ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
2.6 The Principle of Inclusion — Exclusion:
Formula

|A; U A, U Az| = |Aq| + |Az] + 43| + |A1 N Ay — |[A; N Az — [A; N Az +

|A; N A, N As|
|A; U A, U Az U Ayl
=[A1] + [Az| + |As] + Al + |41 0 45| = |4y 0 45| — |4, N As]
— A1 N Ayl = [A; ALl — [As 0 ALl + A N Ay N A3
+ A, NA, NAs|+[A;N A, MAL + |A; N As N Ayl
—|A; NA, N A3z N A,
Problems under Inclusion and Exclusion:
1. How many positive integers not exceeding 1000 are divisible by 7 or 11?
Solution:

Let A denote the set of positive integers not exceeding 1000 that are divisible by 7.

Let B denote the set of positive integers not exceeding 1000 that are divisible by

11.

1000
7

Then, |A| = [ — [142.8] = 142

1000
IB| = T] —[90.9] = 90
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1000

|AﬂB|—[7 11

= [12.9] = 12

The number of positive integer not exceeding 1000 that are divisible either 7 or 77

is|AUB|

By principle of inclusion — exclusion,

|AUB| = |A| + |B] = |ANn B

=142+90—-12 = 220

There are 220 positive integer not exceeding 1000 divisible by either 7 or 11.

2. Determine nsuch that 1 < n < 100 which are not divisible by 5 or by 7.
Solution:

Let A denote the number n, 1 < n < 100 which is divisible by 5.

Let B denote the number n, 1 < n < 100 which is divisible by 7.

[20] = 20

Then, |A| = [10"]

IB| = [L;"] — [14.3] = 14

|AnB| _ [1000

[2.8] = 2

Now, the number n, 1 < n < 100 which is divisible by either 5or 7 is |A U B|
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By principle of inclusion — exclusion,
|AUB| =|A|+ |B] — |A N Bj
=20+14—-2 =32
The number n, 1 < n < 100 whichis divisible by either 5 or 7 is
=100 — 32 =68
There are 68 number not exceeding 100 that are not divisible by either 5 or 7.

3. Find the number of integers between 1 to 250 that are not divisible by any

of the integers 2, 3,5 and 7

Solution:

Let A denote the integer from 1 to 250 that are divisible by 2.
Let B denote the integer from 1 to 250 that are divisible by 3.
Let C denote the integer from 1 to 250 that are divisible by 5.

Let D denote the integer from 1 to 250 that are divisible by 7.

Then, |4] = [2750] =125

1Bl = [2°] = 83

1cl = 2% = s0
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ID| = 2—50]=35

7

The number of integer between 1 — 250 that are divisible by 2 & 3

[250]

IANB| = =41
| 2% 3]
anc|=[22] =25
| 2 X5
AnD| =22 =17
| 2X 7]
IBNC| = @] - 16
3%x5
IBnD| =22 =11
| 3X 7
icnp| =2 =7
| 5X 7]

The number of integer between 1 — 250 that are divisible by 2, 3 & 5

[ 250 ]

JANBNC|= =8
| 2X3 X5
AnBnD|=[22]=5
| 2X3X7]
Ancnp|=[22]=3
| 2X5X%X 7]
|BnCnD|=[ 250 ]=
3X5%7
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|,4anan|==[250 ]

2X3X5X%7

The number of integer between 1 — 250 that are divisible by 2, 3,5 & 7 is

JANBNCND]
By principle of inclusion and exclusion,

[AUBUCUD|
= |A|l+ |B|+|C|+ |D|—-|ANnB|—-]|ANnC|—|AnD|—|BnNnC|
—|BnD|—=|CnD|+|AnBNnC|+]|AnBND|+|ANCND]

+|BNCND|—|AnBNCND|

=(125+83+50+35)—(414+254+17+16+11+7)+(8+5+3+2)

-1
=293-117+18-=1 =193
Now, the number of integer not divisible by any of 2, 3, 5and 7
= 250—-193 =57

4. How many integers between 1 to 100 that are (i) not divisible by 7, 11 or 13

(ii) divisible by 3 but not by 7.

