Contour Integration

Evaluation of Real Integrals
The evaluation of certain types of real definite integrals of complex functions over suitable closed

paths or contours and applying Cauchy’s Residue theorem is known as Contour Integration.

Type 1: Integration round the unit circle
Integrals of the form foznf(cos 0, sin 8)d6 where f is a rational function in cos6 and sin 6

To evaluate this type of integrals
We take the unit circle |z| = 1 as the contour C.

Onlzl =1,let z = e

dz . T .
= = =jel? = iz
do

dz

iz

) . 1
elfrei0  z+- 7249

Also, cos @ = =—~Z=
2 2 2z

and, sing = === — =22
2 2iz

|z| = 1 = 6 varies from 0 to 27

foznf(cosﬁ,sin 6)do = [ f (

Now applying Cauchy’s Residue theorem, we can evaluate the integral on the right side.

z%+1 22—1) dz
iz

2z ' 2iz
Problems based on Contour Integration

do
5+4sin@

Example: 4.57 Evaluate fozn using Contour integration.

Solution:

Replacement Let z = e'?

21

1z

:>d0=(f—zzandsin9=2

dz
" Jo 5+4sin6 05+4<ZZ-1
2iz

) wherecis|z| =1

dz

— f iz
C 5iz+2z2-2
iz

:f dz

C22z245iz-2

= [f(@dz ...(1)
222+t‘>iz—2

Where, f(z) =
To Evaluate, [ _f(z)dz
To find poles of f(z), put 2z2 + 5iz—2 =0

_ —5i +v—=25+ 16 _ —5i+3i
N 4 T4

V4



z = —%, —2i are poles of order one

GivenCis|z| =1
Consider z = —%
—_T 1
= |z] =|—l| =-<1
2 2
nz= —é lies inside C

Consider z = —2i
=zl =|-2il=2>1

~ z = —2i lies outside C.
Find the residue for inside pole z = —%

[Res f(D)],__¢ = lim (z+3) f(2)

2 Zo—=
2

~ By Cauchy’s residue theorem
| f(2)dz = 2mi  [Sum of residues]

-m(2) =%

dae 2T

21
(1) = J-0 5+4 sin 3

Example: 4.58 Evaluate foznlsiﬁ using Contour Integration.

Solution:
Replacement Let z = ¢
d . 21
= do =Zandsinf = ==
iz 2iz
21 de dz/i .
[T ———= _%2/iz__ \here Cis |z| = 1
0 13+5siné [4 13+5(Z f1>
2iz
_f dz/iz
~J ¢ 26iz+522-5
2iz
_ dz
- ch 5z2426iz—5
=2) _f(2)dz

1
Where, f(2) = ———

Toevaluate [ _f(z)dz

To find poles of f(z), put 5z2 + 26iz—5=0
5 = —26i+V=676+100 _ —26i+24i

10 10

=>z= —é, —5i are poles of order one.

GivenCis|z| =1

(D



Consider z = —é

=>|2|=|—é|=§<1

fz= —é’ lies inside C
Consider z = —5i
= |z| =|-5i|=5>1
~ z = —5i lies outside C.

Find the residue for inside pole z = —é
[Res f(2)] _ i = lim (Z + i')f(z)
z= 5 Z—)—é 5
= 1 i 1
- lerili (Z + 5) 522426iz—5

= lim (2 +) e
)

(5(z+5)(z+51)

=~ By Cauchy’s residue theorem

J f(2)dz = 2mi[Sum of residues]
= 2ni(5) = %
> J e = 2() =%
Example: 4.59 Evaluate foznaﬂfﬁ, a > b > 0 byusing contour integration.

Solution:

Replacement Let z = e'?

