ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

3.3 INVERSE LAPLACE TRANSFORM

Definition

If the Laplace transform of a function f(t) is F(s)ie., L[f(t)] = F(s),thenf(t) is

called an inverse Laplace transform of F(s) and we write symbolicallyf (¢t) = L™1[F(s)],

where L1 is called the inverse Laplace transform operator.

Inverse Laplace transform of elementary functions

LI (D] = F(s) LF$)] = f©
1
L[1] ==~ L H =1
[1] s
1 1
& =l _
L[] = - ] =
! n!
L[t"] = e if nis an integer Lt [Sn+1 =t
1 t"
-1 —
L [Sn+1 T
1 1
L[eat] = L_l [ = eat
s—a s —al
Lle ] = 1 - [ . ] =e™
s+a s+a
. .
Lisinat] = —° 1 1 _ sinat
s2 + a? s? + a? a
S S
L[cosat] = 12 L [Sz n aZ] = cosat
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L{sinhat] = 57— -1 [ 1 ] _ sinhat
sc—a SZ _ az a
S S
_ ) B
Llcosat] = 7—— L [SZ — aZ] = coshat

Result on inverse Laplace transform
Result: 1 Linear property
Lf(®)] = F(s) and L[g(®)] = G(s) ,then L™*[aF(s) £ bG(s)] = aL™'[F(s)] +
bL™1[G(s)]
Where a and b are constants.
Proof:
We know that L[aF(s) + bG(s)] = aL[F(s)] + bL[G(s)]
=aF(s)+bG(s)
(i.e.)aF(s) £ bG(s) =Llaf(t) £ bg(t)]
Operating L1 on both sides, we get
L™ [aF(s) + bG(s)] = af (t) £ bg(t) w F(O) = LF(s)]

LY [aF (s) + bG(s)] = al Y [F(s)] + bL™L[G(s)] “g(t) = L7G(s)]
Result: 2 First shifting property

(i) L1 [F(s +a)= e-atL-l[F(s)]]
(ii) L1 [F(s —a) = eatL-l[F(s)]]
Proof:
Let L[e~ %t f(t)] = F[s + a]
Operating L1 on both sides, we get
e % f(t) = L [F[s + a]]
L Y[F[s + a]] = e"®L Y [F(s)]
Result: 3 Multiplication by s.
If L=1[F(s)] = f(t) and f(0) = 0, then L™![sF(s)] = %L‘I[F(s)]
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Proof:
We know that  L[f'(t)] = sL[f(t)] — f(0) = sF(s)
Operating L1 on both sides, we get
f'(®) = LY sF(s)]
S F(©) = L [sF(s)]
S LM F(s)] = L [sF(s)]
“ LYsF(s)] = 5 L7 F(s)]
Result: 4 Division by s.
L7t 22] = [y LM F(s)]de
Proof:
We know that L [ [} f (t)dt| = SLIf ()] = 1 F(s)
Operating L1 on both sides ,we get
[y f (®dt = L F(s)|
[y L F()]dt = L F(S)]
2 LB = RG] de
Result: 5 Inverse Laplace transform of derivative
UF(s)] = L[S F(s)]
Proof:
We know that L[tf(t)] = —L[f(t) - —F(s)
Operating L~ on both sides ,we get
tf(t) = —L1 [iF(s)]
LF(s)] =21 [dsF(s)]
f©) =21 [;F(s)]
LHF()] = =L [ F ()]
Result: 6 Inverse Laplace transform of integral

“UF($)] = tL72[[" F(s)ds]

Proof:

We know that L [ (t)] )7 L(F(©) ds
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= f:o F(s)ds
Operating L1 on both sides, we get
@ = L‘l[fsOO F(s) ds]
f(&) = tLY[[" F(s) ds]
LYF(s)] = tL7Y[[" F(s) ds]
Problems under inverse Laplace transform of elementary functions

Example: Find the inverse Laplace for the following

. 1 .. 1 s3-3s2+7 3s+5
(I) 25+3 (“) 45249 (“I) st ( ) 2436
Solution:

Nt = =

(i) L [Zs+3] =1L L[H;]l

(i) L7 [4s21+9] =17 [4[521+2]l

(iii) Lt [—35 +7] L1 [ £+l]

s% s s

= [f] s [+ 7 [

S s+ I
54
i 222 [ 5
-1 [3S+5] 3cos6t + 22
52436

Inverse Laplace transform using First shifting theorem
“F(s + @)l = e” L7 [F(s)]