Solution:
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Let A, B and C denote respectively the number of integer between 1 to 100 that are

divisible by 7, 11 and 13 respectively.

Then, |A] = [“’O] =14
Bl = || =9
| 11 |
cl= 3] =7
| 13
AnB|=[-2]=1
| 7X11]
Anc|=["2]=1
| 7X13]

IBnc|=| 1""]=0
[ 11X13

lAnBnC]= [7><11x13] o,

The number of integers between 1 — 100 that are divisible by 7, 11 and 13 is

[AUBUCUD|
By principle of inclusion and exclusion,

JAUBUC|=|A|+|B|+|C|=|AnB|=|AnC|—=|BNnC|—=|BNnD|+

JANBNC|—|ANnBnNC|

=(14+4+9+7)—(1+1+0)+ (0)
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=30-2=28
Now, the number of integer not divisible by any of 7, 11 and 13
=100 —-28=72

Let A and B denote the number between 1 — 100that are divisible by 3 and 7

respectively.

Then, 4| = [32] =33

1= 2] =
[AnB| ===

The number of integers divisible by 3 but not by 7.
=|A|—-|ANnB|=33—-4=29

5. Find the number of integers between 1 to 100 that are divisible by (i) 2, 3, 5

and 7 (ii) 2, 3, 5 but not by 7
Solution:

Let A, B, C and D denote the number of positive integers between 1 to 100 that are

divisible by 2, 3, 5 and 7 respectively.

Then, |A| = [%] =50



1B| = [22] = 33

1cl = [29] = 20

100
ID| = 7] = 14

1AnB| =22 =16
| 2% 3]

anc| =[] =10

[ 2X5]

anD|=|2Ll=7
| 2X 7]

Bnc|=[2Ll=6
| 35

IBnD|=|22] =4
| 3 X7

Icnp| =[] =2
| 5X 74

[ 100
JANBNC|= ]
| 7X11X13

AnBnD|=[—-2]=2
| 2X3X7]

AncnD|=|-2]=1
| 2X5X%X 7]

Bncnp|=[—2]=9
| 3X5X7]
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|Aanan|=[ 100 ]

2X3X7X11

By principle of inclusion and exclusion,

[AUBUCUD|
=|A|+ |B|+|C|+|DP|—|AnB|—]ANnC|—|AnD|—|BnC|
—|BND|—=|CnD|+|AnBNC|+|[ANBND|+|ANnCND|

+|BNnCND|—|AnBNCnND|
=5B0+33+20+14)-(16+10+7+6+4+2)+B+2+1+0)—-0
=117 —-454+6 =78

(if) The number of integers between 1 — 100 that are divisible by 2, 3, 5 but not by

7=|AnBnC|—]1AnBNnCnD|
=3-0=3

6. Determine the number of positive integersn, 1 < n < 1000, that are not

divisible by 2, 3 or 5 but are divisible by 7.
Solution:

Let A, B, C and D denote the number of positive integers between 1 to 1000 that

are divisible by 2, 3, 5 and 7 respectively.

ID| = &7"0] = [142.8] = 142
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1000
2X3X5X%7

|Aanan|=[ ]=[4.7]=4

The number between 1 — 1000 that are divisible by 7 but not divisible by 2, 3, 5
and7=|D|—|AnBNnCnND|
=42 —-4 =138

7. In a survey of 100 students, it was found that 30 studied Mathematics, 54
studied Statistics, 25 studied Operation research, 1 studied all the three
subjects. 20 studied Mathematics and Statistics, 3 studied Mathematics and
Operation Research and 15 studied Statistics and Operations Research, (i)
How many students studied none of these subjects?(ii) How many students

studied only Mathematics.

Solution:

Let A denote the students who studied Mathematics.

Let B denote the students who studied Statistics.

Let B denote the students who studied Operations Research.

