 = 𝒆−𝒕, with𝒚(𝟎) = 𝟏 𝒂𝒏𝒅 𝒚′(𝟎) = 𝟎using 

Laplace transform. 

Solution: 

           Given 𝑦′′ − 3𝑦′ + 2𝑦 = 𝑒−𝑡; with𝑦(0) = 1 𝑎𝑛𝑑 𝑦′(0) = 1. 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑦′′(𝑡)] − 3𝐿[𝑦′(𝑡)] + 2𝐿[𝑦(𝑡)] = 𝐿(𝑒−𝑡) 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0)] − 3[𝑠𝐿[𝑦(𝑡)] − 𝑦(0)] + 2𝐿[𝑦(𝑡)] =
1

𝑠+1
 

Substituting  𝑦(0) = 1 𝑎𝑛𝑑 𝑦′(0) = 0. 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠 − 0] − 3[𝑠𝐿[𝑦(𝑡)] − 1] + 2𝐿[𝑦(𝑡)] =
1

𝑠+1
 

 𝑠2𝐿[𝑦(𝑡)] − 𝑠 − 3𝑠𝐿[𝑦(𝑡)] + 3 + 2𝐿[𝑦(𝑡)] =
1

𝑠+1
 

 𝑠2𝐿[𝑦(𝑡)] − 3𝑠𝐿[𝑦(𝑡)] + 2𝐿[𝑦(𝑡)] =
1

𝑠+1
+ 𝑠 − 3 

 Put𝐿[𝑦(𝑡)] = �̅� 

 𝑠2�̅� − 3𝑠�̅� + 2�̅� =
1

𝑠+1
+ 𝑠 − 3 

 [𝑠2 − 3𝑠 + 2]�̅� =
1

𝑠+1
+ 𝑠 − 3 

 [𝑠2 − 3𝑠 + 2]�̅� =
1+𝑠(𝑠+1)−3(𝑠+1)

𝑠+1
 

   =
1+𝑠2+𝑠−3𝑠−3

𝑠+1
 

 (𝑠 − 1)(𝑠 − 2)�̅� =
𝑠2−2𝑠−2

𝑠+1
 

   �̅� =
𝑠2−2𝑠−2

(𝑠+1)(𝑠−1)(𝑠−2)
 

Consider 
𝑠2−2𝑠−2

(𝑠+1)(𝑠−1)(𝑠−2)
=

𝐴

𝑠+1
+

𝐵

𝑠−1
+

𝐶

𝑠−2
  

 
𝑠2−2𝑠−2

(𝑠+1)(𝑠−1)(𝑠−2)
=

𝐴(𝑠−1)(𝑠−2)+𝐵(𝑠+1)(𝑠−2)+𝐶(𝑠+1)(𝑠−1)

(𝑠+1)(𝑠−1)(𝑠−2)
 

 𝐴(𝑠 − 1)(𝑠 − 2) + 𝐵(𝑠 + 1)(𝑠 − 2) + 𝐶(𝑠 + 1)(𝑠 − 1) = 𝑠2 − 2𝑠 − 2 ⋯ (1) 

 Put𝑠 = −1 in (1) put𝑠 = 1 𝑖𝑛 (1) put𝑠 = 2 𝑖𝑛 (1)  

6𝐴 = 1 + 2 − 2 −2𝐵 = 1 − 4  3𝐶 = 4 − 4 − 2 

 𝐴 =
1

6
   𝐵 =

3

2
   𝐶 =

−2

3
  

 ∴
𝑠2−2𝑠−2

(𝑠+1)(𝑠−1)(𝑠−2)
=

1

6(𝑠+1)
+

3

2(𝑠−1)
−

2

3(𝑠−2)
  

 �̅� =
1

6(𝑠+1)
+

3

2(𝑠−1)
−

2

3(𝑠−2)
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 𝑦(𝑡) =
1

6
𝐿−1 [

1

(𝑠+1)
] +

3

2
𝐿−1 [

1

𝑠−1
] −

2

3
𝐿−1 [

1

𝑠−2
] 

 𝑦(𝑡) =
1

6
𝑒−𝑡 +

3

2
𝑒𝑡 −

2

3
𝑒2𝑡 

Example: 4. Using Laplace transform solve the differential equation𝒚′′ + 𝟐𝒚′ − 𝟑𝒚 = 𝒔𝒊𝒏𝒕, with𝒚(𝟎) =

𝒚′(𝟎) = 𝟎. 

Solution: 

               Given 𝑦′′ + 2𝑦′ − 3𝑦 = 𝑠𝑖𝑛𝑡 with 𝑦(0) = 0 = 𝑦′(0). 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑦′′(𝑡)] + 2𝐿[𝑦′(𝑡)] − 3𝐿[𝑦(𝑡)] = 𝐿(𝑠𝑖𝑛𝑡) 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0)] + 2[𝑠𝐿[𝑦(𝑡)] − 𝑦(0)] − 3𝐿[𝑦(𝑡)] =
1

𝑠2+1
 

Substituting  𝑦(0) = 0 = 𝑦′(0). 

