24ECA03-DIGITAL SIGNAL PROCESSING

QUANTIZATION NOISE,COEFFICIENT
QUANTIZATION ERROR

Quantization Noise power:

Input Quantization error:
*Derive the equation for quantization noise power (or) Steady state Input Noise Power.

Xt 4 (1) = — W _—
~ 7, Sampler ——|Quantizert—»|encoder |,

Probability density function for round off error in A/D conversion is
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If rounding is used for quantization, which is bounded by -

bt
|y n.a| |

<e(n)< =, then the error lies between

N |2
N |2

——to %With equal probability, where g—=> quantization step size.

Properties of analog to digital conversion error, e(n):
1. The error sequence e(n) is a sample sequence of a stationary random process.
2. The error sequence is uncorrelated with x(n) and other signals in the system.
3. The error is a white noise process with uniform amplitude probability distribution over the range of
quantization error.
The variance of e(n) is given by
g = (1)) = (1)) ———— -->(1)

Where E[ez(n)]eAverage of e(n)
E[e(n)]>Mean value of e(n).

For rounding, e(n) lies between —%and %With equal probability
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24ECA03-DIGITAL SIGNAL PROCESSING

E[ez(n)]: _Tez(n)p(e)de ---------------------------- >(2)
1
ple) =1 = S eln) < o >(@3)

Substituting (3) in (2)

_a q
Ele*(n)]= % er(n)de- ----- ->(4)
Efen)]=0
EZ[e(n)]=0 s >(5)

Substituting (4) and (5) in (1)
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In general, =i 27 = mmmmme e >(7)
_h \2
)
¢ 12
2—2b
2= R e >(8
ol =" ®)
Equation (8) is known as the steady state noise power due to input quantization.
q= 2% - in two’s complement representation.
q= sz ] -> in sign magnitude (or) one’s complement representation.
R -> Range of analog signal to be quantized.

Steady state Output Noise power:

ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY




24ECA03-DIGITAL SIGNAL PROCESSING

x(H 3 X = — Y _—
— s Sampler ——|Quantizer}—s| encoder

Output Noige Power
Processor —

¥

After quantization, we have noise power oas input noise power. Therefore, Output noise power of system
is given by

O = ae{z L () >(9)
n=0 a
XalH
x[l/ﬂ) ‘i'( /] .;I[/.P’I) .y[(ﬂ)ll
efn)

where h(n) = impulse response of the system.

Let error E(n) be output noise power due to quantization

Error E(n)=e(n)=*h(n)

d gh(n)e(n—k)

The variance of error E(n) is called output noise power, 7.
By using Parseval’s theorem,

oh  =oiyhe(n)
n=0
4\d
P —2;§H(Z)H(Z 1)—ZZ

Where the closed contour integration is evaluated using the method of residue by taking only the poles that
lie inside the unit circle.

Z transform of h(n), H(Z)= i h(n)z ™
n=0

Z transform of h?(n) = Z[h*(n)] = i h?(nl ™" = i () 1) pi—————— >(10)
n=0 n=0

By Inverse Z transform, h(n)= % § H(Z)z"*dz -- AV A >(11)

Substituting (11) in (10)

:2%3( (@) hinz foz
>he(n)=5 - H<z{§h(n)z-1};§
:ziﬂj (Z){gh n)(Z‘“)lz-ldz}
3 T T O — o

Substituting (12) in (9)

Problem:
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24EC403-DIGITAL SIGNAL PROCESSING
The output signal of an A/D converter is passed through a first order low pass filter, with transfer
function given by

z
|_|(Z) =, _3g for0<a<l. Find the steady state output noise power due to quantization at the

output of the digital filter.