2
> do =(Z—ZZ and cos§ = =1
Lo de dz/iz . B
v fO a+bcosf fc (z2+1> where cis |z| = 1
2z
_f dz/iz
— J ¢ 2az+bz%+b
2az4br +b
2 dz
- ?fc bz2%+2az+b
2
=-J, f(@dz . (D
1
Where, f(Z) = bz2+42az+b

Toevaluate [ _f(z)dz

To find poles of f(z),put bz? + 2az+ b

;= -2a++/4(a?-b?) _ —atva?-b?
- 2b - b




—a+Va2-b2 -a+Va2-b2

z= - , - are poles of order one.
—a+Va?—pZ? L
Clearly, z = a++ = lies inside ¢
—a— 2_p2 R R
and z = ————— = B lies outside c

Since a > b, we can write bz? + 2az+ b = b(z — a)(z — B)

Find the residue for inside pole z = «
Res f(Z)]Z =a — llm(Z - a)b(za—)(zﬁ)
_ 1
~ ba-p)
_ 1

~ 2VaZ-p2

= By Cauchy residue theorem

fcf(z)dz = 2mi [sum of residues]
1
= 2mi [ZVaZ—bZ]
i
a2—p2

2T dae 2 i
(1) = fO a+bcosf i [\/az—bz]
_ 21
T Vaz—p2
Example: 4.60 Show that fozn a0 = :;z if Ipl <1

1-2p cos 8+p?

Solution:

Replacement Let z = e'?

dz z%+1
= df =— andcosf = —
iz 2z
. J-Zn ae _ dz/iz
“Jo 1-2pcosf+p? [1 2p<z +1>+P2]

Where, Cis |z| = 1

_f dz
“Jec, [Z—P(ZZ+1)+P2Z]
Z|l—

z

-1

CP(ZZ+1) P2z—z
f dz
i© CP(z%2-(1+P2)z+P

=—=[, f()dz (D

_ 1
Where, f(z) = Pz2—(1+P2)z+P

Toevaluate [ f(z)dz

To find poles of f(z),put pz> — (1 +p?z+p=0

_ (P2+1)%y/(P%2+1)2-4P2
= ”




_ (P2+1)£(P2-1)
= —Zp

1
=>z= P are poles of order one.

Since |p| < 1, the pole z = p lies inside C and the pole z = i lies outside C.

Find the residue for the inside pole z = p

[Res f(2)],=p = ii_I)I;(Z -p) f(2)

= hm [(z - D) —p(z e )l

=~ By Cauchy Residue theorem
fcf(z)dz = 2mi [sum of residues]

. 1
= 2mi [ > ]
P2-1
21 ae 1| 2mi
R
( ) fO 1-2p cos 8+P?2 i lp2-1
_om
~ 1-p2

21 cos 30 dO

Example: 4.61 Evaluatef usmg contour integration.

Solution:

Replacement Let z = e'?

2
=do =% gndcos ==
iz 2z
cos 30 = Real part of e®? = R.P (z°)

(Z3)dz
<22+1> whereCis |z| =1
2z

. f2nc0530d0 J-Zn R.P
" Jo 5-4cos6

_ R.Pf z3dz/iz

c 5z—(2z2+2)
z

=R.P (=3)[ f(2) dz (1)

Where, f(z) =

222 5z+2

Toevaluate [ _f(z)dz

To find poles of f(z),put 2z> —5z+2 =10
_ 5+V25-16 _ 543

4 T4
1
=>z= 2,5 are poles of order one.
GivenCis|z| =1

. 1
Consider z = >

:>|z|=|%|=%<1



Lz = % lies inside C
Consider z = 2
>lzl=121=2>1
~ z = 2 lies outside C

Find the residue for inside pole z = %

. 1
= qu zZ— =
z-o= 2

2
1
= qu zZ— =
Zt 2

2

= By Cauchy’s Residue theorem

fcf(z)dz = 2mi [sum of residues]

= 2mi (—i) =

24 12

= = (1) () =2

5—4cosf@

. 21 sin? 0d0 2m cos26d6
Example: 4.62 Evaluate [ ——— = [ ———

Solution:

Replacement Let z = e'?

dz z%+1
= df =— andcos = —
iz 2z

cos 20 = Real part of e?® = R.P (Z?)