 [𝑠2𝐿[𝑦(𝑡)] − 0 − 0] + 2[𝑠𝐿[𝑦(𝑡)] − 0] − 3𝐿[𝑦(𝑡)] =
1

𝑠2+1
 

 𝑠2𝐿[𝑦(𝑡)] + 2𝑠𝐿[𝑦(𝑡)] − 3𝐿[𝑦(𝑡)] =
1

𝑠2+1
 

 𝑠2𝐿[𝑦(𝑡)] + 2𝑠𝐿[𝑦(𝑡)] − 3𝐿[𝑦(𝑡)] =
1

𝑠2+1
 

 Put𝐿[𝑦(𝑡)] = �̅� 

 𝑠2�̅� + 2𝑠�̅� − 3�̅� =
1

𝑠2+1
 

 [𝑠2 + 2𝑠 − 3]�̅� =
1

𝑠2+1
 

 (𝑠 − 1)(𝑠 + 3)�̅� =
1

𝑠2+1
 

                   �̅� =
1

(𝑠−1)(𝑠+3)(𝑠2+1)
 

 Consider 
1

(𝑠−1)(𝑠+3)(𝑠2+1)
=

𝐴

𝑠−1
+

𝐵

𝑠+3
+

𝐶𝑠+𝐷

𝑠2+1
  

 
1

(𝑠−1)(𝑠+3)(𝑠2+1)
=

𝐴(𝑠2+1)(𝑠+3)+𝐵(𝑠−1)(𝑠2+1)+(𝐶𝑠+𝐷)(𝑠−1)(𝑠+3)

(𝑠−1)(𝑠+3)(𝑠2+1)
 

 𝐴(𝑠2 + 1)(𝑠 + 3) + 𝐵(𝑠 − 1)(𝑠2 + 1) + (𝐶𝑠 + 𝐷)(𝑠 − 1)(𝑠 + 3) = 1 ⋯ (1) 

 Put 𝑠 = 1 in (1) Put  𝑠 = −3 𝑖𝑛 (1) equating the coefficients of𝑠2, we get 

 8𝐴 = 0 + 1  𝐵(−4)(10) = 1 𝐴 + 𝐵 + 𝐶 = 0 ⇒ 𝐶 = −𝐴 − 𝐵 =
−1

8
+

1

40
 

 𝐴 =
1

8
   𝐵 =

−1

40
   𝐶 =

−1

10
  

 Put𝑠 = 0in (1), we get 

 3𝐴 − 𝐵 − 3𝐷 = 1 ⇒
3

8
+

1

40
− 3𝐷 = 1 

  3𝐷 =
3

8
+

1

40
− 1 

  3𝐷 =
15+1−40

40
⇒ 𝐷 =

−24

40×3
 ⇒ 𝐷 =

−1

5
 

 
1

(𝑠−1)(𝑠+3)(𝑠2+1)
=

1

8(𝑠−1)
−

1

40(𝑠+3)
+

(
−1

10
)𝑠−

1

5

𝑠2+1
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 ∴ �̅� =
1

8(𝑠−1)
−

1

40(𝑠+3)
−

𝑠

10(𝑠2+1)
−

1

5(𝑠2+1)
 

 𝑦(𝑡) =
1

8
𝐿−1 [

1

(𝑠−1)
] −

1

40
𝐿−1 [

1

𝑠+3
] −

1

10
𝐿−1 [

𝑠

𝑠2+1
] −

1

5
𝐿−1 [

1

𝑠2+1
] 

 𝑦(𝑡) =
1

8
𝑒𝑡 −

1

40
𝑒−3𝑡 −

1

10
(𝑐𝑜𝑠𝑡 − 2𝑠𝑖𝑛𝑡) 

Example: 5. Using Laplace transform solve the differential equation𝒚′′ − 𝟑𝒚′ + 𝟐𝒚 = 𝟒𝒆𝟐𝒕, with𝒚(𝟎) =

−𝟑 𝒂𝒏𝒅 𝒚′(𝟎) = 𝟓. 

Solution: 

             Given 𝑦′′ − 3𝑦′ + 2𝑦 = 4𝑒2𝑡;  with 𝑦(0) = −3 𝑎𝑛𝑑𝑦′(0) = 5. 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑦′′(𝑡)] − 3𝐿[𝑦′(𝑡)] + 2𝐿[𝑦(𝑡)] = 4𝐿(𝑒2𝑡) 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0)] − 3[𝑠𝐿[𝑦(𝑡)] − 𝑦(0)] + 2𝐿[𝑦(𝑡)] = 4
1

𝑠−2
 

Substituting𝑦(0) = −3 𝑎𝑛𝑑 𝑦′(0) = 5. 

