UNIT -1

COMPLEX INTEGRATION
LINE INTEGRAL AND CONTOUR INTEGRAL

If f£(z) is a continuous function of the complex variable z = x + iy and C is any continuous curve
connecting two points A and B on the z — plane then the complex line integral of f(z) along C from Ato B is
denoted by [ f(z)dz
When C is simple closed curve, then the complex integral is also called as a contour integral and is denoted
as gSC f(z2)dz. The curve C is always take in the anticlockwise direction.

Note: If the direction of C is reversed (clockwise), the integral changes its sign

(ie)ji f@dz = - § )z

Standard theorems:
1. Cauchy’s Integral theorem (or) Cauchy’s Theorem (or) Cauchy’s Fundamental Theorem

Statement: If £(2) is analytic and its derivative f'(z) is continuous at all points inside and on a

simple closed curve C then QSC f(2)dz=0

2. Extension of Cauchy’s integral theorem (or) Cauchy’s theorem for multiply connected Region
Statement: If f(z) is analytic at all points inside and on a multiply connected region whose outer

boundary is C and inner boundaries are C;, C,, ..., C,, then

J;f(z)dz=£f(z)dz+fc f(z)dz+--~+fcf(z)dz

3. Cauchy’s integral formula
Statement: If f(z) is analytic inside and on a simple closed curve C of a simply connected region R

and if ‘a’ is any point interior to C, then

1 f(2)
M@ =53], 7=a®
(OR)

f f& dz = 2mi f(a),

. Z—a

the integration around C being taken in the positive direction.
4. Cauchy’s Integral formula for derivatives
Statement: If f(z) is analytic inside and on a simple closed curve C of a simply connected Region R

and if ‘a’ is any point interior to C, then

% dz = 2nif'(a)



f (Zf_(sz dz = 2mif"(a)

In general, fc %dz = 27Tif(n_1)(a)

Problems based on Cauchy’s Integral Theorem
Example: 4.1 Evaluate f03+izzdz along the line joining the points (0, 0) and (3, 1)
Solution:
Given f03+izzdz
Letz =x+ iy
Here z = 0 corresponds to (0, 0) and z = 3 + i corresponds to (3, 1)
The equation of the line joining (0, 0) and (3, 1) is
y = g = x =3y
Now z2dz = (x + iy)?(dx + idy)
= [x% — y% + i2xy][dx + idy]
= [(x? —y?) + i2xy][dx + idy]
= [(x? —y?)dx — 2xydy] + i[2xydx + (x? — y?)dy]
Since x = 3y = dx = 3dy
~ z%dz = [8y%(3dy) — 6y?dy] + i[18y2dy + 8y2dy]
= 18y%dy + i26y3dy

'

« [P 22dz = [ [18y? + i26y°]dy

=h8§+ﬂ6§k

=6+i%
Example: 4.2 Evaluate f02+i(x2 —iy)dz
Solution:

Letz=x+1iy

Here z = 0 corresponds to (0, 0) and z = 2 + i corresponds to (2, 1)
Now (x2 — iy)dz = (x? — iy)(dx + idy)

= x2dx +ydy) + i (x*dy — y dx)
Along the path y = x? = dy = 2xdx

o (2?2 —iy)dz = (x%dx + 2x3dx) + i(2x3dx — x?dx)

2+i 2 . _ 2 2 3 . 3 2
fo (x? —iy)dz = fo (x% + 2x¥)dx + i(2x3 — x?)dx



32, .16
=—+1—
3 3

1
Example: 4.3 Evaluate [ ez dz,where Cis |z| = 2
Solution:
1
Let f(z) = ez clearly f(z) is analytic inside and on C.

1
Hence, by Cauchy’s integral theorem we get fC ezdz =0

1
Example: 4.4 Evaluate | z’ezdz,where Cis |z| = 1
Solution:
Given[ z2el/?dz
c
ZZ
= fC e—1/z dZ
1
Dr=0 =z=0,Wegete o=e"* =0
z = 0 lies inside |z| = 1.
Cauchy’s Integral formula is
I, 7 el/?dz = 2mif (0) = 0
Example: 4.5 Evaluate [ L _dz whereCis|z| =1
c 2z-3
Solution:
Given [, ——dz
c 2z-3
Dr=0=22-3=0=2z=">
GivenCis|z| =1
3 3
=>|Z|==|E| =:E:> 1
Lz = % lies outside C

