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2.4 Derivatives of Implicit Functions:
If x and y are connected by a relation f(x,y) = c, then it may not be
possible to express y as a single valued function of x explicitly. Such a function are called

as implicit function. However such functions can be differentiated both side of the
equation with respect to x and then solve the resulting equation for %.
Example:

Find % for the following functions:

a) x2+xy—-y*=4 b)x3+y3+3axy=a c) x?y% + xsiny = 4
Solution:

a) x2+xy—y?=4

Differentiating with respect to x

2x+x—+y 2y =0

(x - 2y);=—2x =Y

dy _ —(2x+y)

dx x—=2y
b) x3+y3+3axy=a
Differentiating with respect to x

3x? +3y +3axd—+3ay 0

(3y2 + 3ax) 2 = —3x2% - 3ay

dy _ -3x%2-3ay
dx 3y2+3ax

c) x2y?+xsiny=4
Differentiating with respect to x
xz.ZyZ—i’ + 2xy? + x.cos yZ—z +siny =0
(2x%y + xcos y) Z—i’ = —2xy% —siny

day _ [2xy2+siny]

dx 2x2y+xcosy
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Example :

d? d
24y | x4y =0

— 2
If xy = ¢ then show that x* -5 + —=—y =

Solution:
Given, xy = ¢?

Differentiating with respect to x,

dy

x—=+y=0

dx y
dy _ -y
dx X

Derivatives of Logarithmic Functions:

1
x logea

d
a (logax) =

d 1
L (logex) =1

X
d _ldu
— (logeu) = ——
d 1
—loge |x| =~
4 (b =
—(@”)=0
2 [a9 @] = a9@[log,a] ¢'()

Example :

e}

Fmd%ﬁ,(@y:xxany:ﬂ“xayﬂ:yx(my:xﬂ" (e) x¥ = e*Y

Solution:
(@) y =x*
Taking logarithms on both sides
Log y = log x*
Logy=xlog x
Differentiating with respect to x
= iz—z = xi +log x

dy _
=— =y (1 + logx)
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(b) y = xC05*
Taking logarithms on both sides
logy =log x¢°5*
logy =cos x log x

Differentiating with respect to x

1dy 1 .
= ——=0S X — + log X (- sin X)
y dx X

:Z—zzy[wjx—sinxlog X]
dy _ cos x—x sin x log x
= —= xcosx[ = ]
(€) x¥ =y~

Taking logarithms on both sides
Differentiating with respect to x

ylogx = xlogy
=>y§+|ogx Z—izx%i—zﬂogy
:Z—i(logx-%):logy-i
N Z_j: (y log x—x) h xlog y—-y

y x

- W _y&xlogy—y)
dx x ((ylog x—x)

@y =x""
>y = xY
Taking log on both sides

Logy = ylogx
Differentiating with respect to x
1dy _

=22 -ylijogx
y dx yx 9 dx

NGEDES

1-ylog x\ d
:>( y g)_yzz
hY% dx x
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y__ y

dx "~ x(1-y 0g %)
(e) x¥Y =e*™”
Taking log on both sides
ylogx = (x — y)loge
ylogx = x-y
y(logx +1) = x

=2Yy=

a 1+log x

dy _ (+log D)(D)=x ()
dx (1+log x)

ay _ log x
dx (1+log x)?

Exercise

1. Find % for the following implicit functions

N 2 + v2 = g2 LAy _-x
()x“+y“=a Ans.dx Y

(ii)x2+y2+2gx + 2fy + ¢ = 0 Ans: & = X9

dx y+f

_ B T
(iliycosx + siny = a AnNs: =
. 5 i

=—a+ y 4y _
(IV) y-arxe Ans dx 1-—xeY

: ; dy _ —(siny+
(V)xsiny + ysinx = ¢ Ans: & = S@iny+y cos x)

dx (x cos y+sin x)

2. Find y~ by implicit differentiation

(i) x3+y3=1 Ans:y” ==

.. rr 1
(i)xy+e¥Y=eat x = 0 Ans:y ==

(iii) y? = x% + 2x Ans:y"=[y2_y(—f+1)2
3.Find y ‘using logarithmic differentiation

i)y = 1031 Ans: y' =3[103*71] log, 10
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(ii) y = (sin x)* Ans: y' = (sin x)* [x cot X + log sin X]
(i) y = xS * Ans: y' = (sin x)* [Si% + log X cos X]

sin x (log sin y)+cos y cot x

. . COSY = (i cos x syl =
(iv) (sin x) (siny) Ans: y sin y (log sin x)+cos x cot y
0 2
_ ] (sin x)(sinx)' ! — y“©cotx
(V) y (Sln x) ANS: y 1-ylog sin x

Differentiation of parametric functions:
Sometimes x and y are both expressed in terms of a third variable, usually called a

parameter.