 [𝑠2𝐿[𝑦(𝑡)] + 3𝑠 − 5] − 3[𝑠𝐿[𝑦(𝑡)] + 3] + 2𝐿[𝑦(𝑡)] =
4

𝑠−2
 

 𝑠2𝐿[𝑦(𝑡)] + 3𝑠 − 5 − 3𝑠𝐿[𝑦(𝑡)] − 9 + 2𝐿[𝑦(𝑡)] =
4

𝑠−2
 

 𝑠2𝐿[𝑦(𝑡)] − 3𝑠𝐿[𝑦(𝑡)] + 2𝐿[𝑦(𝑡)] =
4

𝑠−2
− 3𝑠 + 14 

 Put𝐿[𝑦(𝑡)] = �̅� 

 𝑠2�̅� − 3𝑠�̅� + 2�̅� =
4

𝑠−2
− 3𝑠 + 14 

 [𝑠2 − 3𝑠 + 2]�̅� =
4

𝑠−2
+ 14 − 3𝑠 

 [𝑠2 − 3𝑠 + 2]�̅� =
4+(14−3𝑠)(𝑠−2)

𝑠−2
 

  (𝑠 − 1)(𝑠 − 2)�̅� =
4+(14−3𝑠)(𝑠−2)

𝑠−2
 

    �̅� =
4+(14−3𝑠)(𝑠−2)

(𝑠−1)(𝑠−2)2  

 Consider 
4+(14−3𝑠)(𝑠−2)

(𝑠−1)(𝑠−2)2 =
𝐴

𝑠−1
+

𝐵

𝑠−2
+

𝐶

(𝑠−2)2  

 
4+(14−3𝑠)(𝑠−2)

(𝑠−1)(𝑠−2)2 =
𝐴(𝑠−2)2+𝐵(𝑠−1)(𝑠−2)+𝐶(𝑠−1)

(𝑠−1)(𝑠−2)2  

 𝐴(𝑠 − 2)2 + 𝐵(𝑠 − 1)(𝑠 − 2) + 𝐶(𝑠 − 1) = 4 + (14 − 3𝑠)(𝑠 − 2) ⋯ (1) 

 Put 𝑠 = 1 in (1) Put 𝑠 = 2 𝑖𝑛 (1) equating the coefficients of𝑠2, we get 

 𝐴 = 4 − 11  𝐶 = 4 + 0  𝐴 + 𝐵 = −3 ⇒ −7 + 𝐵 = −3 

 𝐴 = −7   𝐶 = 4   𝐵 = 4  

 
4+(14−3𝑠)(𝑠−2)

(𝑠−1)(𝑠−2)2 =
−7

𝑠−1
+

4

𝑠−2
+

4

(𝑠−2)2  

 ∴ �̅� =
−7

𝑠−1
+

4

𝑠−2
+

4

(𝑠−2)2 

 𝑦(𝑡) = −7𝐿−1 [
1

(𝑠−1)
] + 4𝐿−1 [

1

𝑠−2
] + 4𝐿−1 [

1

(𝑠−2)2] 
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  = −7𝑒𝑡 + 4𝑒2𝑡 + 4𝑒2𝑡𝐿−1 [
1

𝑠2] 

 𝑦(𝑡) = −7𝑒𝑡 + 4𝑒2𝑡 + 4𝑒2𝑡𝑡 

Example: 6. Using Laplace transform solve the differential equation 𝒚′′ − 𝟒𝒚′ + 𝟖𝒚 = 𝒆𝟐𝒕, with𝒚(𝟎) =

𝟐 𝒂𝒏𝒅 𝒚′(𝟎) = −𝟐. 

Solution: 

          Given 𝑦′′ − 4𝑦′ + 8𝑦 = 𝑒2𝑡; with 𝑦(0) = 2 𝑎𝑛𝑑𝑦′(0) = −2. 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑦′′(𝑡)] − 4𝐿[𝑦′(𝑡)] + 8𝐿[𝑦(𝑡)] = 𝐿(𝑒2𝑡) 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0)] − 4[𝑠𝐿[𝑦(𝑡)] − 𝑦(0)] + 8𝐿[𝑦(𝑡)] =
1

𝑠−2
 

Substituting 𝑦(0) = 2 𝑎𝑛𝑑𝑦′(0) = −2. 

 [𝑠2𝐿[𝑦(𝑡)] − 2𝑠 + 2] − 4[𝑠𝐿[𝑦(𝑡)] − 2] + 8𝐿[𝑦(𝑡)] =
1

𝑠−2
 

 𝑠2𝐿[𝑦(𝑡)] − 2𝑠 + 2 − 4𝑠𝐿[𝑦(𝑡)] + 8 + 8𝐿[𝑦(𝑡)] =
1

𝑠−2
 

 𝑠2𝐿[𝑦(𝑡)] − 4𝑠𝐿[𝑦(𝑡)] + 8𝐿[𝑦(𝑡)] =
1

𝑠−2
+ 2𝑠 − 10 

 Put𝐿[𝑦(𝑡)] = �̅� 

 𝑠2�̅� − 4𝑠�̅� + 8�̅� =
1

𝑠−2
+ 2𝑠 − 10 

 [𝑠2 − 4𝑠 + 8]�̅� =
1

𝑠−2
+ 2𝑠 − 10 

 [𝑠2 − 4𝑠 + 8]�̅� =
1+(2𝑠−10)(𝑠−2)