Solution;

O
27+,

. _1-az 4, l-az®
Given H(z) = m Hiz™) = (?)a_
Substituting H(z) and H(z ) in equa(tion (1)), we have
2 -1 2 2
o2 = G_eff (1-a)z (1jla)z Y a_e:*: (1-a) jlz L
243 (z—a) (z*-a) 243 (z-a) (z*-a)

= aez{residue of H(z) H(z )z 'atz =a + residue of H(z) Hz ‘)z atz = % }

ot AR

z-a)z

dla=Rgl=

—2b

Where, o,° =
12

FERAKRKAAIAIAKAARITIAAIAIAXRAXAAAAAIAKAAAIAXAAIAAkIAXAEAIAhAIAkAAAAhkrAhrrhErrhkihhrhkhihkihhidkiihihhihkiihiiihihikx

Find the steady state variance of the noise in the output due to quantization of input for the first order
filter. [Apr/May’11] [Nov/Dec-2016]

y(n) =ay(n —1) + x(n)
Solution:

The impulse response for the above filter is given by h(n) =a"u(n)

O': = Gez Z h?(n)
k=0

=O'§Za2"
k=0
=oZ[1+a*+a" +..o]|
1
2
=0
‘1-a’®
270 1
= or
12 [1—a2} (or)

Taking Z-transform on both sides we have
Y (z) =az 'Y (z) + X (2)
YA Wz

H () X(z) 1-az' z-a
Z—l
H(z ') =—
z'-a
We know
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1 24EC403-DIGITAL SIGNAL PROCESSING
2=’ —MH(2H((z "z dz
ol =0l g IH@HEY

Substituting H(z) and H(z™) values in the above equation we get
-1

1 Z Z _
o’ =co? m zdz

° ‘2rjviz-az'‘-a
1 -1
U: =(Te2 D.:I z = dz
2rj< (z—a)(z™ —a)
Z—l
residue of ——————— atz=a
_ (z- a)(z_l —-a)
+residue of Z—_l at z=1/a
(z-a)(z” -a)
-1
=o’|(z-a) z —
(z-a)(z"-a)|_,
, at 2 1
= Oy ) = O, >
a —a l1—a

KEAAKKAKAEIAIAKAKRIAKXEIAIAKRAXAAAXAAIAKAAXAIAXAIAIAKAAXAAAXAIAIAAAXAAAXEAIhAAEAIhEdArhkErhrdhrhkhhhkihkdhrhxirrhiihihkiihkiihikx

The output of the A/D converter is applied to a digital filter with the system function
H (Z) > 0.4572
Z-0.72
Find the output noise power of the digital filter, when the input signal is quantized to 7 bits.
Given:
H (Z): 0.45Z2
Z-0.72
Solution:

i
H(Z)H(Z_l)z_l = o X 07';152 %7
Z-072 Z27-0.72

0.45°Z7"

(2= 0.72)(; - 0.72J

VA A
(Z - o.72)(1_ 02'722 j

0.2025Z ‘2

(z- 0.72)(2 - 1)
0.72

~0.28125
(z-0.72)Z -1.3889)

Now the poles of H(Z)H(Z1)Z* are p1=0.72 , p,=1.3889
Output noise power due to input quantization

o2 = ae{ziﬂj fH@Z)HEZ )z —1dz}

- ofiZi:Re sH(Z)H(Zz )z 11

Z=p;
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24EC403-DIGITAL SIGNAL PROCESSING
= 62> Res[H(Z)H(z )z
i=1

Z=p;
Where p1p2...._pnare the poles of H(Z)H(Z) Z* that lies inside the unit circle in z-plane.

o2 —o?x(2-072)x 028125 |
(z-0.72)(z -1.3889),_,,
_ . —0.28125
* " 0.72-1.3889
= 0.420507
KAKKAIAKAAEIAKAAEAKAIAEARKAAKRKAARARARKIARKAAAAAAAIAIAAIIAAAIAAAIAAAIAAAIAAAIAAAAAAIAITAAAAkAArhhkrhkhkhhkhkihhkihiiiiikx

1 1
and H,(z) =
g -(2) 1-a,z*

Find the output round off noise power. Assume ¢, =0.5and «, =0.6 and find output round off
noise power.
Solution:
The round off noise model for H(z) = H,(z)H, () is given by,
From the realization we can find that the noise transfer function seen by noise source e1(n) is H(z), where,
1
H(z) =
@ -az?fi-a,z?)
Whereas, the noise transfer function seen by e, (n) s,

