
2.2 Butterworth filters, Chebyshev filters. Design of IIR
filters from analog filters (LPF, HPF, BPF, BRF)

1. Butterworth Filter

Definition

A Butterworth filter is an analog IIR filter with a maximally flat magnitude
response in the passband (no ripple).

Characteristics

 Flat passband (no ripple)

 Smooth monotonic response

 Moderate roll-off

 Phase is non-linear

 Widely used when smooth response is required

Pole Location

 Poles lie on a circle of radius Ωc

 Evenly spaced in the left half of the s-plane



2. Chebyshev Filters

Chebyshev filters provide sharper transition than Butterworth
at the cost of ripples.









Butterworth filters are preferred for smooth passband
response, while Chebyshev filters are used when sharp
transition is required. Digital IIR filters are efficiently
designed by transforming analog prototypes using
bilinear transformation, enabling LPF, HPF, BPF, and
BRF realizations.



-------------------------------------------------------------------------------------------------------
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Solution:

Given data:

Pass band attenuation αP= 2 dB;

Stop band attenuation αS= 10 dB;

Pass band frequency ΩP= 20 rad/sec.

Stop band frequency ΩS=30 rad/sec.

The order of the filter
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Rounding off ‘N’ to the next higher integer, we get

N=4

The normalized transfer function for N=4.
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The transfer function for Ωc=21.3868,

Design an analog Butterworth filter that has a -2dB pass band attenuation at a frequency of 20 rad/sec and

atleast -10 dB stop band attenuation at 30 rad/sec.
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H.W: Challenge 1: For the given specification design an analog Butterworth filter

.0.4for  )H(j          

0.20for     jH









2.0

1)(9.0

Ans:   2222 0576.0393.10576.0577.0
323.0)(

 


ssss
sH

Challenge 2: Determine the order and the poles of low pass Butterworth filter

that has 3 dB attenuation at 500 Hz and an attenuation of 40dB at 1000Hz.
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Analog Low pass Chebyshev Filter:

There are two types of Chebyshev filters.

Solution:
Given:
Step 1:

Given specifications αp= 3dB,αs=16 dB, fP=1KHz and fS=2KHz. Determine the order of the filter
using Chebyshev approximation. Find H(s).



Pass band attenuation αp= 3dB,
Stop band attenuation αs=16 dB,
Pass band frequency fP=1 KHz=2π*1000=2000π rad/sec
Stop band frequency fS=2 KHz=2π*2*1000=4000π rad/sec
Step 2: Order of the filter
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Rounding the next higher integer value N=2.
Step 3: The value of minor axis and major axis can be found as below
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Step 4: The poles are given by
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Step 5: The denominator of H(s):
   22 1554 643.46sH(s)                                       

Step 6: The numerator of H(s):
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HW: Challenge 1: Obtain an analog Chebyshev filter transfer function that
satisfies the constraints
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2. Design a Chebyshev filter with a maximum pass band attenuation of 2.5dB at
ΩP=20rad/sec and stop band attenuation of 30 dB at ΩS=50rad/sec.
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3. For the given specifications find the order of the Chebyshev-I filter
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4. For the given specifications find the order of the Chebyshev-I filter

.sec/20;/1;25;1 rad  Secrad dB dB SPSP  
Discrete time IIR filter from analog filter:
Magnitude Response of LPF:

Design of IIR filters from analog filters:
The different design techniques available for IIR filter are

1) Approximation of derivates
2) Impulse invariant method
3) Bilinear transformation
4) Matched z-transform techniques.

Approximation of derivates:
For analog to digital domain, we get
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Solution:
Given:
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Design of IIR filter using Impulse Invariance Method:
Steps to design a digital filter using Impulse Invariance Method (IIM):

Step 1: For the given specifications, find Ha(s) the Transfer function of an analog

filter.

Step 2: Select the sampling rate of the digital filter, T seconds per sample.