𝑠−2
 

    �̅� =
1+(2𝑠−10)(𝑠−2)

(𝑠−2)(𝑠2−4𝑠+8)
 

   =
1+(2𝑠−10)(𝑠−2)

(𝑠−2)[(𝑠−2)2+4]
 

 Consider 
1+(2𝑠−10)(𝑠−2)

(𝑠−2)[(𝑠−2)2+4]
=

𝐴

𝑠−2
+

𝐵(𝑠−2)+𝐶

(𝑠−2)2+4
  

    =
𝐴[(𝑠−2)2+4]+𝐵[(𝑠−2)+𝐶](𝑠−2)

[𝑠−2][(𝑠−2)2+4]
 

 𝐴[(𝑠 − 2)2 + 4] + 𝐵[(𝑠 − 2) + 𝐶](𝑠 − 2) = 1 + (2𝑠 − 10)(𝑠 − 2) ⋯ (1) 

 Put 𝑠 = 2 in (1) Put 𝑠 = 0 𝑖𝑛 (1) equating the coefficients of𝑠2, we get 

 4𝐴 = 1 + 0        8𝐴 + 4𝐵 − 2𝐶 = 21 𝐴 + 𝐵 = 2 ⇒
1

4
+ 𝐵 = 2 

 𝐴 =
1

4
   𝐶 = −6  𝐵 =

7

4
  

 
1+(2𝑠−10)(𝑠−2)

(𝑠−2)[(𝑠−2)2+4]
=

1

4

𝑠−2
+

7

4
(𝑠−2)−6

(𝑠−2)2+4
  

 ∴ �̅� =
1

4(𝑠−2)
+

7

4

(𝑠−2)

(𝑠−2)2+4
− 6

1

(𝑠−2)2+4
 

 𝑦(𝑡) =
1

4
𝐿−1 [

1

(𝑠−2)
] +

7

4
𝐿−1 [

(𝑠−2)

(𝑠−2)2+4
] − 6𝐿−1 [

1

(𝑠−2)2+4
] 

  =
1

4
𝑒2𝑡 +

7

4
𝑒2𝑡𝐿−1 [

𝑠

𝑠2+4
] − 6𝑒2𝑡𝐿−1 [

1

𝑠2+4
] 
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  =
1

4
𝑒2𝑡 +

7

4
𝑒2𝑡𝑐𝑜𝑠2𝑡 − 6𝑒2𝑡 𝑠𝑖𝑛2𝑡

2
 

 𝑦(𝑡) =
1

4
𝑒2𝑡 +

7

4
𝑒2𝑡𝑐𝑜𝑠2𝑡 − 3𝑒2𝑡𝑠𝑖𝑛2𝑡 

Problems without using Partial Fraction 

Example: 7. Solve using Laplace transform   
𝒅𝟐𝒙

𝒅𝒕𝟐
− 𝟐

𝒅𝒙

𝒅𝒕
+ 𝒙 = 𝒆𝒕, with 𝒙 = 𝟐,

𝒅𝒙

𝒅𝒕
= −𝟏 𝒂𝒕 𝒕 = 𝟎 

Solution: 

           Given 𝑥′′ − 2𝑥′ + 𝑥 = 𝑒𝑡; 𝑥(0) = 2; 𝑥′(0) = −1 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑥′′(𝑡)] − 2𝐿[𝑥′(𝑡)] + 𝐿[𝑥(𝑡)] = 𝐿(𝑒𝑡) 

 [𝑠2𝐿[𝑥(𝑡)] − 𝑠𝑥(0) − 𝑥′(0)] − 2[𝑠𝐿[𝑥(𝑡)] − 𝑥(0)] + 𝐿[𝑥(𝑡)] =
1

𝑠−1
 

Substituting 𝑥(0) = 2; 𝑥′(0) = −1 

 [𝑠2𝐿[𝑥(𝑡)] − 2𝑠 + 1] − 2[𝑠𝐿[𝑥(𝑡)] − 2] + 𝐿[𝑥(𝑡)] =
1

𝑠−1
 

 𝑠2𝐿[𝑥(𝑡)] − 2𝑠𝐿[𝑥(𝑡)] + 𝐿[𝑥(𝑡)] =
1

𝑠−1
+ 2𝑠 − 5 

 𝑠2𝐿[𝑥(𝑡)] − 2𝑠𝐿[𝑥(𝑡)] + 𝐿[𝑥(𝑡)] =
1

𝑠−1
+ 2𝑠 − 5 

 Put 𝐿[𝑥(𝑡)] = �̅� 

 𝑠2�̅� − 2𝑠�̅� + �̅� =
1

𝑠−1
+ 2𝑠 − 5 

 [𝑠2 − 2𝑠 + 1]�̅� =
1

𝑠−1
+ 2𝑠 − 5 

 (𝑠 − 1)2�̅� =
1

𝑠−1
+ 2𝑠 − 5 

  �̅� =
1

(𝑠−1)(𝑠−1)2 +
2𝑠

(𝑠−1)2 −
5

(𝑠−1)2 

  𝑥(𝑡) = 𝐿−1 [
1

(𝑠−1)3] + 2𝐿−1 [
𝑠

(𝑠−1)2] − 5𝐿−1 [
1

(𝑠−1)2] 