2)d
. j-Zn sin? 0 _ f 1_R'P(Zi2 :
h o 5—-3cos@ - 0] 10—6<Z2+1)
2z
where Cis |z| =1
_ (1—2 )dz/tz
=R.P fc 10z-3z2-3

=rp (-3, G2

=R.P (—%)fc f(2)dz

1-z2
Where, f(z) = 2

z2-10z+3

Toevaluate [ f(z)dz
To find poles of f(z),put 3z> —10z+3 =0

. (1)



5= 104+y/100—36 _ 1048
- 6 T 6

1
~z=3,7are poles of order one.
GivenCis|z| =1

- 1
Consider z = 3

1 1
=>|Z|=|—|=—<1
3 3
1,- R .
.-.z=§I|es inside C

Consider z = 3
=>|z|=13=3<1
~ z = 3 lies outside C

Find the residue for inside pole z = %

[Res f()], s = lim (2 = }) f(2)

)2

I
—
=

-3

w]

=~ By Cauchy’s Residue theorem
fC f(z)dz = 2mi [sum of residues]
1
= 2mi (— ;)

1) = J-OZH sin20.do R.P (_l) (_ﬂ) _2r

5-3cos@ i 9 9

Example: 4.63 Using Contour Integration, evaluate the real integral fg;:zzzzz

Solution:

Replacement Let z = e'?

dz Z24+1
= df =— andcos @ =
iz 2Z
Now fn 1+2cosf __ 1 r2m1+2cosf
'JO 5+4cos6 " 270 s5+4cos6

[ 2% FO0dx = 2 [ GO, if f(2a—x) = f(0)]

ZZ+1) dz
. lfzn 142 cos @ _lf 1+[1+2( 2z )E
270 s+4cos6 c 5_,_4(22*'1))
2z
_ 1 _(Przen)
T 2i7C z(2z%2+5z+2
1
= ch f(2)dz . (1)

Where, f(z) = dii:

Z(2z2+5z+2)

Toevaluate [, f(z)dz



To find poles of f(z),put z(2z> +5z+2) =0
>2z=0;2z2°+5z+2=0
=5z=0z=-2,z= —%are poles of order one.

GivenCis|z| =1

Consider z =0

=>z|=10l=0<1
~ z = 0 lies inside C

Consider z = -2

> |zl=]-21=2>1
~ z = —2 lies outside C
Consider z = —-

>zl =|-Y=1<1

1,- ..
nz=—= lies inside C

Find the residue for the inside pole
() Whenz =0
[Res f(2)]z=0 = Lt (z = 0)f (2)

(z%+z+1) 1
z—0 Z(2Z?+5z+2) 2

(ii) When z = —~

Zo—=
1 z%24z+41
=lim(z+=-)————
71 2) Z(2z+1)(z+2)
) 1 z%4z+41
=lim(z+-)—/———
- 2/) 72(z+3)(z+2)
1 1
__ a ot
- 1 1
2(—)(-3+2)
3
— & __1
_3 2
2

= By Cauchy's Residue Theorem

Jo f(2)dz = 2mi [Sum of residues]

=2mi[;~3] =0
1 ;2w 1+2cosO 1
(1) 270 stacosé 0= Z[O] =0
Example: 4.64 Evaluate f usmg Contour Integration.

Solution:

Replacement Let z = e'?



z%4+1
2z

= do =% and cos 8 =

2w dé 2 dz/iz .
: = where Cis |z| =1
fO 2+cos 0 C 2+(22+1> | |
2z
dz/iz

- f(; z2+4z+1
22

2 dz
i7C z2%2+4z+1

= %fc f(2)dz . (1)

1
z2+4z+1

Where, f(z) =

Toevaluate . f(z)dz

To find poles of f(z),put z2+4z+1=0
_ —4+Vi6+4 _ —442v3
2 2

z = —2 ++/3,—2 — /3 are the poles of order one.

GivenCis|z| =1
Consider z = =2 ++/3
= |z| = |—2+\/5_’| <1
z = —2 + /3 lies inside C

Consider z = —2 — V3
=zl =|-2-+V3| <1
« z = =2 — /3 lies outside C
Find the residue for the inside pole z = =2 ++/3

[Res f(2)],- 513 = z—>]:i2r£-1\/§(z —(-2+V3)f(2)

1
0 Rl R ey ey

1 1
T 2+V3424v3 243

= By Cauchy’s Residue Theorem

Jo f(2)dz = 2mi [Sum of residues]

i
= 2mi [2\/_] NG
21 2 i 21
(1) = f 2+cos€ ﬁ] - ﬁ
Exercise: 4.4
Evaluate the following Integrals
de .2m
D Jo Trzcoss Ans: 2
2 cos26 .
2) f 5+4cos6 AN 6
2w sin?@ . T
3) f 544 cos 8 ANS: 4




2m
4) fO 5—4 cos @ ANS: 3

5) f;"#ﬁmz; la] < 1 Ans: i’jzz

6) f m, [x <n<1] Ans: f;z

7) f 17— 8C059 AnSi_Z

8) f m Ans: 2?”

