2.2 Butterworth filters, Chebysheyv filters. Design of IIR
filters from analog filters (LPF, HPF, BPF, BRF)

1. Butterworth Filter
Definition

A Butterworth filter is an analog IIR filter with a maximally flat magnitude
response in the passband (no ripple).

Magnitude Response

H(jQ)? =

where

s (1. = cutoff frequency

e N = order of the filter

Characteristics

® Flat passband (no ripple)

® Smooth monotonic response

® Moderate roll-off

® Phase is non-linear

® Widely used when smooth response is required
Pole Location

® Poles lie on a circle of radius Qc

® Evenly spaced in the left half of the s-plane



2. Chebyshev Filters

Chebyshev filters provide sharper transition than Butterworth
at the cost of ripples.

Magnitude Response

1

H(jQ)* =
2o [ 9
].‘I‘E‘gj?r(ﬁc:)

where

¢ € = ripple factor

o Ty = Chebyshev polynomial of order N

Characteristics

* Ripple in passhand
* Monotonic stopband
* Sharper roll-off than Butterworth

* Non-linear phase



(b) Chebyshev Type-Il Filter (Inverse Chebyshev)

Characteristics

» Flat passband
* Ripple in stopband
» Better stopband attenuation

* More complex design

Comparison: Butterworth vs Chebyshev-

Feature Butterworth Chebyshev-|
Passband ripple No Yes
Transition width Wide Narrow
Roll-off Moderate Sharp

Complexty Simple Higher



3. Design of Digital IIR Filters from Analog Filters

Digital IR filters are designed by transforming an analog prototype.

General Steps

1. Specify digital filter requirements

2. Pre-warp frequencies

3. Design analog LPF prototype

4. Frequency transformation (LPF — HPF/BPF/BRF)
5. Convert analog filter to digital filter

6. Obtain digital transfer function H(z)

4. Analog to Digital Transformation Methods

(a) Bilinear Transformation (Most Common)

9 11—zl
T 142t

§ —

Advantages
* No aliasing
» Stable analog — stable digital

* One-to-one frequency mapping




(b) Impulse Invariance Method

e Preserves impulse response
e (Causes aliasing
e Used mainly for LPF
5. Frequency Transformations (Analog Domain)

(a) LPF — HPF

£,
8 — —
5
(b) LPF — BPF
32 4 ﬂﬁ
5 —
Bs
where
e (g =+ (1181
s B=0(-,—-(
(c) LPF — BRF
Bs
B
52 + Q2

6. lIR Filter Design for Different Types

(a) Digital Low-Pass Filter (LPF)
e Design analog LPF

e Apply bilinear transformation
» Obtain H(z)



(b) Digital High-Pass Filter (HPF)
= Convert analog LPF — HPF

= Apply bilinear transformation

(c) Digital Band-Pass Filter (BPF)
e Convert LPF — BPF

= Requires two cutoff frequencies

(d) Digital Band-Reject Filter (BRF)
= Convert LPF — BRF

* Rejects a specific frequency band

7. Advantages of IIR Filters

e Lower order than FIR
e Efficient computation

= Suitable for real-time applications

Disadvantages

* MNon-linear phase
* Potential stability issues

Butterworth filters are preferred for smooth passband
response, while Chebyshev filters are used when sharp
transition is required. Digital IIR filters are efficiently
designed by transforming analog prototypes using
bilinear transformation, enabling LPF, HPF, BPF, and
BRF realizations.



_________________________________________________________________________________

Solution:

Given data:

Pass band attenuation op= 2 dB;
Stop band attenuation as= 10 dB;
Pass band frequency Qp= 20 rad/sec.
Stop band frequency Qs=30 rad/sec.
The order of the filter

o ( 10-1 j
g 100.2_1

log—
g20

>3.37
Rounding off ‘N’ to the next higher integer, we get
N=4

The normalized transfer function for N=4.

1

Ho(s) (s> +0.76537s +1)s> +1.84775 +1)
To find cut off frequency
Qp
Q= o 172N
(101 —1)
o =— 2 13868

¢ 1

(100.1*20 _ l)ﬁ

The transfer function for Qc=21.3868,

N _——————



H(s)=H,(s), . s

21.3868
H(s)=17- ! 5 |s—> al
(s> +0.76537s + 1)s* +1.8477s +1) ~ 21.3868
1 1
H(S) ) N 2 S " N ? S
( J +0.76535( J+1 ( J +1.8477( j+1
21.868 21.3868 21.868 21.3868
H(s) = 0.20921x10°
(s> +16.36865 +457.394 )s* +39.51765 +457.394) -~

H.W: Challenge 1: For the given specification design an analog Butterworth filter
0.9<|H(jQ)|<1 for0<Q<02x

|H(Q)|<0.2 for 0.4x <Q <.