   = 𝑒𝑡𝐿−1 [
1

𝑠3
] + 2𝐿−1 [

𝑠−1+1

(𝑠−1)2
] − 5𝑒𝑡𝐿−1 [

1

𝑠2
] 

   = 𝑒𝑡 𝑡2

2!
+ 2𝐿−1 [

𝑠−1

(𝑠−1)2
+

1

(𝑠−1)2
] − 5𝑒𝑡𝑡 

   = 𝑒𝑡 𝑡2

2!
+ 2𝐿−1 [

1

𝑠−1
] + 2𝐿−1 [

1

(𝑠−1)2] − 5𝑒𝑡𝑡 

   = 𝑒𝑡 𝑡2

2!
+ 2𝑒𝑡 + 2𝑒𝑡𝐿−1 [

1

𝑠2] − 5𝑒𝑡𝑡 

   = 𝑒𝑡 𝑡2

2
+ 2𝑒𝑡 + 2𝑒𝑡𝑡 − 5𝑒𝑡𝑡 

  ∴ 𝑥 =
𝑡2𝑒𝑡

2
+ 2𝑒𝑡 − 3𝑒𝑡𝑡 

Example: 8. Solve the following differential equation using Laplace transform  

 (𝑫𝟐 − 𝟐𝑫 + 𝟏)𝒚 = 𝒕𝟐𝒆𝒕 Given 𝒚(𝟎) = 𝟐 and 𝑫𝒚(𝟎) = 𝟑 

Solution: 

             Given (𝐷2 − 2𝐷 + 1)𝑦 = 𝑡2𝑒𝑡 with 𝑦(0) = 2 and 𝐷𝑦(0) = 3 
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 𝑖𝑒. , 𝐷2𝑦 − 2𝐷𝑦 + 𝑦 = 𝑡2𝑒𝑡 

 𝑦′′ − 2𝑦′ + 𝑦 = 𝑡2𝑒𝑡 With 𝑦(0) = 2 and 𝑦′(0) = 3 

Apply Laplace transform on both sides, we get 

  𝐿[𝑦′′(𝑡)] − 2𝐿[𝑦′(𝑡)] + 𝐿[𝑦(𝑡)] = 𝐿(𝑡2𝑒𝑡) 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0)] − 2[𝑠𝐿[𝑦(𝑡)] − 𝑦(0)] + 𝐿[𝑦(𝑡)] = 𝐿[𝑡2]𝑠→𝑠−1 

Substituting 𝑦(0) = 2 𝑎𝑛𝑑𝑦′(0) = 3. 

 [𝑠2𝐿[𝑦(𝑡)] − 2𝑠 − 3] − 2[𝑠𝐿[𝑦(𝑡)] − 2] + 𝐿[𝑦(𝑡)] = [
2!

𝑠3]
𝑠→𝑠−1

 

 𝑠2𝐿[𝑦(𝑡)] − 2𝑠 − 3 − 2𝑠𝐿[𝑦(𝑡)] + 4 + 𝐿[𝑦(𝑡)] =
2

(𝑠−1)3 

 𝑠2𝐿[𝑦(𝑡)] − 2𝑠𝐿[𝑦(𝑡)] + 𝐿[𝑦(𝑡)] =
2

(𝑠−1)3
+ 2𝑠 − 1 

 Put𝐿[𝑦(𝑡)] = �̅� 

 𝑠2�̅� − 2𝑠�̅� + �̅� =
2

(𝑠−1)3 + 2𝑠 − 1 

 [𝑠2 − 2𝑠 + 1]�̅� =
2

(𝑠−1)3 + 2𝑠 − 1 

 (𝑠 − 1)2�̅� =
2

(𝑠−1)3 + 2𝑠 − 1 

    �̅� =
2

(𝑠−1)5 +
2𝑠

(𝑠−1)2 −
1

(𝑠−1)2 

  𝑦(𝑡) = 𝐿−1 [
2

(𝑠−1)5
] + 2𝐿−1 [

𝑠

(𝑠−1)2
] − 𝐿−1 [

1

(𝑠−1)2
] 

   = 2𝑒𝑡𝐿−1 [
1

𝑠5] + 2𝐿−1 [
𝑠−1+1

(𝑠−1)2] − 𝑒𝑡𝐿−1 [
1

𝑠2] 

