CAUCHY RESIDUE THEOREM

Statement:
If f(z) is analytic inside and on a simple closed curve C, except at a finite number of singular points

a,, a,, ...a, inside C, then
fc f(z)dz = 2mi [sum of residues of f(z)at ay,ay, ...a,]

Note: Formulae for evaluation of residues

(i) If z = ais a simple pole of f(z) then
[Res f(2),z = a] = lim(z — a) f(2)

(i) If z = a is a pole of order n of f(z) , then

[[Res f(2)),2 = a] = s lim {2 - " ()]
Problems based on Cauchy Residue theorem
Example: 4.46 Find the residue of f(z) = % about each singularity.
Solution:
Given f(z) = 42

(z-2)((z+1)?)

The poles are given by (z — 2)(z + 1)?
=2z—2=0,z4+1=0
>z=2andz= -1

=~ The Poles of f(z)are z = 2 is a simple pole and z = —1 is a pole of order 2
[Res f(2)]z=2 = lim(z = 2) f(2)

z+2

[Res f(Z)]Z=2 = lzl_r)rzl(Z - 2) (z-2)(z+1)2

im z+2
z-2 (z+1)?

[Res f(2)]e=1 = lim +-[(z + D*f ()]

O |

— Jiny & 2
o zlir_nl dz [(Z + 1)

= lim & (ﬂ)

z—>—1dz \z—-2

z+2 ]
(z-2)(z+1)2

_ lim [<z—2)<1>—<z+2)<1>] - -2

z——1 (z—2)?

sinmz2+cosnz

2
Example: 4.47 Evaluate using Cauchy’s residue theorem, fc DD dz,whereCis|z| =3

Solution:
Let f(z) =
The poles are given by (z—1)(z—2) =0

sinmz® +cosmz?

(z-1)(z-2)

= z = 1, 2 are poles of order 1.



Given Cis|z| = 3

~ Clearly z = 1and z = 2 lies inside |z| = 3
To find the residues:

(i) Whenz =1

[Res £(2)],-1 = lim(z ~ DF(2)
. cosmz?+sinmz?
= lm(z - D=5

. cosmz?+sinmz?
=lim————
z-1 (z-2)

cosm+sinm

(if) When z = 2
[Res f(2)],=, = lim(z = 2)f ()

2 : 2
. cosmz?+sinnz
= lim(z—-2)———
z—2 (z-1)(z-2)
. cosmz?+sinmz?
=lim——
z—2 (z-1)
cos4m+sindn
1
1+0
P — 1

=~ By Cauchy’s Residue theorem

fc f(z)dz = 2mi (sum of residues)

72

z24+1

Example: 4.48 Evaluate fc dz where C is |z| = 2 using Cauchy’s residue theorem.

Solution:

Let f(2) = 2

z2+1
The poles are givenby z2 + 1 =0
= z = =i are poles of order 1.
GivenCis |z]| = 2
~Clearly z =i, —i liesinside |z| = 2
To find the residue:

(i) Whenz =i
. s Zz
[Res ()], = lim(z = ) =
=
- le’)fil (z+0) 20
(i) When z = —i

. . ZZ_
[Res f(2)] =i = lim (2 + 1) ————



-~ By Cauchy’s Residue theorem
fC f(z)dz = 2mi (sum of residues)

. 1 1
==2ﬂl(3?4'59 =0

~ . Z_ 4z =0

z2+1

Example: 4.49 Evaluate fc #(12)_2) dz where C is the circle |z — i| = 2 using Cauchy’s residue

theorem.
Solution:
Let f(z) = %
The poles are given by (z + 1)2(z—2) =0
=2z4+1=0,z—-2=0
= z = —1isapoleof order 2 and

= z = 2 is a pole of order 1.
GivenCis|z—i| =2

Whenz =—-1,|z—i|= |-1—-i|=v2 <2
~z= —1liesinside C
Whenz=2,|z—i|= [2—i| =5 > 2
~z = —1liesinside C

To find the residue for the inside pole:

[Res f(2)],=—1 = lim -[(z + D*f ()]

(z-1)

— Jigm & 227
- zlirfll dz [(Z +1) (z+1)2(z-2)

= lim & (ﬂ)

z—>—1dz \z—-2

= lim
z—--1

[(z—le)—(z—l)(l)] _ 1
(z-2) )

=~ By Cauchy’s Residue theorem

J. f(2)dz = 2mi (sum of residues)

o (-

ff, =2 dz=—2mi (3)

(z+1)2(z-2)

Example: 4.50 Evaluate fc (zd—zz where C is the circle |z — i| = 2 using Cauchy’s residue theorem.
z

+4)

Solution:



Let f(z) =

The poles are given by (z2 + 4)?