~ By Cauchy’s Integral theorem, fc Tl_gdz =0

Example: 4.6 Evaluate fc i—i where Cis |z| = 2
Solution:
Given | sz24
Dr=0=2z+4=0 =>2z=-4
GivenCis|z| =2
=z = |—4| = 4> 2

~ z = —4 lies outside C.

= By Cauchy’s Integral Theorem, | c ;—24 =0

2z
Example: 4.7 Evaluate fc ;sz, where C is |z| = %

Solution:



Dr=0 =>2z°4+1=0 = z=+i
GivenCis |z| ==

> |zl = |+il =1>
~Clearly both the points z = +i lies outside C.

2z

~ By Cauchy’s Integral Theorem, fC Zez 1

dz=0

Example: 4.8 Using Cauchy’s integral formula Evaluate f 3—

)(z
Solution:

+1
Given fc m dz

Dr=0 =2z=3,1
GivenCis|z| =2
~Clearly z = 1 lies inside C and z = 3 lies outside C

dz = [ ED/(=3 5
c

fC (z- 3)(2 £y (z-1)

~ By Cauchy’s Integral Theorem

dz,whereCis|z| =2

f. @ D/E3) 5, — 2mif (1) Where f(z) = g =>f) ==

1)
= 2mi(—1) = —2mi
Example: 4.9 Using Cauchy’s integral formula, evaluate [

|z| =

Solution:

. sinm z2+cosm z?2
Given fc oo

Dr=0 =2z=2,3
GivenCis |z| = 4

~Clearly z = 2 and 3 lies inside C.

. 1 A B
Consider, D3 72 + s

>1=A(z-3)+BZ=2)
Putz=-3 =1=8B
Putz=2 = —-1=4

) 1 1 1
o (z-2)(z-3) T z—2  z-3
; 2 2 2
sinmz“+cosmz sinmz?+cos mz? sinmz%+cosmz
J, Snrzeostsl gy, _ _f stmzlicosmsl g,y g shwtcosn? g,
c (z-2)(z-3) z—2 z-3

sinm z2 +cost 22
¢ (z-2)(z-3)

dz where C is the circle

= —2mif (2) + 2mi £(3) Where f(z) = sin(nz?) + cos wz?

= —-2mi(1) + 2mi(—1) f(2) =sin4m + cos4nr =1



= —4mi f(3) =sin9r +cos9Imr—1 = -1

Example: 4.10 Evaluate f Where Cisthecircle (i)|lz+1+i| =2 (iD))|z+1—-i| =2

z242z+45
(iii) |1z| = 1
Solution:

Given/[

2+22+5
Dr=0=22z*4+2z+5=0
—2+v2-20

2

>z=

>z=-1+4+2i

_ f (z+4) dz
¢ [z—(-1+2D)[z—(-1-20)]

:'J; 22+22+5
() |z+ 1+ i| = 2is the circle
When z = =1+ 2i,|—1+ 2i + 1 + i| = |3i| > 2 lies outside C.

Whenz =-1-2i,|-1-2i+1+i| =|—i|] <2 liesinside C.
=~ By Cauchy’s Integral formula
[(z+1)/(z=(=142D)] ;o .. . . Z+4
/. Pa— dz = 2mif (—1 — 2i) Where f(2) = ==
. [3-2i N —1-2i+4 _ 3-2i
= 2mi [__41] f(=1-2) = -1-2i+1-2i  —4i
=~(2i—3)
(i) |z + 1 —i| = 2 is the circle
Whenz = -1+ 2i,|-1+2i+1—i| =|i] <2liesinside C
Whenz = —-1—-2i,|-1—-2i+1—i| =|-3i| > 2 lies outside C
-~ By Cauchy’s Integral formula
(Z+D)/lz=(-1-20)] , o . . . _ z+a
fc o (C1e20] dz = 2mi f(—1+ 2i) Where f(z) = i
[3+2q N —142i+4 3421
=2m 4i f(=1+2) = —1420+1420 4l
=~ (3 +2i)