   = 2𝑒𝑡 𝑡4

4!
+ 2𝐿−1 [

𝑠−1

(𝑠−1)2 +
1

(𝑠−1)2] − 𝑒𝑡𝑡 

   = 2𝑒𝑡 𝑡4

24
+ 2𝐿−1 [

1

𝑠−1
] + 2𝐿−1 [

1

(𝑠−1)2] − 𝑒𝑡𝑡 

   = 𝑒𝑡 𝑡4

12
+ 2𝑒𝑡 + 2𝑒𝑡𝐿−1 [

1

𝑠2
] − 𝑒𝑡𝑡 

   = 𝑒𝑡 𝑡4

12
+ 2𝑒𝑡 + 2𝑒𝑡𝑡 − 𝑒𝑡𝑡 

  ∴ 𝑥 =
𝑡4𝑒𝑡

12
+ 2𝑒𝑡 + 𝑒𝑡𝑡 

Example: 9. Solve using Laplace transform   
𝒅𝟐𝒚

𝒅𝒕𝟐
+ 𝟔

𝒅𝒚

𝒅𝒕
+ 𝟗𝒚 = 𝟔𝒕𝟐𝒆−𝟑𝒕, given that 𝒚(𝟎) = 𝟎 and 

𝒚′(𝟎) = 𝟎 

Solution: 

               Given 
𝑑2𝑦

𝑑𝑡2
+ 6

𝑑𝑦

𝑑𝑡
+ 9𝑦 = 6𝑡2𝑒−3𝑡  with 𝑦(0) = 0 and 𝑦′(0) = 0 

𝑦′′ + 6𝑦′ + 9𝑦 = 6𝑡2𝑒−3𝑡 With 𝑦(0) = 0 and 𝑦′(0) = 0 

Apply Laplace transform on both sides, we get 

  𝐿[𝑦′′(𝑡)] + 6𝐿[𝑦′(𝑡)] + 9𝐿[𝑦(𝑡)] = 6𝐿(𝑡2𝑒−3𝑡) 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0)] + 6[𝑠𝐿[𝑦(𝑡)] − 𝑦(0)] + 9𝐿[𝑦(𝑡)] = 6𝐿[𝑡2]𝑠→𝑠+3 
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Substituting 𝑦(0) = 0 𝑎𝑛𝑑𝑦′(0) = 0. 

 [𝑠2𝐿[𝑦(𝑡)] − 0 − 0] + 6[𝑠𝐿[𝑦(𝑡)] − 0] + 9𝐿[𝑦(𝑡)] = 6 [
2!

𝑠3]
𝑠→𝑠+3

 

 𝑠2𝐿[𝑦(𝑡)] + 6𝑠𝐿[𝑦(𝑡)] + 9𝐿[𝑦(𝑡)] =
12

(𝑠+3)3
 

 𝑠2𝐿[𝑦(𝑡)] + 6𝑠𝐿[𝑦(𝑡)] + 9𝐿[𝑦(𝑡)] =
12

(𝑠+3)3 

 Put𝐿[𝑦(𝑡)] = �̅� 

 𝑠2�̅� + 6𝑠�̅� + 9�̅� =
12

(𝑠+3)3 

 [𝑠2 + 6𝑠 + 9]�̅� =
12

(𝑠+3)3 

 (𝑠 + 3)2�̅� =
12

(𝑠+3)3 

    �̅� =
12

(𝑠+3)5   

    𝑦(𝑡) = 𝐿−1 [
12

(𝑠+3)5
] = 12𝑒−3𝑡𝐿−1 [

1

𝑠5
] 

    = 12𝑒−3𝑡 𝑡4

4!
 

   ∴ 𝑦 =
𝑡4𝑒−3𝑡

2
 

Example: 10. Solve
𝒅𝟐𝒙

𝒅𝒕𝟐 + 𝟐
𝒅𝒙

𝒅𝒕
+ 𝟓𝒙 = 𝒆−𝒕𝒔𝒊𝒏𝒕; 𝒙(𝟎) = 𝟎 and 𝒙′(𝟎) = 𝟏 

Solution: 

            Given 𝑥′′ + 2𝑥′ + 5𝑥 = 𝑒−𝑡𝑠𝑖𝑛𝑡; 𝑥(0) = 0; 𝑥′(0) = 1 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑥′′(𝑡)] + 2𝐿[𝑥′(𝑡)] + 5𝐿[𝑥(𝑡)] = 𝐿(𝑒−𝑡𝑠𝑖𝑛𝑡) 

 [𝑠2𝐿[𝑥(𝑡)] − 𝑠𝑥(0) − 𝑥′(0)] + 2[𝑠𝐿[𝑥(𝑡)] − 𝑥(0)] + 5𝐿[𝑥(𝑡)] = 𝐿[𝑠𝑖𝑛𝑡]𝑠→𝑠+1 

Substituting 𝑥(0) = 0; 𝑥′(0) = 1 

 [𝑠2𝐿[𝑥(𝑡)] − 0 − 1] + 2[𝑠𝐿[𝑥(𝑡)] − 0] + 5𝐿[𝑥(𝑡)] = [
1

𝑠2+1
]