( 2+4)2

=2z24+4=0
= z = +2i are poles of order 2
GivenCis|z—i| =2
Whenz =2i,|z—i|=|2i—i|=1<2
~ z = 2i liesinside C
Whenz = =2i,|z—i| = |-2i—i|=3>2
z = —2i lies outside C

To find the residue for the inside pole

[Res f(2)]z=2i = lim = [(Z = 20*f(2)]

_ _ 2
ZILTZ dz [(Z Zl) (z— 21)2((z+21)2)]

. d( 1\?
= lim — .
z—2idz \z+2i

_ -2)

=R [(z+2i)3)

_ 2 2 1
T @3 —e4i 320

=~ By Cauchy’s Residue theorem

fc f(z)dz = 2mi (sum of residues)

= 2mi (ﬁ)

dz T

T (z2+4)?2 16

Example: 4.51 Evaluate f @ ezdz)z where C is the circle |z| = 4 using Cauchy’s residue theorem.
z +TL'
Solution:
Let =
@) =

The poles are given by (z2 + 72)2 =0
=>z2+n2=0
= z = t+mi are poles of order 2
GivenCis |z]| = 4
Clearly z = + i,z = mi lies inside |z| = 4
To find the residue
(i) When z = + mi

[Res f(2)]z=ni = lim = [(Z —ni)*f(2)]

)2
- Zlgfrll dz [(Z T[l) (z—ni)z(z+m')2]



- i)
a ZLTZ[li dz \(z+mi)?

g (z+ni)2ez—2(z+ni)ez)]
N zlgyrrlz (z+mi)*)

- [(Z+7Ti)eZ[Z+TL'i—2]]

Z-Ti (z+mi)*

_e™(2mi-2)
T (2mi)?
_e™(mi-1)
T —am3i

__ (cosm+isinm)(1—mi)
- 413

_ (~1+0)(1—7i)

- 4m3i

_ (mi-1)

T anmdi

(i) When z = — mi

[Res f(@)]ymmmi = lim T [(z + D)2 (2)]

— Jim L 2
= Lim [(Z+T”) (z—ni)z(z+m')2]

z—>-mi dz

= lim i( e )
_z—>—nidz (z—mi)?

T (z—mi)?e?-2(z—mi)e?)
- Zl_fzr}ti [ (z—mi)* ]
T (z—mi)e?[z—mi—2]
;al—l;? (z—mi)* ]

e~ Ti(—2mi—2)
- (=2mi)3
__ (=2)(cosm—isinm)(mi+1)
- 8m3i
_ = (=1-0)(mwi+1)
- 4m3i

_ (14mi)
4m3i

-~ By Cauchy’s Residue theorem

J. f(2)dz = 2mi (sum of residues)

— 2 (mi—-1) (n'i+1)]
- 413 413
2mi ,
poc [27i ] = -
. f e?dz _ i
e (z24m2)2 T

Example: 4.52 Evaluate fc Z:% where C is the circle |z| = 1 using Cauchy’s residue theorem.

Solution:
1
zsinz

Let f(z) =

The poles are given by zsinz = 0



= z = 0 is a pole of order 2
GivenCis|z| =1
~ z =0 liesinside C
To find the residue for the inside pole

[Res f(2)];=0 = llm ~[(z = 0)*f(2)]

= llmd— [( )?

z—0 az

. zZ
= llm—( _ )
z—0 dz \sinz

ZSI.TLZ]

— lim [sinz(l)—z(cosz)
z— o (sinz)?
_0-0 _
=—= [ ]form
. cosz—[z (—sinz)+cosz(1 .
= lim 1z _ ) ( )]( by L’ Hospital rule)
Z—0 2sinzcosz
— lim €co0Sz+zsinz—cosz
- z—0 2sinzcosz
— lim zsinz

z—0 2sinzcosz

= lim

z—0 2c0Sz

—2_p
2
~ By Cauchy’s Residue theorem
J. f(@)dz = 2mi (sum of residues)

= 2mi [0]

.-.f ¥ -0

C zsinz

Example: 4.53 Evaluate f 2 where—2 < a < 2 and C is the boundary of the square whose sides

)2’
liealongx =+2andy = +2

Solution:

Letf( )_tan 2/

—a)?
The poles are given by (z —a)? =0
= z = aisapole of order 2
C is the square with vertices (—2,2), (2, —2)(2,2)and (—2,-2)
Clearly z = a lies inside C

To find the residue for the inside pole

[Res f(2)];=a = llm —[(z — )*f (2)]



T N2 tan?/y
- il_?ﬁ dz [(Z a) (z—a)z]

. d
= él_r)ga(tanz/z)
= gl_T));, [Seczg(]‘/z)]

1 a
= =sec? (—)
2 2

=~ By Cauchy’s Residue theorem

J. f(2)dz = 2mi (sum of residues)
= 2mi Esec2 (g)]

J. % =i [sec2 (%)]

Example: 4.54 Evaluate fc zz.:lhzlhz where C is the circle |z — 1| = 2 using Cauchy’s residue theorem.
Solution:
Let f(2) = —

z2sinhz
The poles are given by z%sinhz = 0
= z2 =0 (or)sinhz =0
=z = 0o0r)z = sinh~1(0) = 0Ois a pole of order 1.
GivenCis|z—1| =2
~Clearly z = 0 lies inside C.

To find residue for the inside poleat z = 0

f(2) =

1
z2sinhz

[Res f(z)],-o = Coefficient of i in the Laurent’s expansion of f(z)
+ [Res f(2)]3=0 = —¢
~ By Cauchy’s Residue theorem
fc f(2)dz = 2mi (sum of residues)

-]



. f dz _-mi
“Je z2sinhz 3

Example: 4.55 Evaluate [ é dz where C is the circle |z - E| =

Solution:
Let f(2) = —

The poles are given by cosz = 0

s>z= 2n+ 1)% ,n=0,+1,+2, ... are poles of order 1

Given C is |z — E| =z
2 2
Here z = = lies inside the circle and others lies outside.

[Res f(2)],.n = llm (z - —) f(2)

[Res f(2)],.n = hm (z — g) conz
= % (form)

Using L “ Hospital’s rule
(z—g)(1)+z(1)

1m -
PR —sinz
2
y (z—g)+z
= lim
zot  —sinz
2
. m
2

~ By Cauchy’s Residue theorem
fc f(z)dz = 2mi (sum of residues)
. s
= 2mi [— E]

7z = —m?i

fc coSsz

Example: 4.56 Evaluate fc z%e'/z dz where C is the unit circle using Cauchy’s residue theorem

Solution:
Let f(z) = z2e'/z
Here z = 0 is the only singular point.
GivenCis|z| =1
~Clearly z = 0 lies inside C.

To find residue of f(z) atz =0
We find the Laurent’s series of f(z) about z =0

= f(2) = z%e'/z

=z [1+ + s+ ]



[Res f(z)],-, = COefficient of i in the Laurent’s expansion of f(z)

“ [Res f(2)]z=0 = ¢
=~ By Cauchy’s Residue theorem

fc f(2)dz = 2mi (sum of residues)

o [}

) :
o z?elzdz =%
c 3

Exercise: 4.3

(1) Using Cauchy’s Resi (i) 0 (ii) Odue, evaluatef there Cisthecircle (i) |z| ==, (ii) |z| =2

Ans: (i) 0 (ii) 2

- . . zZ—

(2) Obtain the residue of the function f(z) = m at its poles.

Ans: For pole —1 res = —4, Forpole —2res = 5
(3) Using Cauchy’s Residue theorem, evaluate f % dz where C is the circle |z| =

Ans: 2mi
(4) Evaluate [, (322_2% dzusing the residue theorem where C is the circle |z| = 2. Ans: =X

(5) Evaluate fc

. 1) dz where C is the circle |z — i| = 1using the Cauchy residue theorem. Ans: 0

(6) Evaluate f ; dz where C is the circle |z + 1 + i| = 2using Cauchy Residue theorem.

Ans: (i + 2)

(7) Evaluate fc dz where C is the circle |z| = 3 using Cauchy Residue theorem. Ans: 2mi

22
(z—1)2(z+2)

z34+z-1 . . . —5mi
(8) Evaluate fc D=3 dz around the circle |z| = 2using Cauchy Residue theorem. Ans:
3 e
(9) Evaluate [ —— dz where C is the unit circle. Ans: —
c 2z+1 8
(2z-1) 5mi

(10) Evaluate [

———— dzwhere C is the circle |z| = 1using Cauchy Residue theorem. Ans: —
¢ z(z+2)(2z+1)