Example: Find the inverse Laplace transform for the following:

1 1

(I) (s+2)2 (“) (s—3)% (“I) (s+3)2+49 (IV) s2-2s+2
1 . s+2 .. s+2 s
(V) s2—4s+13 (VI) (s+2)2+25 (V“) s24+4s5+20 (V"I) (s+3)2
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. s K . 25+3 ..
(x)  &os ®)  Eom X)) Fews KN s
Solution:
; 1|1 J_ -2ty-1[1] _ -2t
() 17 o] = et ] = e
T EE I T T N I
(it) L _(5—3)4] =e™L [54] =€ 3
-1 1 _ —3tr—1 1 _ —3t sin3t
(i) L _(s+3)2+9] =e L [sz+9] - 3
; -1 1 _7-1 1 _ tr—-1
(v) L _52—23+2] =L [(5—1)2+1] -
-1 1 _ _1 t -1 1 — 2t sin3t
v) L _s2—4s+13] [(s 2)2+9] [52+9] € 3
; —1[__s+2 — —2ty-1[ s ] _ -2t
v) L _(s+2)2+25] =€k [52+25] =
.. -1 [ s+2 _ 135 s+2
(vi) L _s2+4s+20]_L (s+2)2+16]
_ ,—2ty7-1 S _ -2t
=e [52+16] = e “‘cos4t
S _ it s+3-3
(viii) (s+3)2] 1 (s+3)2]
=z i] i ]
(s+3)2 (s+3)2
_g-1| 1| _97-1 1
=L [s+3 [(s+3)2]
o —3t7-1|1
- e3¢, [5—2]
=e 3t —3e73t
. S 71 S—4+4
(ix) (5—4)3] - (5—4)3]
4 s—4
K (5—4)3] (5—4)3]
L1
(5—4)2] +4 (s— 4)3]
_ 4aty-1|L at7-1|L
= %], [SZ]+4e L [33]
2
= et + 4e*t s
2!
= e*t + 2e*t?
-1 S _ -1 S _ -1 s—1+1
(X) L [s2—25+2] - [(5—1)2+1] - (s—1)2+1]
-1 s—1 -1 1
- (5—1)2+1]+L [(5—1)2+1]
_ tr— ty-1]_1
= et L7 [] 4 et
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1[2 ]—ecost+esmt
$2—25+2

. 1 25+3 ] 25+3 ] _7-1 [2(s+3—3)+3]
(XI) L- [sz+6s+25 (s+3)2+16 (s+3)%2+16

- 2(s+3)—6+3]
- (s+3)2+16

—3tr—1 [ 25-3 ]
s%2+16

et [ZL_ 2+16] - 3L [5241-16”

L1 [—25+3 ] =e” (2C0$4t — %)

=e

$2+65+25
(i) L7 [ﬁ] =L [(s+3)52—16] =L [(5:;—316]
L [—16] ]

L [ﬁ] Ve [cosh4t -

35mh4t]

Inverse using the formula
LUF(s)] =2 L7 [ F(s)]
Note: This formula is used when F(s) is cot™ @(s) or tan~ @(s) or log®d(s)

Example: Find the inverse Laplace transform for the following
(i) cot™?! (2) (i) tan1 ( ) (iii) cot as

(V) tan~l(s + @) (V) zog(‘“‘) (vi) cot™1 (ﬁ) (vii) tan‘1<sz—2)

Solution:

017 [cor ()] =31 i (cor ()]

o]
t s2+a?

17 [eot™ (3)] = fsinac
@ 1 [tan ()] = 17 [ (ean™ (5))]
- @] )

o]
t s2+a?
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Lt [tan"1 (%)] = %sinat
(iii) L~ [cottas] = _TlL_l [i (COt_l(aS))]

1

S e R B

_ i I~ 1 1 _ i sinEt
at 52+L2 at 1
a a

LY [cot~las] = =sin*
t a

(iv) L™ [tan (s + a)] = e ¥ L Y tan 5]
=e @ [_71 L1 [% (tan‘ls)”
()
e
L1 [cot‘1 G)] = _et_atsint
) 17 og (555)] = T27* [ (109 (55))]

- TL_ [E (log(s + a) — log(s + b))]