𝑠→𝑠+1
 

 𝑠2𝐿[𝑥(𝑡)] + 2𝑠𝐿[𝑥(𝑡)] + 5𝐿[𝑥(𝑡)] − 1 =
1

(𝑠+1)2+1
  

  𝑠2𝐿[𝑥(𝑡)] + 2𝑠𝐿[𝑥(𝑡)] + 5𝐿[𝑥(𝑡)] =
1

(𝑠+1)2+1
+ 1 

 Put 𝐿[𝑥(𝑡)] = �̅� 

 𝑠2�̅� + 2𝑠�̅� + 5�̅� =
1

(𝑠+1)2+1
+ 1 

  [𝑠2 + 2𝑠 + 5]�̅� =
1

(𝑠+1)2+1
+ 1 

   [𝑠2 + 2𝑠 + 5]�̅� =
1

𝑠2+2𝑠+2
+ 1 

  �̅� =
1

(𝑠2+2𝑠+2)(𝑠2+2𝑠+5)
+

1

𝑠2+2𝑠+5
 

  =
1

5−2
[

1

𝑠2+2𝑠+2
−

1

𝑠2+2𝑠+5
] +

1

𝑠2+2𝑠+5
 

1

(𝑠2 + 𝑎𝑥 + 𝑏)(𝑠2 + 𝑎𝑥 + 𝑐)

=
1

𝑐 − 𝑏
[

1

𝑠2 + 𝑎𝑥 + 𝑏
−

1

𝑠2 + 𝑎𝑥 + 𝑐
] 
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  =
1

3
[

1

𝑠2+2𝑠+2
−

1

𝑠2+2𝑠+5
] +

1

𝑠2+2𝑠+5
 

  =
1

3(𝑠2+2𝑠+2)
−

1

3(𝑠2+2𝑠+5)
+

1

𝑠2+2𝑠+5
 

  �̅� =
1

3(𝑠2+2𝑠+2)
+

2

3(𝑠2+2𝑠+5)
 

  𝑥(𝑡) =
1

3
𝐿−1 [

1

(𝑠2+2𝑠+2)
] +

2

3
𝐿−1 [

1

(𝑠2+2𝑠+5)
] 

   =
1

3
𝐿−1 [

1

(𝑠+1)2+1
] +

2

3
𝐿−1 [

1

(𝑠+1)2+4
] 

   =
1

3
𝑒−𝑡𝐿−1 [

1

𝑠2+1
] +

2

3
𝑒−𝑡𝐿−1 [

1

𝑠2+4
] 

   =
1

3
𝑒−𝑡𝑠𝑖𝑛𝑡 +

2

3
𝑒−𝑡 𝑠𝑖𝑛2𝑡

2
 

  ∴ 𝑥 =
1

3
𝑒−𝑡[𝑠𝑖𝑛𝑡 + 𝑠𝑖𝑛2𝑡] 

Example: 11. Solve using Laplace transform   
𝒅𝟐𝒚

𝒅𝒕𝟐
+

𝒅𝒚

𝒅𝒕
= 𝒕𝟐 + 𝟐𝒕, given that = 𝟒 ,𝒚′ = −𝟐 when 𝒕 = 𝟎 

Solution: 

                 Given 
𝑑2𝑦

𝑑𝑡2 +
𝑑𝑦

𝑑𝑡
= 𝑡2 + 2𝑡  with 𝑦(0) = 4 and 𝑦′(0) = −2 

𝑦′′ + 𝑦′ = 𝑡2 + 2𝑡   with 𝑦(0) = 4 and 𝑦′(0) = −2 

Apply Laplace transform on both sides, we get 

  𝐿[𝑦′′(𝑡)] + 𝐿[𝑦′(𝑡)] = 𝐿(𝑡2) + 𝐿(2𝑡) 

 [𝑠2𝐿[𝑦(𝑡)] − 𝑠𝑦(0) − 𝑦′(0)] + [𝑠𝐿[𝑦(𝑡)] − 𝑦(0)] =
2

𝑠3 + 2
1

𝑠2 

Substituting 𝑦(0) = 4 𝑎𝑛𝑑𝑦′(0) = −2. 

 [𝑠2𝐿[𝑦(𝑡)] − 4𝑠 + 2] + [𝑠𝐿[𝑦(𝑡)] − 4] =
2

𝑠3 +
2

𝑠2  

  𝑠2𝐿[𝑦(𝑡)] + 𝑠𝐿[𝑦(𝑡)] − 4𝑠 + 2 − 4 =
2+2𝑠

𝑠3  

 𝑠2𝐿[𝑦(𝑡)] + 𝑠𝐿[𝑦(𝑡)] =
2(1+𝑠)

𝑠3 + 4𝑠 + 2 

 Put𝐿[𝑦(𝑡)] = �̅� 

 𝑠2�̅� + 𝑠�̅� =
2(1+𝑠)

𝑠3 + 2(2𝑠 + 1) 

  𝑠(𝑠2 + 𝑠)�̅� =
2(𝑠+1)

𝑠3 + 2(2𝑠 + 1) 

 𝑠(𝑠 + 1)�̅� =
2(𝑠+1)

𝑠3 + 2(2𝑠 + 1) 

   �̅� =
2(𝑠+1)

𝑠4(𝑠+1)
+

2(2𝑠+1)

𝑠(𝑠+1)
  

   =
2

𝑠4 + 2 [
𝑠+(𝑠+1)

𝑠(𝑠+1)
] 

   =
2

𝑠4 + 2 [
𝑠

𝑠(𝑠+1)
+

𝑠+1

𝑠(𝑠+1)
] 