Step 3: Express the analog filter transfer function as the sum of single-pole filter.
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Convert the analog BPF with system IIR filter
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of the backward difference for the derivative. [Nov/Dec-2015]

For the analog transfer function
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transformation if (a) T=1 second and (b) T=0.1 second. [Nov/Dec-15]
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Solution:

Given: For N=3, the transfer function of a normalized Butterworth filter is given by
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Design a third order Butterworth digital filter using impulse invariant technique. Assume

sampling period T=1 sec.
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Solution:

Given: The transfer function 22)(
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Solution:

Given: Analog filter
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[Nov/Dec-2015]
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Given: Analog filter
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H.W: Challenge 1: An analog filter has a transfer function
107

10)( 2 


ss
sH a .

Design a digital filter equivalent to this using impulse invariant method for T=0.2
sec. [Nov/Dec-15]

Ans : 1 21 1.0378 0.247

10.2012zH(z)  
z z



 
 

2. An analog filter has a transfer function
6116

5)( 23 


sss
sH . Design a

digital equivalent to this using impulse invariant method for T=1 sec.

3. An analog filter has a transfer function
256

3)( 2 



ss

ssH . Design a digital

filter equivalent to this using impulse invariant method T=1 sec.
-------------------------------------------------------------------------------------------------------
--------------------------

Design of IIR filters using Bilinear Transformation:
Steps to design digital filter using bilinear transform technique:

Convert analog filter
36)1.0(

6)( 2 


s
sH a into digital IIR filter whose system function is given

above. The digital filter should have (�� = �. ��). Use impulse invariant mapping T=1sec.



1. From the given specifications, find prewarping analog frequencies using

formula
2

tan2 
T



2. Using the analog frequencies find H(s) of the analog filter.
3. Select the sampling rate of the digital filter, call it T seconds per sample.

4. Substitute 










 
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1

1

1
1

z
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T
2       s into the transfer function found in step2.
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Solution:

Given: The system function   21
2)(
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Solution:
Given: Pass band attenuation dBP 3 ; Stop band attenuation dBS 10
Pass band frequency rad/sec. P  20001000*2 
Stop band frequency rad/sec. S  700350*2 

Apply bilinear transformation of   21
2)(




ss
sH with T=1 sec and find H(z).[Nov/Dec-13]

Using the bilinear transformation, design a high pass filter, monotonic in pass band with cut off
frequency of 1000Hz and down 10dB at 350 Hz. The sampling frequency is 5000Hz. [May/June-16]
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Prewarping the digital frequencies, we have
  rad/sec. T

T
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P 7265)2.0tan(10
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The order of the filter
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The first order Butterworth filter for ΩC=1 rad/sec is H(s) = 1/S+1
The high pass filter for ΩC=ΩP=7265 rad/sec can be obtained by using the
transformation.
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The transfer function of high pass filter
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-------------------------------------------------------------------------------------------------------
-------------------------
H.W: 1. Determine H(z) that results when the bilinear transformation is applied to

Ha(s)=
504.0692.0

525.4
2

2




ss
s [Nov/Dec-15]

Ans: 21
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2. An analog filter has a transfer function
96

1)( 2 


ss
sH ,design a digital filter

using bilinear transformation method.
-------------------------------------------------------------------------------------------------------
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Additional Examples:

Solution:
Given data:

Pass band attenuation 707.0P ; Pass band frequency
2
 P ;

Stop band attenuation 2.0S ; Stops band frequency
4
3 S ;

Step 1: Specifying the pass band and stop band attenuation in dB.

dB  nattenuatio band Stop
dB  nattenuatio band Pass

S

P

9794.13)2.0log(202log20
0116.3)707.0log(201log20
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Design a digital Butterworth filter satisfying the constraints
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2
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j

With T=1 sec using bilinear transformation. [April/May-2015][May/June-14]



