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Joint probability distribution function for continuous random variables X &Y

The joint probability distribution function of a two dimension as random variables

( X,Y) is denoted by Fxy (x,y) and is given by

fxy (x,y) = 0 and f_oooo f_oooo fxy (x,y) dxdy = 1
Properties of joint Distribution Functions
1. F(—o0,y) =0 = F(x,0)and F(—,») =1

2P(a1 <X<b1’a2 <Y<b2 ):F(bl,bz )+F(a1,a2)—

F(Cay,by ) — F(by,a;)
Marginal probability density function

The marginal probability density function of the two random variables X and Y are

defined as follows
f) = fx() = [ fer(x,y)dy (Marginal pdf of X)

f) = fr) = I, fir( y)dx (Marginal pdf of Y)
Problems under Marginal Density function

1. The bivariate random variable X and Y has the pdf f(x,y) =

K x*(8—1y),x <y <2x0 < x < 2.Find the value of K.

Solution:
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We know that if £ (x,y) isapdfthen [~ [~ fiy (x,¥) dxdy =1

= foz fxz Kx*(8—y)dxdy =1

2

= Kfozx2 (8y —y?)ix dx =1

2\ 2X

=>Kf02x2(16x—%—8x+x7) dx =1
X

2 45 2X
= K [ (162 = 2x* = 83 +"7)x dx = 1

x4

= K f7 (82 - T)ix dx =1

2
8x* 3x°
=>K[————— ]
4 2 51g

:>K[32—4—f]=1

=>1<(—)=1 SK=—

2. The joint pdf of R.V X and Y is given by f(x,y) = Kxye "+ x >

0,y > 0. Find the value of K and prove also that X and 'Y are independent.
Solution:

We know that if £ (x,y) isap.df then [ [* fiy (x,y) dxdy =1

Here f(x,y) = Kxye @™+ x >0,y >0

We know that fooo fooo Kxye~@*+¥*) dydx = 1
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= fooo fooo Kxye ™ e™ dydx = 1
= Kfoooye‘yzdy Iy xe ™ dx =1
S>K-=1=>K=4
To prove X and Y are independent we have to prove that f(x).f(y) = f(x,y)
Now, f(x) = fx() = [, fx)dy
= fooo Kxye™@*+y%) dy
= dxe™*" fooo ye Vidy
-t ()
= 2xe‘x2,x >0
Similarly f(y) = fy(y) = 2ye™",y >0
Now, f(x).f(y) = 2xe™*" Zye‘y2
=, 4xye‘x2e‘3’2
— 4xye—(x2+y2)
=fxy)

~ X and Y are independent.
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3. The joint probability density function of a two dimensional random variable
2

(X,Y) is given by f(x,y) = xy* +-,0 < x < 2,0 <y < 1 Compute

. 1 .. 1 .

(|)P(X >1)Y < E) (ii) P (Y <Z/X> 1) ({DP(X <Y) (iv)P(X+Y <1)

Solution:

Given f(x,y) = xy? +x7:,0 <=x<20<y<l1

1\ P(x>1v<s)
Now P(X>1/Y<E)_ P(Y—<%)2

i %2 2 X
= [22(ey? 4 Sddy
% %xzyz X3,
= [ee—+5)idy
"~ o, y2 1
o 1)
S o1 oy
= 2(2y* + - — < — =) dy
oy V7 _ 5
SR reLedt

>P(X>1/r <)==

1 2 5 xZ
P(Y<3)=Jz [, (xy* + 7 )dxdy
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P(X> 1) = [ [A(ey? + L)dxdy

1 24,2 3
= [, G- +3pidy

= Iy (3%2""%) &y

_ [3y3 7y]1 _ 19

23  24lg 24

P(X>1Y<3)

i) P(x>1/v<3)=

P(Y<3)

24 6
by < L1 1 | P(r<zX>1) _ s
(i) ( <§/ > )_ P(X>1) BT T

(i) PCX < ¥) = [} [2(ey? +5)dady

24

5

19
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. 1x2y2 x3 y
_f()( 2 +Z Ody