H(s) = 0.323
(s> +0.5775 +0.05767> |s* +1.3935 +0.05767> )

Ans:
Challenge 2: Determine the order and the poles of low pass Butterworth filter

that has 3 dB attenuation at 500 Hz and an attenuation of 40dB at 1000Hz.
Ans: H() = (s +1)(s> +1.80194s +1)s> +1.247s + 1)s* +0.4455 + 1)

Given the specification
a, =1dB;a, =30dB;Q, =200 rad /sec; Q=600 rad/sec. determine the order of

the filter. Ans: N=4

Analog Low pass Chebyshev Filter:
There are two types of Chebysheyv filters.
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Given specifications ap= 3dB,as=16 dB, fp=1KHz and fs=2KHz. Determine the order of the filter
! using Chebyshev approximation. Find H(s).
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Given:
Step 1:



Pass band attenuation op= 3dB,

Stop band attenuation as=16 dB,

Pass band frequency fp=1 KHz=2n*1000=2000n rad/sec
Stop band frequency fs=2 KHz=2n*2*1000=4000x rad/sec
Step 2: Order of the filter

_1( 4000
osh
(20007[}
>1.91

Rounding the next higher integer value N=2.
Step 3: The value of minor axis and major axis can be found as below

&= \/(10‘“*“” ~1)= J(zo“’“ ~1)=1

H=&"'+ 1+g =17 +41+17 =2.414
1
— 1 1
{ N} 2 (2.414): _(2.414)‘2}
a= 200072' 5 =910x
s ‘L 1 1
{ﬂN +u N} [(2.414)2 + (2.414)2}
b=Q, == = 40007 =2197x
2 2

Step 4: The poles are given by
Sy =acosg, + jbsing,; k=12

¢k=£+(2k—1)7r; ke 12
2 2N
Fork=1
¢1=£+(2_1)”=£+£=135”
20 2%¥2 2 4
Fork =2
* _
PR T V.
2 2%2 2 4

s, =acos@ + jbsing, = (9107 * cos135)+ j(2197 *sin135)
s, =—643.467 + j15537
s, =acosd, + jbsing, = (9107 * c0s225)+ /(2197 *sin225)
s, =—643.467 — j15537
Step 5: The denominator of H(s):
H(s) = (s + 643.46 )" +(1554)
Step 6: The numerator of H(s):



(643.467) + (15547 )

Vi+e?

(643.467) + (15547 ) ( 2 s
= =(1414.38) 7
V1+17
(1414.38)* 7

s> +12877s +(1682)° z°

substitute ,s =0 H(s)=

The transfer function H(s) =

HW: Challenge 1: Obtain an analog Chebyshev filter transfer function that
satisfies the constraints

Ls|H(jQ)|sl;forosgsz

V2
[H(GQ)| < 0.1 for Q> 4
2
5+0.596 (s> +0.5965 +3.354)
2. Design a Chebysheyv filter with a maximum pass band attenuation of 2.5dB at
Qp=20rad/sec and stop band attenuation of 30 dB at Qs=50rad/sec.

2265.27
Ans: N=3. H(s) =
" (s) (s+6.6)s> +6.65 +343.2)

Ans: H(s) = (

3. For the given specifications find the order of the Chebyshev-I filter
a, =1.5dB;0g =10dB;Q), =2rad / Sec; Q¢ =30rad /sec.

4. For the given specifications find the order of the Chebyshev-I filter
a, =1dB;a, =25dB; ), =1rad / Sec; Q¢ =20rad /sec.

Discrete time 1IR filter from analog filter:
Magnitude Response of LPF:
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Design of IR filters from analog filters:
The different design techniques available for IIR filter are
1) Approximation of derivates
2) Impulse invariant method
3) Bilinear transformation
4) Matched z-transform techniques.
Approximation of derivates:
For analog to digital domain, we get




_ -1
sleZ 3)

H(z) = H(s)| 1= (4)

Mapping of the s-plane to the z-plane using approximation of derivatives.

Convert the analog BPF with system IIR filter 7 (s) = into a digital IIR filter by use

(s+0.1° +9
of the backward difference for the derivative. [Nov/Dec-2015]

———————

________________________________________________________________________

T

1
Hz) =
! (s+0.1y +9]
~ 1
- - _
(1 z +0.1] +9
T
72(1+0.27 +9.0177)
~ 2(1+0.17) s 1 -
1+0.27 +9.01T 1+0.27 +9.01T
T =0.1sec,
=0.91+ j0.27

Design of IIR filter using Impulse Invariance Method:
Steps to design a digital filter using Impulse Invariance Method (IIM):

Step 1: For the given specifications, find Ha(s) the Transfer function of an analog
filter.
Step 2: Select the sampling rate of the digital filter, T seconds per sample.

Step 3: Express the analog filter transfer function as the sum of single-pole filter.

)=y -G
=25Tp

Step 4: Compute the z-transform of the digital filter by using formula

N Ck
HE) = z 1—e?lz!

k=1

For high sampling rate,

Y, TC,
H(Z) = Zl T _ -1

k=11—€
'/ _________________________________ ; _____________________________________ S
’ KU e o,
I
' For the analog transfer function $ 2572 petermine H (z) using impulse invariant
|
1

transformation if (a) T=1 second and (b) T=0.1 second. [Nov/Dec-15]



Solution:
2 2

P +35+2  (s+1)(s5+2)

By partial fraction expansion tchnique we canwrit e,

Giventhat ,H (s) =

Theroots of quadratic,
S2+35+2=0are,

H(s) 2 4 B _3x3 -4

= = +
(s+D(s+2) s+1 s+2 S )
3+
_3El _1-2

2 2

A=——" =  x - 9
(s#T) (s+2) M‘ 142

2 2

B= —XM =—=-
(s+1) (s+7) o2l

H(s)= 2 2

s+1 s+2
By impulsein variant transformation we know that,

A A
s+p,  l-e 'z
2 -2
H(z)= T + T Wherep,=1,p,=-2
2 -2
H(z) = +
(=) l-e'z!' 1-e?z7"!