-1 1 1
= —L_l [— —_—
t s+a s+b
Sy - - —
— = [e at __ e bt]

t

1 log (29)] - e o1
(vi) L [cot™ ()] = et [cot™ (2))]
-t (@) e O)
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S

et =

3—1[ s ] v a?+b* = (a+b)*—2ab
t (s2+2)2—(25)2

[ ]
t (S +2+25)(S +2—25)
1

_ 4L_1[ s ( 1 1 )] . (s?2+ax+b)(s?2+ax+c)
¢ —4s \s2+2+25  s242-2s ) 1 [ 11 ]
c-b Ls?2+ax+b  s?+ax+c

= L e
t S2+2s54+2  s2-2s+2

_ -1 _1[ 11 ]
B (s+1)2+1  (s=1)2+1

= Y| Een B

= _Tl (e~tsint — etsint)

int .
= % 2sinht
-1 [tan‘1 (3)] _ 2sintsinht
52 t

Inverse using the formula

LY [sF(s)] = LM F(s)]

Example: Find L1 [slog (52+a2)]

s2+b2

Solution:
17 [stog (S5755)] = 517" [steg (5553)] -+ (©
17 [log (S35)] = 17 sk [tog (1)
=21 :% (log(s? + a®) — log(s* + bz))]

==t os ! 25]

t |s2+a? s2+b2
_ —_ZL_l [ s s ]
t |s2+a2  s2+b2

= _TZ [cosat — cosbt]

~ N

[cosbt — cosat]
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Substituting in (1), we get

s2+qa?

L [slog (52+b2)] ;t[ [cosbt — cosat]]

_9 [t(—bsinbt+asinat)—(cosbt—cosat)
= =

_ s?+a? t(-bsinbt+asinat)—(cosbt—cosat
L1 |slog =2 ( )
s2+b2 t2

Inverse using the formula

L[5 = L F(s))d

one term

This formula is used when F(s) = s(another term)

Example: Find L‘l[ L ]

s(s2+a?)
Solution:
1 1 . t,._q1 1
L [s(sz+a2)] K/ fO L [(52+a2)] dt
t [sinat
< fO [ a ]dt
1 |—cosat t
- Z [ a ]0
— _—2 [cosat]}
- -1
= (cosat — cos0) = = (cosat — 1)
-1 [ ] __ 1-cosat
s(s2+a?2)]l = a2
Example: Find L1 [s(s2—a2)
Solution:
_1 1 A t _1 1
L [s(sz+a2)] = fO L [(sz—az)] dt
t [sinhat
- fO [ a ]dt

_1 [coshat]t
o a a 0

1
== [coshat]§

1 1
= (coshat — cosh0) = = (coshat — 1)

-1 [ 1 ] __ coshat—-1

s(s2-a?) a?

Example: Find L™ [ (s+a)]

Solution:
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e el S e L
= fote‘atdt

- [,
== (e - 1)
L_l [s(sia)] - 1_Z_at

Inverse using Partial Fraction

Example: Find L™ [S(s+2)(s 5

Solution:
s—2 _ A B C

s(s+2)(s-1) T s s+2  s—1

__ A(s+2)(s—1)+Bs(s—1)+Cs(s+2)
I~ s(s+2)(s-1)

A(s+2)(s—1)+Bs(s—1)+Cs(s+2)=s—2-(1)

Puts =0in (1) Puts = —21in (1) Puts = 1in(1)
A2)(-1) =-2 B(-2)(-3) = -4 3C = —
>A=1 =>B=_—4'=_2 :C=__1
6 3 3
o e Q. T——
o s(s+2)(s—-1) T s s+2 3(s-1)
-1|__s=2 - 11 1) 1,4 1
L [s(s+2)(s 1) =L [ ] [s+2] 3L [s—l
SR oyl i
[s(s+2)(s 1)] 3 &
Example: Find T [ﬁ]
Solution:
25-3 _ A B c

(s—1)(s-2)2  s-1 ti3 (s—2)2

_ A(s—2)2+B(s-1)(s—2)+C(s—1)

(s—1)(s—2)?
A(s—=2)2+B(s—-1D(s—2)+C(s—1)=25s—3--(1)
Puts =1in(1) Puts = 2in (1) Equating the coefficient
of s2
A+B=0
A=-1 c=1 B=-A=B=1
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25—-3 -1 1 1
U s—1D(5-2)?  s-1 Tzt (s—2)2