4

- fol (y7+§) dy

5 471
y y _ 53
+

_[10 96l 480

(iVPX+Y<1)= fol fol_y(xy2 + %)dxdy

1,x%2y2  x3 1-
= (G + ) dy

_ ol a-y)*y* ., a-y)?
o fO( 2 T 24 )dy

_ fol ((1-3/)23/2 n (1—y)3) dy

2 24
1/1 1
= [ GO*+y =2y + (A -)?)dy

1
1.y3  y5 2yt 1 (A-»)*\ _ 13
=—(—+———)é+—— =—
23 5 4 24\ -4 /o 480

e 0<xy< o

4. The joint density function of X and Y'is f(x,y) = { -
0 otherwise

Are X and Y independent. Find () P(X < 1) () P(X + Y < 1)

Solution:

) —(x+y)
Given f(x,y) = {e 0=xys oo
0 otherwise
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The Marginal pdf of X is fy(x) = f(x) = [ f(x,y)dy

= f0°° e~ gy
= e™* foooe‘y dy
= =g
—e *[0+1]=e7*
Marginal pdf of ‘x*is f(x) = e™*
The Marginal pdfof Y is £, () = f(») = [ f(x,y)dx
& f0°° e~ O+ dy
= e foooe‘x dx
= e[ g
=e’[0+1] = e
Marginal pdf of ‘Y’ is f(y) = e™”
Now f(x).f(y) = e *.e ¥ = e *tY)
But f(x,y) = e-**¥)

s feoy) =f0).f()

Hence X and Y ae independent.
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. _ 1 poco _ +
HP(Xx<1)= [ [~e ™ dydx

e_y

= fol e ™ [_—1]: dx

= fol e [%] dx

=—e1+e’=1-— ¢!

() PX+Y<1)= [ [T e & dydx

I
1 _,. e
=fex[— dx
0 =11p

1
I
—
D

|
[ay
=
+
D
|
b
[—
or
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5. If the joint pdf of X and Y is given by f(x,y) =

1
{5(6—x—y) 0<x<22<y<% rindthevalueof P (X<1nY <
0 otherwise

3) () P(X<1/Y<3)
Solution:
We know that (DP (X <1 nY <3)=[ [’f(xy) dydx

PP )\

2

1'% 1,1 y 3
= S Jol6y =xy ==]3 dx

= ~[{(18-3x— ) — (12-2x — D} dx

— %J«Ol 7—22x)d

= Sl7x= 2= ==3
SP(X<1NY<3)=- ()
(i) P(X <1/<3)= % Q)

= [} [} (6—x—y)dydx
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2

1,2 Y713

= 226y —xy - 213 dx

= 1218 —-3x— ) — (12— 2x— 2)}d
= 1218 -3x— D)~ (12— 2x— 2)}dx

1 02 9
=§f0(8—x—5)dx

16—-9

= SfH(=2) —x}dx

= U G=0d] = sGx -0 = 3

“P(Y<3)==2  ...(3

Substituting (1) and (3) in (2) weget P(X <1/Y <3) =

o | uifoo | w
I
Ul w

6. If the joint distribution function of X and Y is given by f(x,y) =

e ) (1 — e~
{(1 e ) —e) forx >0,y >0 ring the marginal densities of X

0 otherwise

and Y.

(if) Are X and Y independent? (ii)P(1 < X<3,1<Y<2)
Solution:

Given f(x,y) =(1—e™®)(1—-e™?)

=1—e*—e ™V +e ¥V
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The joint pdf is given by f(x,y) = _a:c(z;;y)
62
0x0dy

[1— e™*—e™¥ +e )]

=5 [e7Y + =] =0 + =)
O0x

1—-e®@A—-e?) forx>0,y>0
0 otherwise

S flxy) = {

flx,y) = e” W)

The marginal pdf of X is fyy =) = [ flx,y)dy

fooo e_(x+Y)dy
= [—e G
Ser A e ale .. (D)

The marginal pdf of Yis fyy = f() = [ f(xy)dy

— [P ,—(x+y)

=J, € dx

= [~e~ @

=——e P+ e V=17 ... (2

(if) From (1) and (2) we get

fO).fy) = e¥e™ = e”") = f(x,y)
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Hence X and Y are independent.

([i)P(1 <X <3,1<Y<2)=PLl<X<3).PA<Y <2

(Since X and Y are independent)