(iii)|z| = 1 is the circle
Whenz = =1+ 2i,1 — 1+ 2i| = v/5 > 1 lies outside C
When z = —1 — 2i,1 -1 — 2i| = /5 > 1 lies outside C
~ By Cauchy’s Integral theorem
fc zZ+4 dZ — 0

z242z+5

Example: 4.11 Using Cauchy’s integral formula, evaluate fc % dz where C is the circle

lz+1+i|l=2

Solution:



Given [

c 2+2z+4
Dr=0=22z4+2z4+4=0
oy = —2i\/24—16
z=-1+iV3
. f _ f (z+1 )dz
e z2+2z+4 z—(=1+iV3)|[z—(-1-iV3]

GivenCisIz+1+i|=2

Whenz = =1 —iV3,|-1— V3 + 1 +i| = |(1 — V3i)| < 2 lies inside C.

When z =

—1+4iV3+1+i| =i ++3i| > 2 lies outside C.
~ By Cauchy’s Integral Formula

(z+1)/[z ( 1+l\/—) _ , , _ z+1
fc [Z ( . l\/—)] = 2mi f(—l - l\/g) Where f(Z) = m
_ A 4 _C1-i3+1 VBi 1
= 2mi (2) - m f(-1-13) = —1-iV3+1-i3 = 23 2

z+1 .
) ~ dz = mi
C z<+2z+4

1 =1(@d|z+ 1| = 13iD|z—i| =1

Solution:

Given | zzild = [, ﬁ
Dr=0=>z=1,-1
(i) (z — 1) = 1isthe circle
Whenz =1,|1—-1| =0 < 1 liesinside C
When z = —1,|—1— 1| = 2 > 1 lies outside C

=~ By Cauchy’s Integral formula

2
[ #;;1_1) = (22 (+Z1)i)z+1 dz
= 2mif (1) where f(z) = T*f = f()=1
= 2mi(1)
= 2mi
(i)]z + 1| = 1 is the circle
Whenz =1,|1+ 1| =2 > 1 lies outside C
Whenz = —-1,|-1+ 1| = 0 < 1 lies inside C
=~ By Cauchy’s Integral formula
J, EEED 4y = omi f(-1) where f(z) = 22 = f(~1) = —

= 2mi(—1) = —2mi
(iii) |z — i] = 1 is the circle

When z = 1,|1 — i| = V2 > 1 lies outside C



When z = —1,|—1 — i| = v2 > 1 lies outside C
=~ By Cauchy’s Integral Formula

2
fC _E gy =0

(z+1)(z-1)
Problems based on Cauchy’s Integral Formula for derivatives

3z2+7z+1

zZ—a

fRLF, fA-Dand f'(1-1D)

Solution:

Example: 413 If f(a) = [ dz where C is the circle x? + y? = 4 find the values of

. 3z%2+7z+1
Given f(a) = fc sz
3z%2+7z+1

z-3

Tofind: f(3) = fc dz

Dr=0=2z=3
Hence z = 3 lies outside the circle x? + y? = 4

By Cauchy’s Integral theorem

3x247z+1
[T,
[ z-3
3z2+7z+1
z—-1

dz

Tofind: £(1) = |,
Dr=0=2z=1
Clearly z = 1 lies inside the circle x? + y? = 4
=~ By Cauchy’s Integral formula

2
= 2mi(11)
= 22mi

3z247z+41
z—(1-1)

dz

Tofind: f(1—i)= J
Dr=0=2z=1-i
and the point z = 1 — i lies inside the circle x + y? = 4

