
ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA3303 PROBABILITY AND COMPLEX FUNCTIONS 

 

Central limit theorem 

Statement 

Let 𝒙𝟏, 𝒙𝟐, . . . , 𝒙𝒏 are n independent identically distributed random variables with 

same mean 𝝁 and standard deviation 𝝈 and if 𝒙̅ =
𝟏

𝒏
∑ 𝒙𝒊

𝒏
𝒊=𝟏 , then the variate 𝒛 =

𝑿̅−𝝁

𝝈/√𝒏
 has a distribution that approaches the standard normal distribution an 𝒏 →

∞ provided the MGF of 𝒙𝒊 exist. 

Proof: 

MGF of 𝑧 about origin is 𝑀𝑋(𝑡) = 𝐸(𝑒𝑡𝑧) 

                                                     = 𝐸 [𝑒
𝑡(

𝑋̅−𝜇

𝜎/√𝑛
)
] 

                                                     = 𝐸 [𝑒
√𝑛𝑡

𝜎
(𝑋̅−𝜇)

] 

                                                      = 𝐸 [𝑒
𝑋̅√𝑛𝑡

𝜎 𝑒−
𝜇√𝑛𝑡

𝜎 ] 

                                                       = 𝑒−
𝜇√𝑛𝑡

𝜎 𝐸 [𝑒
𝑋̅√𝑛𝑡

𝜎 ] 

                                                       = 𝑒−
𝜇√𝑛𝑡

𝜎 𝐸 [𝑒
√𝑛𝑡

𝜎
 
1

𝑛
(𝒙𝟏+ 𝒙𝟐+ ...+ 𝒙𝒏)

]  
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                                                        = 𝑒−
𝜇√𝑛𝑡

𝜎 𝐸 (𝑒
𝑡𝑥1
𝜎√𝑛) 𝐸 (𝑒

𝑡𝑥2
𝜎√𝑛) . . . 𝐸 (𝑒

𝑡𝑥𝑛
𝜎√𝑛) 

                                                         = 𝑒−
𝜇√𝑛𝑡

𝜎 {𝑀𝑋 (
𝑡

𝜎√𝑛
)}

𝑛
  

Taking log on both sides  

 𝑙𝑜𝑔𝑀𝑧(𝑡) = 𝑙𝑜𝑔𝑒−
𝜇√𝑛𝑡

𝜎 + 𝑙𝑜𝑔 {𝑀𝑋 (
𝑡

𝜎√𝑛
)}

𝑛
 

                 =
−𝜇𝑡√𝑛

𝜎
+ 𝑛𝑙𝑜𝑔𝑀𝑋 (

𝑡

𝜎√𝑛
) 

                 =
−𝜇𝑡√𝑛

𝜎
+ 𝑛𝑙𝑜𝑔𝐸 (𝑒

𝑡𝑋

𝜎√𝑛)  

                 =
−𝜇𝑡√𝑛

𝜎
+ 𝑛𝑙𝑜𝑔 [𝐸 (1 +

𝑡𝑥

𝜎√𝑛

1!
+

(
𝑡𝑥

𝜎√𝑛
)

2

2!
+. . . )]     𝜇  

                 =
−𝜇𝑡√𝑛

𝜎
+ 𝑛𝑙𝑜𝑔 [𝐸 (1 +

𝑡𝑥

𝜎√𝑛
+

1

2!

𝑡2𝑥2

𝜎2𝑛
+. . . )] 

                =
−𝜇𝑡√𝑛

𝜎
+ 𝑛𝑙𝑜𝑔 [1 +

𝑡𝑥

𝜎√𝑛
𝐸(𝑥) +

1

2!

𝑡2𝑥2

𝜎2𝑛
𝐸(𝑥2)+. . . ] 

                =
−𝜇𝑡√𝑛

𝜎
+ 𝑛𝑙𝑜𝑔 [1 +

𝑡𝑥

𝜎√𝑛
𝜇1

′ +
1

2!

𝑡2𝑥2

𝜎2𝑛
𝜇2

′+. . . ] 
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                =
−𝜇𝑡√𝑛

𝜎
+ 𝑛 [(

𝑡𝑥

𝜎√𝑛
𝜇1

′ +
1

2!

𝑡2𝑥2

𝜎2𝑛
𝜇2

′+. . . ) −
1

2
(

𝑡𝑥

𝜎√𝑛
𝜇1

′ +

1

2!