(a) WhenT =1second

2 -2
H(z) = +
@ l-e'z7!' 1-e?z7!
H(z) = 2 - 2 . 2(1 —0.1353271) -2 —0.3677912 )
1-0.1353z7"  1-0.1353z (1-0.367z7")(1-0.1353z7")
_2-027606z"'—2+0.7358z"" 0.4652z"
1-0.135327'-0.3679z ' +0.0498z 1-0.5032 z ™' + 0.0498z >
0.4652z"" 0.4652z""
H(z) = Y 2 2,2
1-0.5032z7'+0.0498z7%  z72(z*—0.5032z+0.0498)
H(z) = — 0.4652z
(z*-0.5032z+0.0498)

(b)WhenT =0.1second

H(z) = 1_ e?o.lz—l + 1— e—?zz—l
_ 2 . ) _2(1-0.8187z7) —2(1-0.9048z"")
1-0.9048z""  1-0.8187z" (1-0.8187z7")(1-0.9048z")
_ 2-1.6374z'-2+1.8096z" 0.1722z""
1-0.8187z7'—0.9048z"' +0.74082>  1-1.7235z"' +0.7408z>
0.1722z" 0.1722z""
H(z)= 3 2 T2, 2
1-1.7235z7'+0.7408z  z7%(z>—1.72352+0.7408)
0.1722z

22— 172352 +0.7408
Since,T < 1,we can compute magnitude normalized tra nsfer function, H( 2).

—1 4
H,(z)=T XH(z)=0.1X 017222 __ 017222 _
1-1.72352 ' +0.74082 2> 1—1.72352 ' +0.74082

0.1722z 0.172z

Hy(z)=T XH(z)=0.1X — =—
z"—1.7235z+0.7408 z° —1.7235z+0.7408

. Design a third order Butterworth digital filter using impulse invariant technique. Assume
|

| sampling period 7=I sec.

Given: For N=3, the transfer function of a normalized Butterworth filter is given by

1
s+ I)(s*+s+1)

H(s)



1 ~1+0.66z""

Ans: H(z) = —+ — =
1-0.368z 1-0.786z" +0.368z

i Apply impulse invariant method and find H(z) for H(s) = %
; (s+a)*+b
Solution:
Given: The transfer function H(s) = %
(s+a) +b

Sampling the function produces
—anT T >
h(nT) = {(e) cos(bnT) forn=>0

otherwise

H(z) =Y e " cos(bnT)z™"
n=0

— i —anT _—n (ejbnT + e—jbnT j
= e z -
n=0 2

= éi [(e—(a—jb)rz—l )" n (e—(a+jb)TZ—| )n ]
n=0

1 1 1
- E | — o (@ BT - + | — o (@tb)T -1

1—e ™ cos(bT)z™
Hz) =
) 1-2e" cos(bT)z "' +e "z

________________________________________________________________________

~

1
. Convert analog filter H (s)= Lo'zlinto digital IIR filter using impulse invariant method
! (s+0.)"+9
I INov/Dec-2015]1
1171111117 i ittt ettt
Given: Analog filter H (s) = Lozl

(s+0.1)"+9

s+a 1—e " cos(bT)z™"

(s+a)’ +b> 1-2e 7 cos(bT)z ™' +e 27z

s+0.1 1—e " cos(bT)z™' T T sec
(s+0.1)+9 1-2¢ " cos(bT)z " +e "z’




Y ——————

s+0.1 I1-e " cos(3)z"
(s+0.)*+9 1-2¢ " cos(3)z " +e ¥z’
_1-0.9048%*(-0.9899)z""
1+1.791z7" +0.8182°
1+0.89566z"
H(z) = 0 2
1+1.7915z7" +0.818z

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = e

Convert analog filter H (s)= into digital IIR filter whose system function is given

(s+0.1)° +36
above. The digital filter should have (

). Use impulse invariant mapping T=1sec.

Solution:
Given: Analog filter H (s) = +
(s+0.1)" +36
b e sinbTz™
(s+a) +b 1-2e" coshTz +e 772
6 e "' sin(6)z™"

(5+0.1)2+36 1-2e " cos(6)z " +e 201z

Assume T = I sec.

6 B —0.2528z""
(s+0.1)>+36 1-2%0.8687z" +0.818z°
—0.252827"

1-1.7374z7" +0.818z72

10

-
s°+7s+10
Design a digital filter equivalent to this using impulse invariant method for T=0.2
sec. [Nov/Dec-15]

H.W: Challenge 1: An analog filter has a transfer function /7 (s) =

0.2012z7"
1-1.0378z7"' +0.247z7
5
s +6s> +11ls+6

digital equivalent to this using impulse invariant method for T=1 sec.
s+3

s°+6s+25
filter equivalent to this using impulse invariant method T=1 sec.