= L e R
— ot 4 g2t 4 2t[-1 [Siz]

L1 [—25—3 ] = —el +e? +e%t

(s—1)(s—2)?
Example: Find the inverse Laplace transform of 5s®-155-11
(s+1)(s-2)3
Solution:
5s2-15s-11 _ A B © c

(s+D(s=-2)3  s+1  s=2  (s=2)2 @ (s=2)3

__ A(s=2)3+B(s+1)(s—2)?+C(s+1)(s—2)+D(s+1)

(s-1)(s-2)3
A(s =2 +B(s+1)(s—2)2+C(s+1)(s—2)+D(s+1) =552 —15s — 11 --- (1)
Puts =—11in(1) Puts = 2in (1) Equating the coefficient
of s3
A(=27) =9 D@3) = -21 A+B=0
A=— A== D="==-7 B=-A=B=-

Puts = 0in (1), we get
—84+4B—-2C+ D =-11

2+l 2c-7=-11
3 3

4—-20=7-11
—2C=-8>(C=4
. 5s?-15s-11 _ -1 1 4 7

U (s+1)(s-2)3 ~ 3(s+1) + 3(s—2) | (5-2)2  (s-2)3

-1 m 4= L— [ iz] +4L71 (5_12)2] -7 [(5—12)3]
-1

= et 4 2ol + 4e2L7 [s] 72t [s]

-1 [552—155—11] -
(s+D(s-2)31 —

_1[5s?-15s-11] _ -1 ot 2t 27— 2t
(s+1)(s—2)3]_ 3 +3 ;67 el [ ] 7e75

4s+5

Example: Find the inverse Laplace transform of GIDEED)

Solution:
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45+5 _ A Bs+c
(s+1)(s%2+4) T s+l s2+4

_ A(s%+4)+(Bs+c)(s+1)
- (s+1)(s2+4)
A(S*+4)+(Bs+co)(s+1) =4s+5- - (D
Puts = —1in (1) Equating coefficients of s?term in (1) Put s = 0in (1)
A(1+4)+0=4(-1)+5|A+B=0 A4)+C=5
AB)=1=>A== B=-A=>B=" C=5-44=
4
> =3
_25-4 21
===
L 4sts g Tste
v (s+1)(s%2+4) T os+1 s2+4
1 s 21 1

T S(s+1)  5(s?+4) | 5 (s2+4)

L [erems) =587 el -4 [l + 50 [

21 sin2t
5 2

= ge_t — §c052t +
_ 45+5 1 _ 1 251
L 1 [m] = Ee = ECOSZt + ESllet
3.3(a)INITIAL AND FINAL VALUE THEOREMS
Initial value theorem
Statement: IfL[f(t)] = F(s), then ltir% f) = SlirgsF(S)

Proof:
We know that L[f'(t)] = s L[f(t)] — £ (0)
= sF(s) — f(0)
= sF(s) = LIf'®]+ f(0)
= [, e~tf"(t)dt + £(0)

Taking limit as s — oo on both sides, we have
limsF(s) = lim J,” e7stf (®)dt + £(0)]

= lim[[" e~ f"(O)de] + £(0)

= [y lim[e™'f"(D)]dt + £(0)

=0+ £(0) cem® =0
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= (0)
= limf(¢)
SlLrgsF(s) = ltl_r%f(t)
Final value theorem
Statement: If the Laplace transforms of f(t) and f'(t) existand L[f (t)] = F(s),then
fimf(©) = limsF
Proof:
We know that L[f'(t)] = s L[f(t)] — f£(0)
= sF(s) — £(0)
= sF(s) = LIf'(®)] + £(0)
= foooe‘“f’(t)dt + £(0)
Taking limitas s — 0 on both sides, we have
limsF (s) = lim| J,”e7stf (B)dt + £(0)]
=lim[f," e ™" (O dt] + £(0)
= Jy limle™*f"()]dt + £(0)

= [, f'®©dt + £(0)
= [f(O]5 +£(0)
= f(0) = f(0) + f(0)
= f ()
= lim/©
« lim f(£) = limsF (s)
Example: Verify the initial value theorem for the function f(t) = ae™?t
Solution:
Given f(t) = ae™?t
F(s) = L[f(®)]
= L[ae~?t]
—a L

sF(s) = %

Initial value theorem is ltirr(;f(t) = limsF(s)
- S—00
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limf(t) = lim ae %t
teof( ) t—0

