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PROPERTIES OF LAPLACE TRANSFORM

1. Linearity:
Statement:

L L .
If x1(t) < X, (s) with a region of convergence denoted as Ry
L : :
andx, (t) <> X, (s) with a region of convergence denoted as R,

c
then ax; (t) + bx,(t) © aX;(s) + bX,(s). with ROC containing R; N R,
Proof:

L{z(t)} = L{ax,(t) + bx,(t)} = j{axl (t) + bx,(t)}etdt

=@ f_mm x.(t)e stdt + b f_cl x,(t)e stdt

= aX;(s) + bX,(s)
2. Time Shifting:
Statement:
If x(t) < X(s)with ROC=R
then x(t — 1) & e "X (s)with ROC=R

Proof:
Lix(t— 1)} = j x(t —1)e "tdt
Let t-1=p :

= [* x(p)e—®*Ddt

=" T I x(p)e Pdt

—C0o

= B it
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3. Shifting in s-Domain:
Startement:
L . -
If x(t) « X(s) with ROC=R

£L
then e®*ofx(t) & X(s —s,) with ROC=R+Re{s,}
Proof:

oo

Llesotx(t)} = f esotx()e— dt

— o0

= f'_); x(t)e (s=so)tdt

— X5 —s )
4. TimeScaling:
Statement:

If x(t) < X(s) with ROC=R

L g .
then x(at) « l%.!{ (E) with ROC=R;=aR
Proof:
Case 1: For a=0:

L{x(at)} = j x(at)e "tdt

—C0

Using the substitution of A=at; dt=ad/

=117 xe raz

Case 2: Fora<=0:

L{x(at)} = j x(at)e tdt

Using the substitution of A=at; dt=ad/
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£

= 117 xe O an

20

L L :
Combining the two cases. we get x(at) < ﬁ){ G) with ROC=R;=aR
5. Conjugation:
Statement:

L
If x(t) «<» X(s) with ROC=R
L
then x*(t) & X*(s*) with ROC=R

Proof:
L (6)} = j x*(t)e—tdt
S=otjw i

= E; it)e Bt

o &

= ( J’:ac:(t)e_“‘tef“"t dt)

oo *

= ( fx(t)e_(“_f“}tdt)

—0oD

D ¥

= ( j x(t)e_{s*:}tdt)

—C0

= (X(s9) =x"(s)
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6. Convolution Property:
Statement:

L
If x;(t) © X;(s) with ROC = R4
L
andx;(t) <> X, (s) with ROC = R,

£
then x; (t) * x5(t) < X;(s). X, (s). with ROC containing R; N R,
Proof:

L{z(1)} = L{x1 (1) * x2(1)} = f {1 (t) * x2 (D) Je ™" dt

= 2 {7 x1(@)x,(t — 1)dr} et dt

el = f xl(’r){ j xz(t—r)e_“dt{dr

—C0 — o0

= [Z x,(D{e~"X,(s)} dr
= X, (s) j x1(1)e 5" dt

= X1(3)-X2 (s)
7. Differentiation in the Time Domain:
Statement:

If x(t) <> X(s) with ROC=R

L ; "
then dZ—Eﬂ & s X(s) with ROC containing R

Proof:
Inverse Laplace transform is given by
F+joo
x(t) iy X(s)etds
2mj

g—joo
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Differentiating above on both sides with respect to ‘t’

g+joo
dx(t) 1 P
T f {sX(s)}e"tds
g—joo

Comparing both equations s X(s) is the Laplace transform of & i 2

8. Differentiation in the s-Domain:

Statement:

L
If x(t) « X( s’) with ROC=R
( )

then —tx (t)

Proof:
Laplace transform is given by

X(s) = j x(t)e *tdt

—C0

Differentiating above on both sideswith respect to ‘s’

dX(s)

f{ tx(t)}e"tdt

dX (s)
ds

9. Integration in the Time Domain:
Statement:

L
If x(t) < X(s) with ROC=R
L
then f; x(T)dt v:—}fX (s) with ROC containing RN{Re{s} > 0}
Proof:

j_ x(t)dt = x(t) * u(t)
L { | x(r)dr} = £{x(®) * u(®)} = X().Lu(®)} = X ()=
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10. The Initial and Final Value Theorems:

Statement:

d ; g
If x(t) and % are Laplace transformable. and under the specific constraints that
x()=0 for t<0 containing no mmpulses at the origin.one can directly calculate. from the

Laplace transform, the initial value x(07). i.e.. x(t) as t approaches zero from positive
values of t. Specifically the initial -value theorem states that
x(0") = lim sX(s)
5—»00

Also. if x(1)=0 for t<0 and. in addition. x(t) has a finite limit as t—o, then the final-
value theorem says that

li t) =limsX

Ll