Ans: H(z)=

2. An analog filter has a transfer function H (s) = . Design a

3. An analog filter has a transfer function / (s) = . Design a digital

Design of IIR filters using Bilinear Transformation:
Steps to design digital filter using bilinear transform technique:



1. From the given specifications, find prewarping analog frequencies using

formula Q = gtang
T 2

2. Using the analog frequencies find H(s) of the analog filter.
3. Select the sampling rate of the digital filter, call it T seconds per sample.

-1
4. Substitute s = %G Z_l j into the transfer function found in step2.
+z

Apply bilinear transformation of H(s) = with 7=I sec and find H(z).[Nov/Dec-13]

(s + 1)(s + 2)
Solution:
Given: The system function H(s) = ﬁ
s+1)(s +

_ -1
Substitute s = 21 271 in H(s)to get H(z)
T 1+z

H(z) = H(s)|s_2{l_ﬂ
B 2
- (s + 1)(s + 2)

el el
2(1+271)
(3-2"))

Hiz)= 0.]66(]+z:1’)2
(1-0.33z7")

____________________________________________________________________________

Given T=I sec.

H(z) =

i Using the bilinear transformation, design a high pass filter, monotonic in pass band with cut off
! frequency of 1000Hz and down 10dB at 350 Hz. The sampling frequency is S000Hz. [May/June-16]

1
N e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e ”

Solution:
Given: Pass band attenuation oz, = 3dB ; Stop band attenuation o =10dB

Pass band frequency @, =27 *1000 = 20007 rad/sec.
Stop band frequency wg =27 *350 = 7007 rad/sec.



1 1

75000
Prewarping the digital frequencies, we have
2. ol 2

*10

-4

S€C.

(20007 *2*10*)

Q, :?tan

2 T 2
Qg ==tan Ds”

2 2%107 fan

=10* tan(0.277) = 7265 rad/sec.

(7007 *2%10™)

= an
T 2 2*107*

The order of the filter

=10" tan(0.077) = 2235 rad/sec.

log(3) _ 04771 _ 4

" log(325) 05118
N=1

The first order Butterworth filter for Qc=1 rad/sec is H(s) = 1/S+1
The high pass filter for Qc=Qp=7265 rad/sec can be obtained by using the

transformation.

Q
S ——<
S

7265

s
The transfer function of high pass filter

1
H(s)= s +1],_7265

N

S —

3 s
s+7265



U sin g bilinear transformation

H(z) = H(S)|S_2[1_21]

T{1427!
_ N
s+7265

2 1-z71
S=—F —
2#10~4 14271

-1
10000( 177 ]

1+z"
-1

1

10000( ] + 7265

1+z~
0.5792(1-z7")
1-0.1584z"

H.W: 1. Determine H(7) that results when the bilinear transformation is applied to
s> +4.525
s +0.692s +0.504
1.4479 +0.1783z7"' +1.4479z
1-1.18752z7" +0.5299z

Ha(s)= [Nov/Dec-15]

Ans: H(z) =

2. An analog filter has a transfer function H(s) = ,design a digital filter

s +65+9
using bilinear transformation method.

Additional Examples:

Design a digital Butterworth filter satisfying the constraints

0.707 <|H(e')| <1 for0< a)S%

|H(e™)

<0.2 for%ﬁa)ﬁﬂ

With T=1 sec using bilinear transformation. [April/May-2015][May/June-14]

_______________________________________________________________________________

Solution:
Given data:

Pass band attenuation c, = 0.707 ; Pass band frequency @, = %;

Stop band attenuation a; = 0.2, Stops band frequency o, = %r ;

Step 1: Specifying the pass band and stop band attenuation in dB.
Pass band attenuation a, = -20logd1 = -2010g(0.707) =3.0116 dB

Stop band attenuation oy = —20logo2 = —-201log(0.2) =13.9794 dB

- -



Step2. Choose 7 and determine the analog frequencies (i.e) Prewarp band edge
frequency

V3
. 43
szgtan Dr :%tan 2 1= 2tan| Z | = 2Rad / Sec
T 2 12 4

. -
Q = gtan( a); j = %tan % = 2tan(3?ﬂj =4.828Rad / Sec

Step3. To find order of the filter
100410!‘\. _1 W
log, 10419 1
1 (Qv J
og ‘
I 10 QP J
1001301 _q
log (100.1*13.97 _ lj
N >
4.828
2
(0.9998)
log
23.945
log(2.414)
N log(0.20433)
log(2.414)
S 0.6896

0.382
>1.8017

lo

[01°]

Rounding the next higher value N=2

Step 4: The normalized transfer function

1
H, ()= —F—F=—
s?+2s+1
Step 5: Cut off frequency
Q 2,
c (100'@ _1) 1/2N
Q. = 2 —= 2 —=2Rad / Sec

(1()0-1*3-01 _1)2*2 (0.9998)a

Step 6: To find Transfer function of H(s):
H(s)=H,(s), s
2



HO=
= 1 2
(;T +42 (;j +1
H(s) = ————

s’ +2.828s+4
Step 7. Apply Bilinear Transformation with to obtain the digital filter