= e (1)
. . as
limsr(s) = lim [ 7]
= lim ib == lim Lb
s—oo |s(1+2) s—eo | (1+2)
= e e e (2)

From (1) and (2), ltl_r%f (t) = Sll_)r(r}o sF(s)

= Initial value theorem is verified
Example:Verify the initial value theorem and Final value theorem for the function
f(t) =1+ e ![sint + cost].
Solution:
Given f(t) =1+ e ![sint + cost]
F(s) =LIf(®)]
= L[1 + e~*[sint + cost]]
= L[1] + L[e t[sint + cost]]
= L[1] + L[sint + cost]s_s41

1 1 S
=+ e =)
s se+1 se+1lg 641

1 1 s+1
s (s+1)2+1  (s+1)%2+1
1 1 s+1
F(s)=-+3 + 5
S S4+25+2 S4+25+2

s s2+s
$2+25+2  sZ4+2s+2

sF(s) =1+
Initial value theorem is ltirrolf(t) = limsF(s)
- s—00
. _ . _t .
ltl_r)r(}f(t) = ltl_r)r(}[l + e ![sint + cost]]

=1404+1=2eeee (1)

2
limsF(s) = lim [1 +— S ]
S—00 S—00

$2+42s54+2  S2+42s+2

1
— 1+ lim () ]

S—00 L(1+§+Siz) (1+2+5)
=14+04+1=2--cc-- (2)
From (1) and (2), ltir%f (t) = limsF(s)
- S—00

~ Initial value theorem is verified
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Final value theorem is tlim f() = lirr(}sF(s)
—00 S—

gimf(t) = tlim(l + e~ ![sint + cost])

. . s sZ+s
!gl_{r(}SF(S) - Ll_{% [1 T $2+25+2 sZ+25+2]
=1404+0=1::--- (4)
From (3) and (4), tlim f(t) = lirr(}sF(s)
—00 S—
-~ Final value theorem is verified.

Example: Verify the initial value theorem and Final value theorem for the function

F® =17 ]

s(s+2)2

Solution:
1

Given f(t) = L1 [S(m)z] A

- fOtL‘l[ : ]dt = f R [Siz] dt

(s+2)2

= [, e %t dt

= [, te™2 dt
= [+ (=) -2
e—zt

= —t
2

-2t 1

te—Zt‘ e—2t

S f®) =5 -5—-

2 4

1
s(s+2)2

From (1), F(s) =

Initial value theorem is ltirrolf(t) = limsF(s)
- S—00

1 te—2t e—2t
fimf (©) = lim [L— 27— ]
t—>0f() t-0 L4 2 4

—1_o0-1-0
4 4

L limf () =0+ (2)

limsF(s) = lim =25 =0
~ limsF(s) =0--(3)
S—00

From (2) and (3), }:l_I)T(}f (t) = ;13)10 SF(s)
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~ Initial value theorem is verified

Final value theorem is tlim f() = lirr(}sF(s)
—00 S—

s—0 (S+2)2]
From (4) and (5), tlim f() = lirr(}sF(s)

llmsF (s) = lim

=~ Final value theorem is verified
Example: Verify the initial value theorem and Final value theorem for the function

f©) =e*(t+2)*
Solution:
Given f(t) = e t(t + 2)?

=e H(t* +4t+4)
F(s) = LIf (D]
= Lle ' (t? + 4t + 4)]
L[t? + 4t + 4] 541
=[L
&

(%) +4L(t) + 4L(D)] 55541

=|5+45+4]]
Sls—os+1
2 1 1
~ (5+1)3 +4 (s+1)2 t47
4s 4s

sF(s) =5 +1)3 + SR st
Initial value theorem is ltin(}f(t) = limsF(s)
— S—00
. _ . _t 2
ltl_r)r(}f(t) = ltl_I;I(‘)l[e (t* + 4t + 4)]

2s 45 4s
thF(S) - slgg (s+1)3 + (s+1)2 ' s+1

. 2 4 4
= lim l ( S1 5+ Sl)z + s(lj—l)l

S§2 |3 1+—) 52(1+— s
N N

— L 24+ . l
e AT

=0+0+4
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=4--(2)
From (1) and (2), ltl_r%f (t) = S}l_)rg sF(s)

~ Initial value theorem is verified

Final value theorem is tlim f@) = lirrésF(s)
—00 S—

tlimf(t) = gim [e™t(t? + 4t + 4)]

. T 2s 4s i
?_I;%SF(S) - !ql—r}(} [(s+1)3 + (s+1)2 s+1]

=0--(4)
From (3) and (4), th_)rg f() = !Si_r)%sF (s)

~ Final value theorem is verified.