dy
B 4 dy _ ac _dydt
Ifx = fi(handy = fo(t), then —== CERRPTIE

Example
Find %if (@)x = acos0,y = bsinf (b)x = acos30,y = asin36

(c)x = logt + sint,y = e' + cost

dx =a(@ + sinB),y = a(1- cos0)
Solution:

(@) x = acosf,y = bsiné

X = acosb y = bsinf

dx

) d
= —asin8Z = bcos O
de de

(b) x = acos®0,y = asin®6
x = acos30 y = asin36

dx . da ,
== 3acos? 0 (- sin 0) ﬁ =3 asin?0 cos O

d
dy _ d_(}-)l _ 3acos? 0 (- sin 8)

dx % 3 asin20 cos O
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_ —sin®

cos 0

= —tan 0
(c)x = logt + sint,y = et + cost

x = logt + sint y = e + cost

dx 1 d .
2 =Z+cost Y =et _sint
40 ¢ )

dy 1
d_y_ E _?+COSt

dx % et_sint
do

dx =a((@ + sinf),y = a(1- cosH)
x =a(@ +sinf) y=a(l-cosH)

dx dy

— 1+ —_— 1

m a(l+cos0) 5 asin®
dy

dy _ gg _a(l+cosb)

dx 4 asin 0
dae

d 0

_y:tan_

dx 2

Differentiation for hyperbolic and inverse hyperbolic functions

Formulae:
Sin hx = 22 cos hx = £
Hyperbolic Identities:
sinh (—x) = —sin hx; cosh (—x) = coshx ;cosh?x — sinh?x = 1

Derivatives of hyperbolic functions

d , . d :
— (sin hx) = cos hx — (cos hx) = sin hx

dx dx

d d

— (tan hx) = sech®x — (cot hx) = — cosec h®x

dx dx

d d

= (cosec hx) = — cosec hc cot hx = (sec hx) = —sec hx tan hx

Derivatives of inverse hyperbolic functions
1

2 (sinh~1x) = 4 1) =_1
— (sinh™'x) = — (cos h™'x)

V1i+x2 VxZ-1
d TR d gy 1
— (tan h™X) — — (cot h™"x) —
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1
[x|Vx2+1

1
xV1—x2

i -1 = i -1 =
— (cosec™x) — (sec h™x)

Example
Find the derivatives for the following functions
a) f(x) =xsin hx - cos hx
b) f(x) =sin h (sox hx)
c) f(x) = eXos h3x
Solution:
a) f(x) = xsinhx - cos hx
f'(x) =x coshx + sin hx - sin hx

f'(x) =x coshx

b) f(x)
f'(x) =cos h (coshx) x sin hx
f'(x) = sin hxcosh(coshx)

¢) f(x)=eXosh3x
f'(x)= e*°sh3% (3 sin h3x)
f'(x)=3 sin 3x e*osh3x

Example

sin h (cos hx)

Find the derivatives of the following inverse functions
a) f(x) = tan h~Wx
b) f(x) = tan~! (tan hx)
¢) f(X) = tan h™1(sin x)
Solution:

a) f(x)=tan h \x

Mo)=— L 1
f (x) T 1- (Vx)2 2vx
1

o)==
b) f(x) =tan™! (tan hx)
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1

/ — 2
f (x) " 1+ tan h2x sec h” x
, _ 1-tan h?x
f (x) " 1+ tan h2x
¢) f(x) = tan h™1(sin x)
, _ 1 _ cosx
f (x) T 1- (sin x)2 cosx = 1-sin?x
, _cosx
f (x) "~ cos?x
f'(x)=secx

Exercise

1. Find the derivatives for the following parametric functions:

N x = aqt? v= ( Cig
(i) x =at°, y =2at Ans.dx—t
i) x = _— ST
(i)x=ct, y=- Ansi<S=ts
(ii) x = a(cosf + Bsinf)y = a(sinf — BcosB) AnNs: L — tand
y dx

(iv) x = asecl ,y = btan6 Ans: Z—z = Zcosece
(V) x = acos?8,y = bsin?8 Ans: & =_2

dx a

2. Find the derivatives for the following hyperbolic functions:

(i) y = log(coshx) Ans: Z_Z = tanhx
(i) y = sech?(e") Ans: 2—3; = —2sech?(eY)tanh(e’)et
(iii) y = tanh(1 + e%¥) Ans: Z—z = 2e**sech?(1 + e?¥)

3. Find the derivatives for the following inverse hyperbolic functions:

(i) y = cosh™\/x Ans: 2 = 1

dx 2 x(x—1)

= _ -1 x . d_y __secx
(ii) y = tanh (tan 2) AnNs: =
(iii) y = sech V1 — x2 Ans: & = 1

dx 1—x2
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