   =
2

𝑠4
+ 2 [

1

𝑠+1
+

1

𝑠
] 

  �̅� =
2

𝑠4 +
2

𝑠+1
+

2

𝑠
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    𝑦(𝑡) = 2𝐿−1 [
2

𝑠4] + 2𝐿−1 [
1

𝑠+1
] + 2𝐿−1 [

1

𝑠
] 

    = 2
𝑡3

3!
+ 2𝑒−𝑡 + 2(1) 

   ∴ 𝑦 =
𝑡3

3
+ 2𝑒−𝑡 + 2 

Example: 12. Solve using Laplace transform
𝒅𝟐𝒙

𝒅𝒕𝟐 + 𝟗𝒙 = 𝒄𝒐𝒔𝟐𝒕, if (𝟎) = 𝟏 ;𝒙 (
𝝅

𝟐
) = −𝟏 

Solution: 

           Given 𝑥′′ + 9𝑥 = 𝑐𝑜𝑠2𝑡; 𝑥(0) = 1; 𝑥 (
𝜋

2
) = −1 

Since 𝑥′(0) is not given assume 𝑥′(0) = 𝑘 

Taking Laplace transform on both sides, we get, 

 𝐿[𝑥′′(𝑡)] + 𝐿[𝑥(𝑡)] = 𝐿(𝑐𝑜𝑠2𝑡) 

 [𝑠2𝐿[𝑥(𝑡)] − 𝑠𝑥(0) − 𝑥′(0)] + 9𝐿[𝑥(𝑡)] = 𝐿(𝑐𝑜𝑠2𝑡) 

Substituting 𝑥(0) = 1; 𝑥 (
𝜋

2
) = −1 

  [𝑠2𝐿[𝑥(𝑡)] − 𝑠 − 𝑘] + 9𝐿[𝑥(𝑡)] =
𝑠

𝑠2+4
 

 𝑠2𝐿[𝑥(𝑡)] + 9𝐿[𝑥(𝑡)] =
𝑠

𝑠2+4
+ 𝑠 + 𝑘  

  [𝑠2 + 9]𝐿[𝑥(𝑡)] =
𝑠

𝑠2+4
+ 𝑠 + 𝑘 

 Put 𝐿[𝑥(𝑡)] = �̅� 

 [𝑠2 + 9]�̅� =
𝑠

𝑠2+4
+ 𝑠 + 𝑘 

  �̅� =
𝑠

(𝑠2+9)(𝑠2+4)
+

𝑠

𝑠2+9
+

𝑘

𝑠2+9
 

  =
𝑠

9−4
[

1

𝑠2+4
−

1

𝑠2+9
] +

𝑠

𝑠2+9
+

𝑘

𝑠2+9
 

  =
𝑠

5
[

1

𝑠2+4
−

1

𝑠2+9
] +

𝑠

𝑠2+9
+

𝑘

𝑠2+9
 

  =
𝑠

5(𝑠2+4)
−

𝑠

5(𝑠2+9)
+

𝑠

𝑠2+9
+

𝑘

𝑠2+9
 

 �̅� =
𝑠

5(𝑠2+4)
+

(5𝑠−𝑠)

5(𝑠2+9)
+

𝑘

𝑠2+9
 

  =
1

5

𝑠

𝑠2+4
+

4

5

𝑠

𝑠2+9
+

𝑘

𝑠2+9
 

   𝑥(𝑡) =
1

5
𝐿−1 [

𝑠

𝑠2+4
] +

4

5
𝐿−1 [

𝑠

𝑠2+9
] + 𝑘𝐿−1 [

1

𝑠2+9
] 

   =
1

5
𝑐𝑜𝑠2𝑡 +

4

5
𝑐𝑜𝑠3𝑡 + 𝑘

𝑠𝑖𝑛3𝑡

3
 ⋯ (1) 

Given  𝑥 (
𝜋

2
) = −1  

Put 𝑡 =
𝜋

2
 𝑖𝑛 (1) 

 (1) ⇒ 𝑥 (
𝜋

2
) =

1

5
𝑐𝑜𝑠

2𝜋

2
+

4

5
𝑐𝑜𝑠

3𝜋

2
+ 𝑘

𝑠𝑖𝑛
3𝜋

2

3
 

 −1 =
1

5
(−1) + 0 +

𝑘

3
(−1) 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY      

 

                                                                                                                 24 MA201 COMPLEX VARIABLES AND TRANSFORMS  
 

 −
𝑘

3
=

1

5
− 1 ⇒ −

𝑘

3
=

−4

5
⇒ 𝑘 =

12

5
 

  =
1

5
𝑐𝑜𝑠2𝑡 +

4

5
𝑐𝑜𝑠3𝑡 +

12

5

𝑠𝑖𝑛3𝑡

3
 

 ∴ 𝑥(𝑡) =
1

5
[𝑐𝑜𝑠2𝑡 + 4𝑐𝑜𝑠3𝑡 + 4𝑠𝑖𝑛3𝑡]   

 

       

 