Example: If L[f(t)] = s(s_td) , find the lti_)rgf(t) and !i_)rgf(t) using initial and final

value theorems.

Solution:

1 .o
s(s+1)

Given L[f(t)] =

(D)

. 1
ie.,F(s) = it SF(s) =

Initial value theorem is ltin(}f(t) = limsF(s)
— S—00

1
(s+1)

0

sl—>n;) (s+1) =
Final value theorem is tlim f) = lingsF(s)
—00 S—

5 1
lim =
s—0 (s+1)

3.3(b) CONVOLUTION THEOREM

Definition: Convolution of two functions

The convolution of two functions f(t) and g(t) is denoted by f(t) * g(t) and
defined by

f@)*g(t) = fotf(u)g(t — u)du.
State and prove Convolution theorem
Statement: If L[f(t)] = F(s) and L[g(t)] = G(s), then L[f(t)] xL[g(t)] = F(s)G(s)

Proof:

We have f(t) * g(t) = fotf(u)g(t —uw)du
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LIF(®) » g©] = [, [f(®) x g()] e~dt
= fooo fotf (w)g(t —u)due=stdt

= J; Jy Fag(t —we~tdudt - (1)
Now we have no change the order of integration.
u=0u=t;t=0,t=o
Change of order is . Draw horizontal strip PQ
AtP,t=u, At Au=o
LIF®) » g1 = [)" [ f()g(t —u)e™*dtdu
= [ [, 9t —we stdt]du - (2)
Put t —u=x--(3)
t=u+x=>dt =dx
Whent=u;(3) =>x =0
When t = 0;(3) 2 x =
@)= LIf @) *g®] = [, f@[f, g(x)e ®dx]|du
= [ fW[f, g(x)e ste~*dx|du
= fooof(u)e‘sudu fooog(x)e‘sxdx
= LIf(W]Lg(x)]
= LIf@®) * g(O)] = F(s)G(s)
Note: Convolution theorem is very useful to compute inverse Laplace transform of product
of two terms
Convolution theorem is L[f(t) * g(t)] = F(s)G(s)
LHF()G()] = () = g(t)
LHF($)G(s)] = LTHF($)] = LG ()]
Problems under Convolution theorem

Example: Find L~1 [m] using convolution theorem.

Solution:

L [m] =L [(s-ll-a)] L7 [(S-Il-b)

— e—at * e—bt

— fote—aue—b(t—u) du

— ,—bt (t j—au ,bu
=e P [ e ™ e du
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— e—bt fot e(b—a)u du

bt [e(b—a)u] t
= e e -
b—a 0
e—bt

— — [e(b—a)t _ 1]

— th [ebt—at ~1]

b-a
1 - - -
— [e bt+bt—at __ e bt]
b-a
1 1
L—1[ ] _ —at _ ,—bt
(s+a)(s+b) b-a [e € ]

Example: Find the inverse Laplace transform by using convolution

S
(s2+a?)(s2+b2)
theorem.

Solution:

1 o] = L e |

= [(Sziaz)] L7 [(Szj-bz)

= cosat * cosbt

= fot cosau cosb(t — u)du

t cos(au+bt—bu)+cos(au—bt+bu)
= J, : du

= %fot(cos(au + bt — bu) + cos(au — bt + bu)) du

= %fot[cos(a —b)u + bt + cos(a + b) u — bt]du

[sin[(a—b)u+bt] " sin[(a+b)u+bt]]t
a-b a+b 0

'sin(at—bt+bt)+sin(at—bt+bt) sinbt sinbt]
a—b a+b a—-b a+b

N |-
r

[sinat . sinat sinbt sinbt]
|l a—b a+b a—-b a+b

[(a+b)sinat+(a—b)sinat—(a+b)sinbt+(a—b)sinbt
a2_b2

[2asinat—2bsinbt

a2_b2

[2(asinat—bsinbt)

a2_b2

NIRr NIRr NIRr NIRr N~

-1 [ s? ] __asinat—bsinbt
(s?2+a?)(s?+b2) a?—-b?