H(z) = H(s)ls_z(l—z-'J

T{1+z7!
_ 4|
57 +2.828s+ 4|S2[1_zlj

T{1+z7!
= 4(1 —z! )2
4(1 -z )2 + 5.656(1 -z )+ 4(1 g )2
029291+ 27}
M = 1716,

________________________________________________________________________

‘ Design a digital Butterworth filter satisfying the constraints

0.707 <|H(e')| <1 for0<w s%

\H(e )

<0.2 fOF%S(OSﬂ'

With 7=1 sec using Impulse invariant method. [Nov/Dec-13]

________________________________________________________________________

Solution:
Given data:

Pass band attenuation o, = 0.707 ; Pass band frequency @, = % ;

3z
Stop band attenuation oy =0.2; Stops band frequency wg = Y ;

Step 1: Specifying the pass band and stop band attenuation in dB.
Pass band attenuation a, = —-20logd1 = -2010g(0.707) =3.0116dB
Stop band attenuation oy = —20logo2 = -201og(0.2) =13.9794dB

Step2. Choose 7 and determine the analog frequencies (i.e) Prewarp band edge
frequency

0, =Q,T =§Rad/Sec

wg =Q T :3—ﬂRad/Sec
4

Step3. To find order of the filter



100.10:3_1 7
logg | ~ o1,

1OOAlotp -1

N >
lo —
1o Q, J

100.1*3.01 _1
log 100.1*]3.97 _1

log

N >

~I¥

3
2

0.9998
[23.945
log(1.5)
 log(0.20433)
log(1.5)
_ —0.6896

~ 0.17609
>3.924

Rounding the next higher value N=4

Step 4: The normalized transfer function

1
H (s)=
() (s> +0.76537s +1)s*> +1.8477s +1)
Step 5: Cut off frequency

Q

Q. = =
¢ (100-1“1’ _1) 1/2N

z z

Q = 2 —= 2 -=1.57Rad / Sec

(1()0~1*3<°' _1)ﬁ (0.9998)s

Step 6: To find Transfer function of H(s):
H(s)=H,(s), _ «
1.57

1
Hs)= (s +0.76537s +1)s* +1.8477s +1)|, =

1.57




B 1

(G vomos i o () 50

H(s) = (1.57)"
(2 +1.2025 +2.465)(s> +2.902s +2.465)

Step 7: Using partial fraction expansion, expand H(s) into
A A B B
+ + +
(s+1.45+70.6) (s+1.45-;0.6) (s+0.6+1.455) (s+0.6-1.45j)
To find Aand A*:

A=H(s)|

E3 *

H(s)=

§=-1.45-j0.6
: 1.57)° |

= 1%/— 0.6) (
ot T 143 j0.6)(s +1.45— j0.6)(s” +2.9025 +2.465)

§=-1.45- 0.6

_ (1.57)" |
(s+1.45-j0.6)s> +1.2025 +2.465)

S=-1.45-0.6

~ (1.57)"

(—1.45— j0.6+1.45— j0.6)(~1.45— j0.6) +1.202(~1.45— j0.6)+2.465)
_ (1.57)

— j(1.2)[1.7425 +1.74 j —1.7429 — j0.7212 + 2.465]

_ (1.57)* _ 5.063
— j(1.2)2.465+ j1.0188] 1.0188— j2.465
_5.063(1.0188— 2.465)

7.114
A=0.7253+ j1.754; A*=0.7253 — j1.754

To find B and B*:
A=H(s)|

S=-0.6-j1.45

= (s+0.6/j1 .45)( (1.57)° |

5+1.45+ j0.6)(s +1.45— j0.6)(s + 0,64 1.45)s+0.6-1.45)

§=-0.6-j1.45



(1.57)" |
(0.6 j1.45+1.45+ j0.6)(~ 0.6~ j1.45+1.45~ j0.6)~ 0.6 j1.45+ 0.6~ 1.45 )

(1.57)*
(0.85— j0.85)0.85— j0.85)(—2.9/)
B (1.57)"
~— j[-1.0187— j2.468]
~ 2.095
2468+ j1.0187
B=-0.7253—j0.3; B*=-0.7253+ j0.3
Hpy = 0723341754 | 0.7253- 1754 | -0.7253-03)  -0.7253+03)
s—(~1.45-0.6) s—(-1.45+0.6) s—(-0.6—1.45) s—(-0.6+ j1.45)

S=-0.6-j1.45

we know for T = I sec

N Ck
Hz) =Y —& _
= ,‘Z:;‘]—ep"z’l
0.7253+ j1.754 0.7253—j1.754 —0.7253-03/ —0.7253+0.3,
- 1 — e 145700, + | — g 1455706 -1 | — e 067145 | — e 06p/145
-1 -1
H(z) 1.454 +0.1839z 1.454+0.2307z

= +
1-0.387z7" +0.055z7 1-0.1322z"" +0.301z°

H.W: Challenge 1: Design a digital Butterworth filter satisfying the constraints
0.8<|He™)<1  for0<w<027

|H(e™)|<0.2 for06r<o<z

With T=I1 sec using Impulse invariant method.
-1
H(z)= 0.301_?92 .
AnS: 1-1.048z" +0.36z
Challenge 2: Design a digital Butterworth filter satisfying the constraints
0.8<|He™)|<1  for0<w<02zx

Hie™)
With T=I1 sec using Bilinear Transformation.
0.084(1+27)

1-1.028z7" +0.3651z
Challenge 3: Determine the system function H(z) of the lowest order Butterworth
digital filter with the following specification.