Consider the transfer function H(z) = H,(z)H,(z) where H,(z) =

oy = %if H(z)H(z Yz dz

2 1 1 1 1 1
=0, — — = z7dz
27 ¢ 1—a, 25 1 “GHaRy] S g

= aez{Zof residue of H(z)H(z ")z " at polesz=a,,z=a,,z :aiand Z = ai}
i 2

If al and a2 are less than the poles z=1/a; and z=1/a; lies outside of the circle |z| =1.So, the residue of H(z)

H(z?) z*'at z=1/a; and z=1/a, are zero. Consequently we have,
Oo = [Zof residue of H(z)H(z *)z " at polesz=a,,z = az]

_l(z—a) = ~a,) g
[(Z a“(l—alz‘l)(l—azz‘l)(l—alz)(l—aZZ)L_al+(Z ay(lalzl)(lazzl)(lalz)(l‘azz)LJ

_ g 1 N 1

e (1 - 22](1 —a,’f1-aa,) (1 - sz(l a3, )l-2a,’)

1 1
a 1 1 a 1 1
o, =0, L = +—2 | = —— (4)
a-a, 1-a° 1-aa, a,-a l1l-a,” 1-aa,
In the same way,
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| 1
=0, | — 5 |-~ R AP ————————————— Ve —— 5
=] ®
Gozzaeleer a_ 12'1 1, 3 12_1 1 }
~a,” a-a, 1-a° 1-aa, a,-a 1-a, 1l-aa,

1 af- aj)—a2 h-a?) J

1— BB ¥ £ * 1 - ¥ §i=h 5, Yo, -

| B (a, — az)(1+ a,a,)
“l1-a, (1 a’JL-a, Ji-=aa, Yo, -a,)
sl (1+aa,)
12 |1-a7 [-a’Ji-a, )(1 e
The steady state noise power for a, =0.5,a, = 0.6 is given by

o [ (1 1+(0.5)0.6) }

" 12 [1-(06F - (057)i-(0.6F)i_0:6(05))

2—2b
-0 (5.4315)

*hkkhkkhkkkhkhkhkkhkhkkhkhkhkkhhkhkhhkkhhhkkhhkhkhhkhkrhkkhkikhihkihhkihkhihkkhhhkhhkhihkirhkihhrhkihhkihkhihkkhihkkihhihkiihkihhihkiik

1
1-2rcoséz +r’z

Draw the quantization noise model for a second order system H(z) = and find

-2

the steady state output noise variance.
Solution:
Given:

1

(@)= 1-2rcos@ " +r°z?
The quantization noise model is,
we know, 6,° = oy, + 0y,
Both noise sources see the same transfer function
1
H@z)= 1-2rcos@ ™t +r°z7?
The impulse response of the transfer function is given by

h(n) =" 5|n(n+1)9 u(n)

Now the steady state output noise variance is,

2 2 2
O, =0y *TO0yp
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But o, = 0,” =0,” »_h*(n), which gives us
-2b o =2
2 Zr2n sin _(n2+1)6?
12 = sin“ @
2% 1

=2. "[L-cos2(n +1 . €0826 = 1 2sin?
o 257 enzf;r cos2(n +1)6] c0s26 sin%g

2
o, =2.

2—2b 1 0 ] © ]
S 25in26’{2r2 ->r? cosZ(n+1)0}

n=0

i r2ne j2(n+1)0 + i ane—jZ(n+l)9j:|

2—2b

6 2sin? 9{ _r? 2[n_0 2
27% 1 pi20 j26
B 6 2sin’ 6{ - _E( 2 219 rze—zjeﬂ

21 cos 20 —r?
6 2sin’@ 1—r “1-2r’cos20 +r*
_2* (1+r)(1-cos20)

6 2sin?@|(L—r?fL-2rcos26 +r*)
27 @+r)
6 (L-r*f1-2r2cos20+r*)
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