9) f m Ans: ZZ a—+ aZ\/—_bZ]
10) J, 2 SC_O:COSS = do Ans: 3?”

Type Il: Integration around semi — circular contour

Integrals of the form [~ % dx,

where f(x) and g(x) are polynomials in x, such that the degree of f(x) is less than that of g(x) atleast by
two and g(x) does not vanish for any value of x.

Let C be a closed contour of real axis from —R to R and semicircle 'S’ of radius R above real axis.
Thus,

f@ R f(x) f(Z)
fC 9(2) ng(x) f d

ASR - o, [ f(z) +dz — 0 by Cauchy’s lemma

f(2) o @)
=l 509 = Loy dx

Now applying Cauchy’s Residue theorem, we can evaluate the integral on the left side.

Note: Cauchy’s lemma: If f(z) is continuous function such that |zf (z) — 0| uniformly as |z] = o on S,

then fc f(z)dz > 0 as R — oo, where ‘S’ is semicircle of radius 'R’ above the real axis.

Problems based on Contour Integration

Example: 4.66 Evaluate | w#‘é{ﬂwz) where a > b > 0

Solution:

Replacement put x = z = dx = dz

. foo x2dx _ f z%dz)
o c

— (x2+a2)(x2+b2)  JC (z2+a?)(z2+b2) where

Where C is the upper semi circle

=[. f@dz ..(1)
Where, f(z) = z

(z7+a2)(z2+b?)
To find the poles, put (z% + a?)(z? + b%?) =0
= z = tai, z = tbi, are poles of order one.
Here z = ai, bi lies in upper, half of the z —plane.
Find the residue for the inside pole



(1) When z = ai

. . z?
[Res f(Z)]z—mi - zlggi(z B Cll) (z+ai)(z—ai)(z%2+b?2)

- 2ai (b%-a?)
- 2i (a?-b?)
(ii) When z = bi
[Res f(2)]ws: = lim (2~ bf @)

z2

= lim (z — bi)

z—bi (z%2+a2)(z+bi)(z—bi)
b2

 (a?-b?)2bi
b

= T 2i(ar-p?)

= By Cauchy’s Residue theorem
fc f(2)dz = 2mi [sum of residues]

— 2 [ a _ b ]
= 4Tl 2i(a?2-b2)  2i(a?-b?)

_Z_m' a-b ]
~ 2i L(a-b)(a+b)
_ T
~ a+b

o x2dx T
W=/, (x2+a?)(x2+b?) _ a+b

dx
(x2+a?)(x2+b2)’

Example: 4.67 Evaluate f0°° a>0,b>0
Solution:

foo dx _ lfoo dx
0 (x2+a2)(x2+b2)  27-% (22+a2)(x2+b2)

Replacement put x = z

= dx =dz
. lfoo dx _ lfoo dx
T 27-0 (x2+a?)(x2+b2) 27— (x2+a?)(x2+b?)

Where C is the upper semi circle

==/, f(@dz... (1)

1
(z%2+a?)(z2+b?)

Where, f(z) =
To find the poles, put (z2 + a?)(z? + b?) =0

= z = tai, +bi are poles of order one.
Here z = ai, bi lies in the upper half of the z- plane.
Find the residue for the inside pole
(1) When z = ai

[Res f(2)] a1 = lim (z = aD) (2)



= lim (z — ai) L
zai (z+ai)(z—ai)(z2+b?)