𝑡2𝑥2

𝜎2𝑛
𝜇2

′+. . . )
2

+ . . . ] 

=
−𝜇𝑡√𝑛

𝜎
+

𝜇1
′𝑡√𝑛

𝜎
+

𝜇2
′𝑡2

2!𝜎
+ . . . −

(𝜇1
′)2𝑡2

2𝜎2
 + terms containing “𝑛” in the denominator 

Put 𝜇 = 𝜇1
′ 

=
−𝜇1

′𝑡√𝑛

𝜎
+

𝜇1
′𝑡√𝑛

𝜎
+

𝜇2
′𝑡2

2!𝜎
+ . . . −

(𝜇1
′)2𝑡2

2𝜎2
 + terms containing “𝑛” in the denominator 

 =
𝑡2

2𝜎2
(𝜇2

′ − (𝜇1
′)2) + terms containing “𝑛” in the denominator 

 =
𝑡2

2𝜎2
𝜎2 + terms containing “𝑛” in the denominator 

𝑙𝑜𝑔𝑀𝑧(𝑡) =
𝑡2

2
 + terms containing “𝑛” in the denominator 

Letting 𝑛 → ∞, 𝑙𝑜𝑔𝑀𝑧(𝑡) =
𝑡2

2
 

 ⇒ 𝑀𝑧(𝑡) = 𝑒
𝑡2

2  = MGF of 𝑁(0, 1) 

Hence 𝑧 follows standard normal distribution as 𝑛 → ∞ 

Standard Normal Distribution 
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Let 𝑧 =
𝑋−𝜇

𝜎
, z follows normal distribution with mean 0 and variance 1, then z follows 

standard normal distribution. 

Problems on Central limit theorem 

1. If 𝑿𝟏, 𝑿𝟐, . . . , 𝑿𝒏 are Poisson variables with parameter 𝝀 = 𝟐, use central limit 

theorem to estimate 𝑷(𝟏𝟐𝟎 < 𝑺𝒏 < 𝟏𝟔𝟎) where 𝑺𝒏 = 𝑿𝟏 + 𝑿𝟐+ . . . + 𝑿𝒏 and 𝒏 =

 𝟕𝟓 

Solution: 

To find mean and variance  

Given mean = 2 

Variance = 2 

(For Poisson distribution Mean = variance = 𝜆 

To find 𝒏𝝁 and 𝒏𝝈𝟐 

 𝑛𝜇 = 75 × 2 = 150 

 𝑛𝜎2 = 75 × 2 = 150 

 𝜎√𝑛 = √150 
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Application of central limit theorem 

 𝑆𝑛~𝑁(𝑛𝜇, 𝜎√𝑛 ) 

 ~𝑁(150, √150 ) 

To find 𝑷(𝟏𝟐𝟎 < 𝑺𝒏 < 𝟏𝟔𝟎) 

Let 𝑧 =
𝑆𝑛−𝑛𝜇

𝜎√𝑛
 

         =
𝑆𝑛−150

√150
 

If 𝑆𝑛 = 120 

         𝑧 =
120−150

√150
= −2.45 

If 𝑆𝑛 = 160 

         𝑧 =
160−150

√150
= 0.85 

 𝑃(120 < 𝑆𝑛 < 160) = 𝑃 (
𝑆𝑛−150

√150
≤ 𝑧 ≤

𝑆𝑛+150

√150
) 

                                    = 𝑃(−2.45 ≤ 𝑧 ≤ 0.85) 

                                    = 𝑃(−2.45 ≤ 𝑧 ≤ 0) + 𝑃(0 ≤ 𝑧 ≤ 0.85)   
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                                      = 0.4927 + 0.2939 = 0.7866 

2. Let 𝑿𝟏, 𝑿𝟐, . . . , 𝑿𝒏 be independent identically distributed random variable 

variables with mean  = 2 and variance = ¼ . Find 𝑷(𝟏𝟗𝟐 < 𝑿𝟏 + 𝑿𝟐+ . . . + 𝑿𝒏 <

𝟐𝟏𝟎)  

Solution: 

To find mean and variance  

Given mean = 2 

Variance = ¼ ,  𝑛 =  4 

To find 𝒏𝝁 and 𝒏𝝈𝟐 

 𝑛𝜇 = 100 × 2 = 200 

 𝑛𝜎2 = 100 × 1/4 = 25 

 𝜎√𝑛 = 5 

Application of central limit theorem 

 𝑆𝑛~𝑁(𝑛𝜇, 𝜎√𝑛 ) ~𝑁(200, 5 ) 

To find 𝑷(𝟏𝟗𝟐 < 𝑺𝒏 < 𝟐𝟏𝟎) 
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Let 𝑧 =
𝑆𝑛−𝑛𝜇

𝜎√𝑛
 

           =
𝑆𝑛−200

5
 

If 𝑆𝑛 = 192 

         𝑧 =
192−200

5
= −1.6 

If 𝑆𝑛 = 210 

         𝑧 =
210−200

5
= 2 

 𝑃(192 < 𝑆𝑛 < 210) = 𝑃 (
𝑆𝑛−200

5
≤ 𝑧 ≤

𝑆𝑛+200

5
) 

                                    = 𝑃(−1.6 ≤ 𝑧 ≤ 2) 

                                     = 𝑃(−1.6 ≤ 𝑧 ≤ 0) + 𝑃(0 ≤ 𝑧 ≤ 2)   

                                      = 0.4452 + 0.4772 = 0.9224 

3. The resistors 𝒓𝟏, 𝒓𝟐, 𝒓𝟑 and 𝒓𝟒 are independent random variables and is 

uniform in the interval (𝟒𝟓𝟎, 𝟓𝟓𝟎). Using the central limit theorem, find 

𝑷(𝟏𝟗𝟎𝟎 < 𝒓𝟏 + 𝒓𝟐 + 𝒓𝟑 + 𝒓𝟒 < 𝟐𝟏𝟎𝟎) 