(a) 3db ripple in pass band 0 < v <0.2x

(b) 25db attenuation in stop band 0.45r < w<r

<02 for06r<w<r

Ans: H(s) =



o ————— -

0.0687(1+27')
1— 0.8232’1)(1 ~1.6z7'+0.91527 )

Ans: H(2)= (

Challenge 4: Enumerate the various steps involved in the design of low pass digital Butterworth IIR
filter. (ii) The specification of the desired low pass filter is

0.8<|H(e')|<1  for0<w<02x

‘H(ejw) <02 for032r<w<r
Design a Butterworth digital filter using impulse invariant transformation.
Ans:
~0.6242+0.2747z"" 0.6242-0.1168z""
H(z) +

T 1202532105963z  1-1.0358z "' +0.2869z

Design a chebyshev filter for the following specification using bilinear transformation.
0.8<|Hle”)<1  0<w<02x

H(e)<02 06r<0w<n.

Solution:
Given data:
Pass band attenuation o, = 0.8 ; Pass band frequency o, =0.2x ;

Stop band attenuation a; = 0.2, Stops band frequency wg = 0.67 ;

Step 1: Specifying the pass band and stop band attenuation in dB.
Pass band attenuation a, = -20logd1 = -2010g(0.8) =1.9384B

Stop band attenuation oy = —20logd2 = -201og(0.2) =13.97944dB
Step2. Choose 7 and determine the analog frequencies (i.e) Prewarp band edge

frequency
Q, = Ztan| 22| = 2 tan| %27 | = 0.64948
T 2 2

Qg =£tan s |=2tan 0.6m =2.75dB
T 2 2

Step3. To find order of the filter
100410(5 _1
10" —1

Cosh _I[QS }
Qp

Cosh™
N >

SN —————



10()‘1*13‘97 _ 1

-1
Cosh 10017193 _1

Cosh™ 275
0.649
Cosht |23:945
>
Cosh 1( j
649
_ Cosh™(6.5273)
* Cosh™ '(4.2372)
2.5632
2.1228
>1.207

Rounding the next higher integer value N=2
Step4. The poles of chebyshev filter can be determined by

S, =acose, + jbsing,,k=0,1,---,N

Where,
@, = @Qk+N-Drm And calculate a, b, &, u
2N
< = m,
70°7198 _q

c=0.75

U= e+ W]
=(0.75)" +[ 1+(0.75) }



4 - Qk+N=Dz] .,
| 2N

4 = 2 +2-1)z 3T _ a0
| 2%2 4

s - (22)+2-1)x _5T e
22 4

Sy =acose, + jbsing,, k=12

fork=1,

S, =0.375cos ¢, + j(0.75)sin g,
=0.375c0s135° + j(0.75)sin135°
S, =—0.265+ j0.53
fork =2,
S, =0.375cos @, + j(0.75)sin @,
=0.375c0s225° + j(0.75)sin 225°
S, =-0.265— j0.53
Step.S Find the denominator polynomial of the transfer function using above

poles.
H(s)=1{5+0.265— j0.53}{S +0.265 — j0.53}

- {(s +0.265) —(j0-53)2}
=(5+0.265) +(0.53)

=87 +0.53065 +0.3516
Step 6 : The numerator of the transfer function depends on the value of N.
» If N is Even substitute s=0 in the denominator polynomial and divide the

result byv/1+¢&” Find the value. This value is equal to numerator
03516 03516

Vive? (1+(075)

H(s)=0.28

Step 7: The Transfer function is
.
DM

0.28

57 +0.5306s +0.3516
Step 8: Apply bilinear transformation with to obtain the digital filter

H(z)=H(s)|s 22(1_21]

H(s)=

T\1+z"!



o ——— -

0.28 2(1-z"
H(Z): 2 |S:_ -1
s’ +0.5306s +0.3516] T

0.28 | 1-z"
=— s=2 -
s° +0.53065 +0.3516) 14z

~ 0.28

-1 2 -1
o[ 1 “ || +0.5306) 2 ! = 1|+03516
1+z 1+z
0.28(1+z7")
H(z) = (1 ) =
1-1.348z " +0.608z

Design a chebyshev filter for the following specification using impulse invariance method.
0.8<|Hle™) <1 0<w<0.2x

H(e™) <02 0.67 <w< 7. [May/June - 2016]

Solution:
Given data:

Pass band attenuation ac, = 0.8 ; Pass band frequency @, =0.27x ;
Stop band attenuation oy = 0.2, Stops band frequency wg = 0.67 ;

Step 1: Specifying the pass band and stop band attenuation in dB.
Pass band attenuation o, = -20logd1 = -2010g(0.8) =1.9384B

Stop band attenuation oy = —20logo2 = —-2010g(0.2) =13.97944dB

Step2. Choose 7 and determine the analog frequencies (i.e) Prewarp band edge
frequency

Q, :%:0.2ﬁRad/Sec

Q :%:O.6ﬂRad/Sec

Step3. To find order of the filter

1 0.10{5 _ 1
Cosh™ 700'1%
10 -1

Cosh™ ( Q, ]
QP

N >




100.]*13.97 _ 1

COSh h 0.1¥1.938
> 10(‘) 6 -1
Coshl(' ﬂj
027
Cosh™! 23.945
0.562
Cosh™(3)
_ Cosh™(6.5273)
~ Cosh™ (3)
> 2.5632
1.7627
>1.454

Rounding the next higher integer value N=2
Step4. The poles of chebyshev filter can be determined by

S, =acose, + jbsing,,k=0,1,---,N
Where,
_{(2k+N—1)7z
¢ = N

£=+10""" -1,

— ]0041*/.938 _1
e=0.75

U= e+ W]
=(0.75)" +[ 1+(0.75) }

} And calculate a, b, &, u

_027 B0 2 -6)

b=0.7255



@ = M} k=12
| 2N

4 = @M +2-Dr|_37 _ ;00
| 2%2 4

4 - (22)+2-1)x _5T e
22 4

Sy =acose, + jbsing,, k=12

fork=1,

S, =0.362cosg, + j(0.7255)sin g,
=0.362c0s135° + j(0.7255)sin135°

S, =-0.256+ j0.513

fork =2,

S, =0.362cos @, + j(0.7255)sin g,
=0.362¢0s225" + j(0.7255)sin225°

S, =-0.256 - j0.513

Step.5 Find the denominator polynomial of the transfer function using above
poles.
H(s)=1{5+0.256 - j0.513}{S +0.256 — j0.513}

- {(S+0.256)2 —(j0-513)2}
= (S+0.256) +(0.513)

=S°+0.5135+0.33
Step 6 : The numerator of the transfer function depends on the value of N.
» If N is Even substitute s=0 in the denominator polynomial and divide the

result byv/1+¢&” Find the value. This value is equal to numerator

033 0.33
Vi+sr J1+(0.75)
H(s) =0.264
Step 7: The Transfer function is
H(s)= NM
DM
His) = 0.264

57 +0.5135+0.33
Step 8: Using partial fraction expansion, expand H(s) into

HE)=Y o=
S=Pr S—P1 S—P;
0.264 ~ 4, 4,
s +0.5135+033 s—(-0.256+,0.514) s (-0.256 - j0.514)
0.257j 0.257j

~ 5—(-0.256+ j0.514) s—(-0.256— j0.514)
Step 9: Now transform analog poles {Pi} into digital poles {eP*"} to obtain the
digital filter



H(z)= ZZ’:]L

T _-1
l—-e z

e
T Lk=1 1—e?l 77!

0.257 0.257

—-0.2567 _j0.513T7 _ -1 - -0.256T7 —j0.5137 _-1
—e e’ z s—e e’ z

S

-1
HEz) = 0.1954z

1-1.3483z7" +0.5987z

H.W: Challenge 1: Design a chebyshey filter to meet the constraints by using
bilinear transformation and assume sampling period T=I sec.

%g‘H(eﬂ”}Sl 0<w<02r

‘H(ej"’}SO.l 0.5z <w<r.

Solution:
-1\?
0.0413(1+z")
Ans: H(z)= - =
1-1.44z" +0.675z
============ H . W: Convert the following analog filter with transfer function
H, (s)= 5+0.2 using bilinear transformation. Ans:

(s+0.2)+16
0.105+0.0192z"' —0.08642

1+1.15527" +0.923227
Find the order and poles of a low pass Butterworth filter that has 3dB bandwidth of 500Hz and
attenuation of 40dB at 1kHz.

H(z)=

Filter design using frequency translation (HPF, BPF, BRF):
A digital filter can be converted into a digital high pass, band stop or another
digital filter. These transformations are given below.

Low pass to Low pass Low pass to high pass
-1 -1
N z —«a 0 | Z ta
I-az” G az™

sin| (0, —®,)/2 '
where a = — [( - p) ] wherea:—cos[(wp+w1’)/2]

s1n[(a)p +@,)/ 2] cos [(a)p ~w,)/ 2]
w, = passband frequency of lowpass filter o, = passband frequency of lowpass il
w, = passband frequency of new lowpass fi a);) _ passband frequency of highpass fi




Low pass to Band pass

Low pass to Band Stop

L 20k o, k-1

-z -z +—

4 1+k k+1
-

z
k—lZ_2_2akZ_]+1
k+1 1+k
+ /2
whereazcos[(a)" ) ]

cos[(w, —,)/2]

» - W
k =cot [”T’} tan —=

2

@, = upper cutoff frequency
@, =lower cutoff frequency

-2 2C¥ -1 l_k
zZ Tz 4+
-1 1+k 1+k

z =
1-k o 2a 4
1+k 1+k
cos|(w +w)/2
where o = [( L) ]

cos[(w, —w,) /2]
k = tan {M} tan O
2 2

w, =upper cutoff frequency
w, = lower cutoff frequency

Analog Domain:

The frequency transformation can be used to design on LPF with different pass band
frequency HPF,BPF and BSF from a normalized Low pass filter Qc=1 rad/sec.