1 _ 1

T 2ai(b%2-a2)  2ai(a2-b2)

(i) When z = bi
[Res f(@)],=p: = lim (z — bD)f (2)

1
- leml(z —bi) = (z2+a?)(z+bi)(z—bi)

_ 1
" (a%-b2)2bi

=~ By Cauchy’s Residue theorem
1 1

I, f(@)dz = 2mi [- 2ai (@—b?) " 2bi (aZ—bZ)]
2mi 1 1
~ 2i(a?-b?) [_ 2T Z]

= e ()

_ T
ab (a+b)
1 T
1) =7 f—oo (x2 +a2)(x +b2) 2ab (a+b)
_ T
" 2ab (a+b)

Example: 4.68 Evaluate ffooo;r—xz

Solution:
Replacement put x = z

=>dx =dz

. foo dx
) ©x24q2

=f f(2)dz .. (1)
Where, f(z) =

2+a2
To find the poles put z2 + a? = 0
= z * ai are poles of order one.
Here z = ai lies in the upper half of z plane.
Find the residue for the inside pole.
() When z = ai
[Res f(@)],=ai = lim(z — ai)f ()

- ZIHBL-(Z —ai) (z+ai)(z-ai)

1

2ai

= By Cauchy’s Residue Theorem

fC f(2)dz = 2mi [sum of residues]



) =/ ==

© x2+a2 a

Example: 4.69 Evaluate [°

foe) ( Z+a2)2
Solution:

Replacement put x = z = dx = dz

Now, [ 2 _=2(" &

0 (x2+a2)?2 2Y-%°(x2+a?)

1

daz
=3)e Grary where C is the upper semi circle

=1fc f(2)dz ()

Where, f(z) =

2+a2)2
To find the poles, put (z2 + a?)2 =0
= z = tai are poles of order 2 here z = ai lies in the upper half of z — plane. Find the residue of the inside
pole.
(i) When z = ai

[Res f(2)];ai = Lim - (z — ai)? f(2)

= lim — [(z — ai)?

z—ai dz (z— al)z(z+al)2]

. d 1
= lim — ,
z—ai dz L(z+ai)?

= lim [ =]
z—ai L(z+ai)3
2 2 1

(2ai)® = -8a3i  4ia3

~By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

—x+2
o (x 4+10x2+9)

Example: 4.70 Evaluate [

Solution:

Replacement Put x = z = dx = dz

o x2-x+2 z%2-z+42 . .
- f_wmd" =/, Gririories 4 where C is the upper semi circle.

=[ f(2dz (D
Where, f(z) = ziz+2

(z*+10z2+9)

To find the poles, put z* + 10z2+9 =0



=>(Z2+1)(z2+9)=0
= z = +i,+ 3i are poles of order one.
Here z = i, 3i lies in the inside pole
Find the residue of the inside pole.
() Whenz =i
[Res f(2)],=; = lzi_I}ll(Z — i) f(2)

_ _ (z%-2z+2)
IZILI} [(Z l) (z+i)(z—i)(zz+9)]

= lim [z |
- Zl_n- (z+1)(2249)

_-1-i+2 1

(20)(8) ~ 16i

(if) When z = 3i
[Res f(2)];=5; = lim - (z = 30) f(2)

T ey (z%-z+2)

= lim [(Z 30) (22+1)(z+3i)(z—3i)]
(2%-2z+2)

z—-3i (22+1)(z+310)

_ —9-3i4+2 _ -7-3i
(-8)(6i)  —48i
7+3i
48i

~By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

16i 48i

(
2mi (S5 )
2t (o )

o xZ-x+2 51
1) = f—oo (x*+10x2+9) 12

2T

1-i 7+31)

Example: 4.71 Evaluate [;° xix 7

Solution:

foo dx _ lfoo dx
0 x%+a*t 27— x44qt
Replacement Put x = z = dx = dz

1 0 dx 1 dz . ..
) inas =5 Jc s, where Cis the upper semi circle.

=2f, fdz .. (1)

Where, f(z) =

4-_+_a4-
To find the poles, put z* + a* = 0

=zt =—a*



>z = (—a4)i

=z=(-1)""a
= (cosm + isinn)%a
= [cos(m + 2km) + i sin(m + 2km)]i a
= [cos (szn) + isin (”+2k”)] a

=ae+i(¥) k=0,1,2,3.....

i
Whenk =0,z = ae+
3im
Whenk =1,z =ae +
5im
Whenk =2,z =ae +

7im

When k = 3,z = ae + are all poles of order one.