Example: Find the inverse Laplace transform by using convolution

1
(s2+a?)(s2+b2)

theorem.
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Lt [m] = L7 [(sz-ll-az) (Slez)]

1

2ab L a+b a-b

=L [(Sziaz)] * L7 I:(SZ-Il-bz)

1, 1 .
= =sinat * = sinbt
a b

1 0t .
= Efo sinau sinb(t — u)du

1 tcos(au—bt+bu)—cos(au+bt—bu)
== du
ab 70 2

- ﬁfot(cos(au — bt + bu) — cos(au + bt — bu)) du

= %fot[cos[(a + b)u — bt] — cos[(a — b)u + bt]|du

[sin[(a+b)u—bt] sin[(a—b)u+bt]]t
0
[sin(at+bt—bt) __ sin(at—bt+bt) + sinbt sinbt]

2ab L a+b a—-b a+b a-b

2ab L a+b a-b a+b a-b

[sin at sinat  sinbt sinbt]

'(a—b)sinat—(a+b)sinat+(a—b)sinbt+(a+b)sinbt]

2ab L aZ-p2

'—2bsinat+2asinbt]

2ab L a%-p2
1

2 (asinbt—bsinat)]

2ab L a?—b?

.71
~ L [(52+a2

Example: Find the inverse Laplace transform

Solution:

-1 N -
L [(52 +4)(s2 +9)]

)(s2+b?2)

] __asinbt—bsinat
" ab(a?2-b2)

m by using convolution theorem.

L_l[ 1 s

(s2+4) (s2+49)

=L [(521+4)] * L7 [(3219)

1 .
= ESant * coS3t

= %fot sin2u cos3(t —u)du

1 ptsinQRQu+3t—3u)+sin(Qu—3t+3u
— _f ( )du
270 2

= ifot[sin(Bt —u) + sin(5u — 3t)]du

_ 1 [—cos(3t—u) cos(5u—3t)]t
T4 -1 5 0

_1 [cos(3t—t) cos(5t—3t)  cos3t + cos3t]
4 1 5 1 5
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=1 [cosZt _goszt cos3t + —COS3t]
4 5
l [Scoszt—cosZt—Scos3t+cosSt]
T4 5
= 21—0 [4cos2t — 4cos3t]
. L_1 [ s __ cos2t—cos3t
” (s2+4)(s%249) o 5
Example: Find L1 [ > Z] by using convolution theorem.
(s2+a2)
Solution:
-1 [ s ] -1 [ 1 s
(s2+a?)2 o (s2+a?) (s?2+a?)

=L [(sziaz)] e [(sziaz)]

1 .
= Zsmat * cosat

= %fotsinau cosa(t —u)du

1 rtsin(au+at—au)+sin(au—at+au)
= du
a’0 3

= %f;[sinat + sin(2au — at)]du

= % _fotsinatdu + fot sin(2au — at) du]

=~ [sinat fot du + fot sin(2au — at) du]

2a

cos(Zau—at)) t ]

N t
= _smat(u)o ( = s

10, . cos(2at—at cosat
= —|tsinat — ( ) + ]
2a L 2a 2a

10, . cosat cosat
= —|tsinat — —]
2a L 2a 2a

1 >
= — tsinat
2a

-1 [ s ] __ tsinat
(s2+a?)2 2a

1

(s2+az)2

Example:Find L1 [ ] by using convolution theorem.

Solution:

- [(sz+1a2)2] =L [ﬁ m]

=L [(Sziaz)] L [@]

1 . 1 .
= —sinat * —sinat
a a
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1

;fotsinau sina(t — u)du

1 tcos(au—at+au)—cos(au+at—au)
== du
a2+0 2

1 [l =

Tz Ot[cos(Zau — at) — cosat]du

1 [t t
— _fo cos(2au — at)du — [ cosat du]

2a2

[ ~t t
— _fo cos(2au — at)du — cosat [ du]

1 sin(2au—at) t
— (—)0 - cosat(u)f)]

2a

[sin(2at—at)  sin(—at)
2a 2a

— tcosat]

— tCOSClt]
| 2a 2a

2a2

1 [sinat . sinat
a2

1 [2sinat

3 tCOSClt]

2a2

1 inat
[Sm“ / tcosat]

s2

Example: Find L1 [—] by using convolution theorem.