=~ By Cauchy’s Integral formula

f'(A=1i)=2miep'(1-1i) Where ¢(z) =3z2+7z+ 1
=2mi[6(1 —i) + 7] =@ (z)=6z+7
= 2mi[13 — 6i] sp(1-D)=6(1-0)+7
= 2mi[13 — 6i]
Tofind: f'(1-0) = [, =74,

Cleary and the point z = 1 — i lies inside the circle x> + y% = 4
=~ By Cauchy’s Integral formula
f'(A=1i)=2miep (1-1) Where ¢(z) =322+ 7z+ 1



= 2mi[6] 0 (2)=6z+7=2>¢0(2)=6
= 12mi

zdz
Example: 4.14 Using Cauchy’s Integral formula evaluate [ ;_1);—z)2 Where C is the circle

|z —2| ==

Solution:

—Z
z—1)(z-2)?

Given |_
Dr =0 = z = 1isapoleof order 1, z = 2 is a pole of order 2.
GivenCis|z—2| ==

When z = 1,]1 — 2| = 1 > ~ lies outside C.

Whenz=2,12-2|=0< % lies inside C.

=~ By Cauchy’s Integral formula

fc (ZZ/_Zz_)lz dz = 2mi f’(Z) Where f(Z) = ZZTI
(z—1)?
= —2mi

sm z

=dz where C is the circle |z| = 1

Example: 4.15 Evaluate [

25

Solution:

Given | 51"6)2 d

Dr=0=z =%isapoleof0rder3.
GiveCis |z| = 1.

Clearly z = % lies inside the circle |z] = 1

=~ By Cauchy’s Integral formula

sinzz _2mi gy o
fc (Z_%) Y f ( /6) Where f(Z) = SIn“z
:Zz—n,i(l) f'(z) = 2sinzcosz = sin 2z
=i f'(2) =cos2z(2) > f" (g) = 2 cos (2?”)

T 1
—ZCOSE—Z(E) =1
Example: 4.16 Evaluate f 1)3 ——dz where C is the circle |z| = 2, using Cauchy’s Integral formula

Solution:

Given fc dz

1)3

Dr = 0= z = 1isapole of order 3.



GivenCis |z| = 2.
Clearly z = 1 lies inside the circle C

=~ By Cauchy’s Integral formula

J, Sz = F() Where f(2) =z = f'(2) = 1
=22_7r!i(0) =>f(2)=0=>f(1)=0
=0

Example: 4.17 Evaluatef ——dz where Cisthecircle |z| =1

1)2
Solution:
. Z2
Given fc mdz
Dr=0=>2z=0=2z =%isapo|eoforder2.
GivenCis |z| = 1.
Clearly z = % lies inside the circle C

=~ By Cauchy’s Integral formula

J.

Where f(z) = z?> = f'(z) = 2z

e
- i(sz' (%)) »r ()=
= mi(1)

i

2

Exercise: 4.1

Evaluate the following using Cauchy’s Integral formula

2

1. [ Z=—dz whereCis|z—1|=2 Ans: 0
Cc z249 2
2. [ 227_23_21_4 where C is the ellipse x? + 4y? = 4 Ans: %
3. fc - +2)3 . dz whereCis|z| =3 Ans: 12mi
3z-1 .
4. fc ——,dz whereCis |z| = AnNs: 2mi
5 [, (Zzii)zﬁdz where C is the circle x? + 4y? = 4 Ans: 0
2z
6. [ (ijdz where C is|z| = 3 Ans: 2mi(e* — e?)
z+1 . . .
7. fc prayprypdi where Cis|lz—2—i| =2 Ans: i
z . 1 . .
8. fc 7t 4731472 z where C lSlZ - 2} =3 ANs: 4mi
z . 1 . .
9. fc de where C is |Z — 3| =3 Ans. —4mi



4z%+z+5

10. If f(a) = fc dz where C is the eIIipse% + y; = 1 find the values of (1), f(i), f'(1 — i)

and f"(1+ 1) Ans: 207, 2mi(1 + i), 2mi (9 — 8i), 8mi

Z—a