It is given that |A| = 30,|B| = 54, |C| = 25,|]AN B| = 20,|ANC| =3,

IBNC|=15|AnBnC|=1

By principle of inclusion — exclusion, the number of students playing either

volleyball or hockey is
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JAUBUC|=|A|+|B|+|C|—|AnNB|—|ANnC|—|BNnC|+|ANnBnC|
=30+54+25-20-3-15+1

Students who studied none of these 3 subjects = 100 — 72 = 28

The number of students only studied Mathematics and Statistics = 20 —1 = 19
The number of students only studied Mathematics and Operations Research

=3 -1=2

The number of students only studied Mathematics =30 —19 -2 -1 =18

8. A survey of 500 from a school produced the following information. 200 play
volleyball, 120 play hockey, 60 play both volleyball and hockey. How many

are not playing either volleyball or hockey?

Solution:

Let A denote the students who play volleyball.

Let B denote the students who play hockey.

It is given that n = 500, |A| = 200, |B| = 120,]4 N B| = 60

By principle of inclusion — exclusion, the number of students playing either

volleyball or hockey is

|AUB|=|A|+ |B| — |A N Bj
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= 200+ 120 — 60 = 260
The number of students not playing either volleyball or hockey is
= 500 — 260 = 240

9. Out of 100 students in a college, 38 play tennis, 57 play cricket and 31 play
hockey, 9 play cricket and hockey, 10 play hockey and tennis, 12 play tennis
and cricket. How many play (i) all three games (ii) just one game (iii) tennis

and cricket but not hockey. (Assume that each student plays atleast one game)
Solution:

Let T, C and H denote the set of students playing Tennis, Cricket and Hockey

respectively.

Giventhat |T| =38,|C| =57, |H| =31,|TNnC|=12,|T nH| = 10,

ICNH|=9,|TUCUH|=100

Now, the number of integer who play all three games = [T N C N H|

By principle of inclusion — exclusion,

ITUCUH|=|T|+|C|+|H|-|TNnC|—-|TnH|—-|CnH|+|TnCnH|
100=38+5+31—-103-12-10+9+|TNnC N H|

ITNCNH|=100—-126+31=75
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Number of students who play all 3 games =5

Number of students playing just one game = number of students Tennis only +

number of students playing cricket only + number of students playing Hockey only

=21+41+17=79

The number of students playing Tennis and Cricket but not Hockey

=|TNnC|—|TNCnNH|

=12-5=7

10. A survey of 500 television watchers produced the following information.
285 watch Hockey games. 195 watch Football games. 115 watch basketball
games.70 watch football and hockey games. 50 watch hockey and basketball
games and 30 watch football and basketball games. 50 do not watch any of the

three games. How many people watch exactly one of the three games.
Solution:

Let H denotes the television watchers who watch Hockey.

Let F denotes the television watchers who watch Football.

Let B denotes the television watchers who watch Basket Ball.
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Given that |H| = 285, |F| = 195, |B| = 115,|H N F| = 70, |H n B| = 50,

|F nB| =30

Let x be the number of television watchers who watch all three games.

Now, we have

Given 50 members does:not watch any of the three games.

Hence, (165+x)+ (95+x)+ (35 +x) + (70 —x) + (50 —x) + (30 — x) +

x = 500

= 445 + x = 500

= x =55

Number of students who watches exactly one game is

=1654+x+95+x+35+x

=295+ 3 x 55 =295+ 165 = 460

11. A total of 1232 have taken a course in Tamil, 879 have taken a course in
Telugu, and 114 have taken a course in Hindi. Further 103 have taken a
course in both Tamil and Telugu, 23 have taken a course in Tamil and Hindi,

and 14 have taken a course in Telugu and Hindi. If 2092 students have taken
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atleast one of the Tamil, Telugu and Hindi, how many students have taken a

course in all three languages.

Solution:

Let A denote the students who have taken a course in Tamil.
Let B denote the students who have taken a course in Telugu.
Let C denote the students who have taken a course in Hindi.

It is given that |A| = 1232, |B| = 879, |C| = 114,]AnB| = 103,|]A N C| = 23,

IBNC|=14,|AUBUC|= 2092

By principle of inclusion — exclusion, the number of students playing either

volleyball or hockey is
JAUBUC|=|A|+|B|+|C|—]AnB|—JANnC|—=|BNnC|+|ANnBNC|

2092 =1232+879+114—-103-23-14+|AnBNC|
JANBNC|=2232—2225=7

Therefore, there are 7 students who have taken the course in Tamil, Telugu and

Hindi.