Low pass to Low pass Low pass to high pass
S - S S - Qc
c S
Low pass to band pass Low pass to band stop
2 +Q,0. (@, -Q,)
—_ S —)2—
S(Qu _Ql) § +QIQU
Q, =minﬁA, B|} Q :minﬂA, B|} 4 Ql(?u —Q;)
) Q2 +Q,Q, Q7 +0Q,Q,
"o, -9) g 2(@.-9)
2
5. 2 -00, -0, +Q.Q,
QZ(QU _Ql)
—<H”)<1  for0<o<02r

H:W: 1. Design a digital chebyshev filter \/5

OS‘H(ej“’)S 0.1 for0.57<w<r

by using bilinear transformation and assume period T=1 sec.

Ans:




-1 2
0212 ) - 0.04]31(1+z ) 72
$* +0.41725+03 1144z +0.675z

2. Enumerate the various steps involved in the design of low pass digital Butterworth IIR
filter.

08<He™)<1 for0<w<02r
“H(ej“’] <0.2 for0.32r<w< 72‘

Design Butterworth digital filter using impulse invariant transformation.
Ans:

N=2, H(s)=

Not  HE = 0.2084
(s> +0.51715 +0.4565)s> +1.24855 +0.4565)
—0.6242+0.2747"" 0.6242—0.1168z""

H(z) =

+
1-0.253z7" +0.5963z7%  1-1.03582z7" +0.2869z°
3. Design a chebyshev low pass filter with the specifications as = 1dB ripple in the pass
band 0 < w<0.27,as = 15dB ripple in the stop band 0.37 < @ < 7, using (a)

Bilinear transformation (b) Impulse invariance.
(a) Bilinear transformation:
Ans:

Nk H= 0.04381
(s +0.18145+0.4165)s> +0.43785 +0.1180)
1) - 0.001836(1+ 2" )
(1-1.49927" +0.848222 1 -1.55482" +0.64932 2 )

(b) Impulse invariance:
Ans:

Nt HE = 003834
(s> +0.1755 + 0.391)s? +0.4235 +0.11)
~0.083-0.0245z""  0.083+0.0238z""

H(z) =

-1 -2 + -1 -2
1-1.49z" +0.839z 1-1.56z"" +0.655z
4. Use the backward difference for the derivative to convert the analog low pass filter with
system function.
1
H(s) =
s+2

H(Z)=#

-1
Ans: 3-z
5. For the analog transfer function determine H(z) using impulse invariant technique.

Assume T=1sec.

1 0.2326z""
IR H(z) = 5 =
(s+1)(s+2) Ans: 1-0.5032z7" +0.04982 [May/Jue-2016]

6. Determine H(z) using the impulse invariant technique for the analog transfer function.

1
H(s)= (s + 0.5)(52 +0.5s + 2)

H(s) =

Ans:

H(z)

_ 0.5 05 1 O.}13852 | +0.0898 0.7663z
1-0.6065z 1+0.277z7 +0.606z

1-0.277z" +0.606z

|



1

7. Using bilinear transformation obtain H (z) if (s+ 1)2 and T=0.1s.
-1\2
H(z) = 0.0476(1+ z 1)2
Ans: (1-0.9048z7")
Convert the analog filter with system function H(s) = LOZI into a
8 (s+0.D)" +9

digital IIR filter using bilinear transformation. The digital filter should have a

Vs
resonant frequency of or = Z [Nov/Dec-2015]

1+0.027z7' —=0.973z

H(z) = = =
8.572-11.84z" +8.177z

9. A digital filter with a 3 dB bandwidth of 0.25x is to be designed from the

Qc

Use bilinear

analog filter whose system response is H(s)=

s+ Qc
transformation and obtain H(z). [Nov/Dec-15]
-1

H(z) = 1+z _

3414-1414z
gy g gy
1 @) O
i Prove that Qc = — —= —
! 10" —1y2¥ (10« —1)2
Solution: T

) 1
G = m .
[9) by comparing
1+ a N 2N
c Q 2 Q
1 1+ Q_ =1l+¢ Q_
weknow|H(jQ)|2 = c P



1
—0 (1()0'1&" _1)%/\, [100'1% —I}AN

10" 1
Q = 2
c 0la, VAN
(10 1)
Q Q
thus Qc = P

0% 1 (gt _ 1y

Q 2N
where(Q—pl =10""% —1

c

Q Q
there fore Q_ = — —= L
(100‘1% —l)é g%\,

Q i 100.10{ 1
and| — =— —
Q, 107 —1

0.l %N
Q,-0, | r—
10777 —-1
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