Solution:
L1 [

NIRr NIRr N]|R

(sz+a2)2

s ]_ _1[ s s
(s2+a2)2] — (s24+a?) (s%+a?)

L™ [(sziaz)] L7 [(sziaz)]

cosat * cosat

fot cosau cosa(t —u)du

t cos(au+at—au)+cos(au—at+au)
Jy - du

= 2 [“[cosat + cos(2au — at)]du

0

2
- _ft cosatdu + [, cos(2au — at) du]
2 [Jo 0

1

2

cosat fot du + fot cos(2au — at) du]

_ ) _ ¢
cosat(u)(t) + (sm(Zau at)) ]

2a 0

sin(2at—at) |, sinat
+ 5]

tcosat +
L 2a 2a

+
2a 2a

[ sinat sinat
tcosat + —]

[tcosat + Zsmat]
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L1 [(L] = [tcosat +

smat]
52+a?)?

2
Example: FindL‘l[ :
(s2+4)

Solution:

el = lem w

=L [(32;2)] L7 [(SZ-IS-ZZ)]

= coSs2t * cos2t

= fot cos2u cos2(t —u)du

t cos(Qu+2t—2u)+cos(u—2t+2u)
= - du

= lfot[COSZt + cos(4u — 2t)]du

_fot cos2tdu + fot cos(4u — 2t) du]
[cosat fot du + fot cos(4u — 2t) du]

_1 [ t sin(4u—2t) L,
= _cosZt(u)O + (—4 )0]

1 _tCOSZt + sin(4t—2t) ol sin(—2t)]
2L 4 4

1

2L

tcos2t +

+

sin2t sinZt]
4

[tcosZt + 25m2t]

L‘l[ i ]— [tcosZt+

sm2t]
(s2+a?2)2

Example: Find L~1 [ 7 2+4)] by using convolution theorem.
Solution:
-1 _ l 1
[5(52+4) - [s 52+4]

=1 =

— 1% 51r212t

_ SiI;Zt «1

t sin2u (1)
=J,—% —du

—cos2u t 1
= [T]o =3 (—cos2t + 1)
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= i(l — cos2t)

s+2

Example: Find the inverse Laplace transform —————
(s2+4s+13)

by using convolution theorem.

Solution:

-1 S+2 -1 s+2 1
LM ———=| =L
(s24+4s5+13)2 s2+4s+13 s2+4s+13
- ] ]
s2+4s+13 s2+4s+13
- ] e
(s+2)2+9 (s+2)2+9

—2tp -1 (5 |, pm2tp-1| L
5249 5249

e 2tsin3t

=e

= e 2lcos3t *

= fot e_ZucoSBu e—Z(t_u) wdu

—2t+2yu Sin(3t—3u) Sl

t _
= ["e ?%cos3u e
0 3

1 ot .
= Efo e~ 2u=2t+2Uo53y sin(3t — 3u) du

e~?t . tsin(3u+3t—3u)—sin(3u—3t+3u)
[ du
3 0 2

-2t

fot[sinSt — sin(6u — 3t)]du

e~2t[.t ., Py,
=—|J, sin3tdu — [ sin(6u — 3t) du]
= < [sin3t fj du — [ sin(6u — 3¢) du]
=——[sin3t ], du , sin(6u )du
et . ¢ cos(6u—3t))t
=— _sm3t(u)0+(—6 .
ety . cos(6t-3t) cos(—3t)]
== _tsm3t+ .
e _t m3t 4+ cos3t cos3t]
=——|tsin - —

-2t
=2 tsin3t

6

-1 5+2 ] et
[(s2+4s+13)2 6 tsindt

Example: Find the inverse Laplace transform by using convolution theorem.

(s+1)(s2+4)

Solution:

L mmerms) = o )

-

s+1 s2+4
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et x cos2t

fot e~ (t"Wcos2u du

t
e™" [y ecos2u du featcosbtdt =

2

at

e
P (acosbt + bsinbt)

u

—t e

e cos2u +
[12+22 (

-t
e? [et(cos2t + 2sin2t) — e®(cos0 — 0)]

-t

e? [et(cos2t + 2sin2t) — 1]

=% _[et(cos2t + 2sin2t) — 1]

5

24MA201 COMPLEX VARIABLES AND TRANSFORMS