Step2. Choose T and determine the analog frequencies (i.e) Prewarp band edge
frequency
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Step3. To find order of the filter
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Rounding the next higher value N=2

Step 4: The normalized transfer function
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Step 5: Cut off frequency
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p
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Step 6: To find Transfer function of H(s):

2
)( sSa sHH(s)                               






2

2 12
1)(

sSss
sH




4828.2
4)(

1
2

2
2

1
2





















ss
  sH 

ss
         

2

Step 7. Apply Bilinear Transformation with to obtain the digital filter

 
     

 
2

2

21221

21

1
12

1
12

1716.01

141656.514
14

4828.2
4

1

1

1

1
































































z
z10.2929  H(z)                 

zzz
z                            

ss
                              

H(s)H(z)                      

1

z
z

T
S

2

z
z

T
S

Solution:
Given data:

Pass band attenuation 707.0P ; Pass band frequency
2
 P ;

Stop band attenuation 2.0S ; Stops band frequency
4
3 S ;

Step 1: Specifying the pass band and stop band attenuation in dB.

dB nattenuatio band Stop
dB nattenuatio band Pass

S

P

9794.13)2.0log(202log20
0116.3)707.0log(201log20







Step2. Choose T and determine the analog frequencies (i.e) Prewarp band edge
frequency
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/
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Step3. To find order of the filter

Design a digital Butterworth filter satisfying the constraints


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2
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j

With T=1 sec using Impulse invariant method. [Nov/Dec-13]
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Rounding the next higher value N=4

Step 4: The normalized transfer function
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Step 5: Cut off frequency
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Step 6: To find Transfer function of H(s):
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Step 7: Using partial fraction expansion, expand H(s) into

       js
B

js
B

js
A

js
AsH

45.16.045.16.06.045.16.045.1
)(

**













   
   

6.045.1
465.2902.26.045.16.045.1

57.16.045.1

)(

2

4

6.045.1

jS
ssjsjs

js                    

sH  A                
:A* and A find To

jS









 
  

 
      

 
  

 
  
 

j1.7540.7253 A j1.7540.7253  A          

j              

jjj
               

jjj
                

  
jjjj

                

ssjs
                 

jS























*;
114.7

465.20188.1063.5
465.20188.1

063.5
0188.1465.22.1

57.1

465.27212.07429.174.17425.12.1
57.1

465.26.045.1202.16.045.16.045.16.045.1
57.1

465.2202.16.045.1
57.1

4

4

2

4

2

4

6.045.1

   
    

45.16.0
45.16.045.16.06.045.16.045.1

57.145.16.0

)(
4

45.16.0

jS
jsjsjsjs

js                    

sH  A                
:B* and B find To

jS











 
   

 
   

 
 

j0.30.7253B*    j0.7253 B          
j

               

jj
                

  
jjj

                

jjjjjj
                 

jS

















;3.0
0187.1468.2

095.2
468.20187.1

57.1

9.285.085.085.085.0
57.1

45.16.045.16.06.045.145.16.06.045.145.16.0
57.1

4

4

4

45.16.0

       45.16.0
3.07253.0

45.16.0
3.07253.0

6.045.1
754.17253.0

6.045.1 js
j

js
j

js
j

js
j1.7540.7253H(s)         



















21

1

21

45.16.045.16.016.045.116.045.1

1

301.01322.01
2307.0454.1

055.0387.01
)(

1
3.07253.0

1
3.07253.0

1
754.17253.0

1
















































zz
z

zz
0.1839z1.454 zH     

ee
j

ee
j

zee
j

zee
j1.7540.7253           

ze1
CH(z)       

 sec1Tfor  know        we

1

jjjj

N

1k
p
k
k

---------------------------------------------------------------------------------------------------------------------------------------
---
H.W: Challenge 1: Design a digital Butterworth filter satisfying the constraints


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With T=1 sec using Impulse invariant method.
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Challenge 2: Design a digital Butterworth filter satisfying the constraints
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With T=1 sec using Bilinear Transformation.
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Challenge 3: Determine the system function H(z) of the lowest order Butterworth
digital filter with the following specification.