Solution: 
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To find mean and variance  

A random variable 𝑋 is said to have uniform distribution on the interval (𝑎, 𝑏) if its 

probability density function is given by  

 𝑓(𝑥) =  
1

𝑏−𝑎
, 𝑎 < 𝑥 < 𝑏 

Mean =
𝑎+𝑏

2
 , Variance =

(𝑏−𝑎)2

12
 

Mean =
450+550

2
= 500 

Variance =
(550−450)2

12
= 833.33, 𝑛 =  4 

To find 𝒏𝝁 and 𝒏𝝈𝟐 

 𝑛𝜇 = 4 × 500 = 2000 

 𝑛𝜎2 = 4 × 833.33 = 25 

 𝜎√𝑛 = 2√833.33 = 57.73 

Application of central limit theorem 

 𝑆𝑛~𝑁(𝑛𝜇, 𝜎√𝑛 ) 

 ~𝑁(200, 57.73 ) 
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To find 𝑷(𝟏𝟗𝟎𝟎 < 𝑺𝒏 < 𝟐𝟏𝟎𝟎) 

Let 𝑧 =
𝑆𝑛−𝑛𝜇

𝜎√𝑛
 

         =
𝑆𝑛−2000

57.73
 

If 𝑆𝑛 = 1900 

         𝑧 =
1900−2000

57.73
= −1.73 

If 𝑆𝑛 = 2100 

         𝑧 =
2100−2000

57.73
= 1.73 

 𝑃(1900 < 𝑆𝑛 < 2100) = 𝑃 (
𝑆𝑛−2000

57.73
≤ 𝑧 ≤

𝑆𝑛+2000

57.73
) 

                                    = 𝑃(−1.73 ≤ 𝑧 ≤ 1.73)                     

                                    = 𝑃(−1.73 ≤ 𝑧 ≤ 0) + 𝑃(0 ≤ 𝑧 ≤ 1.73)   

                                    = 2 × 𝑃(0 ≤ 𝑧 ≤ 1.73)  

                                    = 2 × 0.4582 = 0.9164 
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4. If 𝒙𝒊, 𝒊 = 𝟏, 𝟐, . . . , 𝟓𝟎 are independent random variables each having a Poisson 

distribution with parameter 𝝀 = 𝟎. 𝟎𝟑 and 𝑺𝒏 = 𝑿𝟏 + 𝑿𝟐+ . . . + 𝑿𝒏 evaluate 

𝑷(𝑺𝒏 ≥ 𝟑) 

Solution: 

To find mean and variance  

Given mean = 0.03 

Variance = 0.03 ,  𝑛 =  4 

To find 𝒏𝝁 and 𝒏𝝈𝟐 

 𝑛𝜇 = 50 × 0.03 = 1.5 

 𝑛𝜎2 = 50 × 0.03 = 1.5 

 𝜎√𝑛 = √1.5 

Application of central limit theorem 

 𝑆𝑛~𝑁(𝑛𝜇, 𝜎√𝑛 ) 

 ~𝑁(1.5, √1.5 ) 

To find 𝑷(𝑺𝒏 ≥ 𝟑) 
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Let 𝑧 =
𝑆𝑛−𝑛𝜇

𝜎√𝑛
 

           =
𝑆𝑛−1.5

√1.5
 

If 𝑆𝑛 = 3 

         𝑧 =
3−1.5

√1.5
= √1.5 

 𝑃(𝑆𝑛 ≥ 3) = 𝑃(𝑧 ≥ √1.5) 

                    = 𝑃(𝑧 ≥ 1.23) 

                   = 0.5 − 𝑃(𝑧 < 1.23)   

                   = 0.1112 

5. A coin is tossed 300 times. What is the probability that heads will appear more 

than 140 times and less than 150 times. 

Solution: 

To find mean and variance  

Let P be the probability of getting head in a single trial. 

 𝑝 =  
1

2
, 𝑞 = 1 −

1

2
=  

1

2
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Here 𝑛 =  300 

To find 𝒏𝒑 and 𝒏𝒑𝒒 

 mean =  𝑛𝑝 = 300 ×
1

2
= 150 

Variance =  𝑛𝑝𝑝 = 300 ×
1

2
×

1

2
= 75 

To find 𝑷(𝟏𝟒𝟎 < 𝑺𝒏 < 𝟏𝟓𝟎) 

Let 𝑧 =
𝑋−𝜇

𝜎
 

         =
𝑋−150

√75
 

If 𝑋 = 140 

         𝑧 =
140−150

√75
= −1.15 

If 𝑋 = 150 

         𝑧 =
150−150

√75
= 0 

 𝑃(140 < 𝑋 < 50) = 𝑃 (
𝑋−150

√75
≤ 𝑧 ≤

𝑋+150

√75
) 

                                    = 𝑃(−1.15 ≤ 𝑧 ≤ 0) 
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                                     = 𝑃(0 ≤ 𝑧 ≤ 1.15)   

                                    = 0.3749 

 

 

 

 