(a) 3db ripple in pass band  2.00 
(b) 25db attenuation in stop band  45.0
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Challenge 4: Enumerate the various steps involved in the design of low pass digital Butterworth IIR
filter. (ii) The specification of the desired low pass filter is
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Design a Butterworth digital filter using impulse invariant transformation.
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Solution:
Given data:
Pass band attenuation 8.0P ; Pass band frequency  2.0P ;
Stop band attenuation 2.0S ; Stops band frequency  6.0S ;

Step 1: Specifying the pass band and stop band attenuation in dB.
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Design a chebyshev filter for the following specification using bilinear transformation.
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Rounding the next higher integer value N=2
Step4. The poles of chebyshev filter can be determined by

cos sin , 0,1, ,k k kS a jb k N    
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Step.5 Find the denominator polynomial of the transfer function using above
poles.
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Step 6 : The numerator of the transfer function depends on the value of N.
 If N is Even substitute s=0 in the denominator polynomial and divide the

result by 21  Find the value. This value is equal to numerator
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Solution:
Given data:
Pass band attenuation 8.0P ; Pass band frequency  2.0P ;
Stop band attenuation 2.0S ; Stops band frequency  6.0S ;

Step 1: Specifying the pass band and stop band attenuation in dB.
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Step2. Choose T and determine the analog frequencies (i.e) Prewarp band edge
frequency
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Design a chebyshev filter for the following specification using impulse invariance method.
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Rounding the next higher integer value N=2
Step4. The poles of chebyshev filter can be determined by
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Step.5 Find the denominator polynomial of the transfer function using above
poles.
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Step 6 : The numerator of the transfer function depends on the value of N.
 If N is Even substitute s=0 in the denominator polynomial and divide the

result by 21  Find the value. This value is equal to numerator
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Step 8: Using partial fraction expansion, expand H(s) into
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Step 9: Now transform analog poles {Pk} into digital poles {epkT} to obtain the
digital filter
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H.W: Challenge 1: Design a chebyshev filter to meet the constraints by using
bilinear transformation and assume sampling period T=1 sec.
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Find the order and poles of a low pass Butterworth filter that has 3dB bandwidth of 500Hz and
attenuation of 40dB at 1kHz.
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Filter design using frequency translation (HPF, BPF, BRF):

A digital filter can be converted into a digital high pass, band stop or another
digital filter. These transformations are given below.
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Analog Domain:

The frequency transformation can be used to design on LPF with different pass band
frequency HPF,BPF and BSF from a normalized Low pass filter ΩC=1 rad/sec.
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H:W: 1. Design a digital chebyshev filter
 

  








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0.5for     eH0

0.20for       eH

j
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by using bilinear transformation and assume period T=1 sec.
Ans :
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2. Enumerate the various steps involved in the design of low pass digital Butterworth IIR
filter.
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Design Butterworth digital filter using impulse invariant transformation.
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3. Design a chebyshev low pass filter with the specifications dBs 1 ripple in the pass
band 15dBs   ,2.00 ripple in the stop band  3.0 , using (a)
Bilinear transformation (b) Impulse invariance.

(a) Bilinear transformation:
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(b) Impulse invariance:
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4. Use the backward difference for the derivative to convert the analog low pass filter with
system function.
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5. For the analog transfer function determine H(z) using impulse invariant technique.
Assume T=1sec.
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[May/Jue-2016]
6. Determine H(z) using the impulse invariant technique for the analog transfer function.
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7. Using bilinear transformation obtain H (z) if
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8.
Convert the analog filter with system function
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digital IIR filter using bilinear transformation. The digital filter should have a

resonant frequency of .
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9. A digital filter with a 3 dB bandwidth of 0.25π is to be designed from the

analog filter whose system response is
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Solution:
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