3im

Here z = ae s and ,Z = ae + lies in the upper half of the z plane.
Find the residue for the inside pole

(i)When 7z = ae+

[Res f(2)] (2= ae¥) £(2)

zZ—ae 4
in
= lim |({z—ae+ !
i (z*+a*)

z—ae 4

= % [Apply L'Hospital rule]

(ii) When z = ae s
[Res f(2)] s = lim (z - ae¥>f(z)

zZ=qae 4 2-=
z-ae 4

3im
= lim. (z—ae 4)
3iT

z—-ae 4

z%+a*

= g [Apply L'Hospital rule]

1

3im 473
z—-ae 4

1
9im
4a3e 4

= By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]



. 1 1
= 2mi ( 7 + m)
4a3e 4 4a3e 4

21i —i3m —i9m
:—(e 4+ 4 e 4

4qa3
— :_(e—me4 +e lZTL’e l:) [ e—m’ — _1]
alontrent)  pemey
= _”< T __) [ elx_zeﬂx = isin x]

- (ssn
(2
)

=/ =

0 (x4+a4)

Example: 4.72 Evaluate [

’ ‘w|=1:a

o (x 2+1)3
Solution:
Replacement Put x = z = dx = dz

2l (xff1)3 =], (24‘f1)3 where C is the upper semi circle.

= fc f(2)dz - (D

Where f(Z) = m
To find the poles, put (z2+ 1)3 =0
=z2+41=0

= z = +i are poles of order 3.
Here z = i lies in the upper half of z — plane.

Find the residue for the inside pole z = i

[Res f(2)],=; =5 le — (Z - D°f(2)
= Ele_ [(Z - )3—(“0 1(2 L)3]

— 1lim daz 1 ]
- 2! z5i dz? (Z+i)3

Lim £ [ =]
- 2 zZ—1 dZ (z+i)*

_ 112 _ 6 3

T 2@2)5 320 16i

~By Cauchy’s Residue theorem,
Jo f(2)dz = 2mi [sum of residues]

. 3 3
= 2mi (—) ==
16i 8

__3m
o (x4+1)3 8

=/

Type Il



Integrals of the form

[ oofix; sin(nx)dx (or) [_ Oofg %cos(nx)dx

To evaluate this integral, write sin(nx) and cos(nx) in terms of e™* thus,
f(Z) m,z _ (*® M inx
Jo g™z = Lagi e
Where C is the closed curve as in type Il and finally equate imaginary part or real part accordingly to get the
required integral.
Problems based on Contour Integration

cosmx

dxa>0m>0

Example: 4.73 Evaluate f

Solution:

Replacement put x = z = dx = dz and cosmn = R.P e'™"

Now, [ dx =~ [ R;in;x
—f RE e™ dz where C is the upper semi circle.
—%fc f(2)dz . (D)
Where f(z) = e

2+a?
To find the poles, put z2 + a? = 0
= z = tai are poles of order one.
Here z = ai lies in the upper half of z — plane.

Find the residue for the inside pole z = ai
[Res f(D)],=ai = lim (2 —ai) f(2)

l lmZ
=Im\z—al)——————
z—>a1( )(z+a1)(z ai)
eimz

m
z—ai (z+ai)

e—ma

2ai

~By Cauchy’s Residue theorem,

fc f(2)dz = 2mi [sum of residues]

=2t (57)

oocosmx R.P e~ ma T _
D) = [ =" (n ) = e

00 x sin mx

Example: 4.74 Evaluatef ———dxwherea>0,m>0

Solution:

Replacement put x = z = dx = dz and sin(mx) = [P e™*



00xSlnmx (o] x]pelmx
Now, [, _f L
I.P z elmz . ..
= — ] =—5dz where C is the upper semi circle.
2 YC z4+a
1.P
==J, f@)dz . (1)
lmZ
Where, f(2) = 2+a2

To find the poles, put f(z), putz2 + a®> = 0
= z = tai are poles of order one.
Here z = ai lies in the upper half of z — plane.
Find the residue for the inside pole z = ai
[Res f(2)];-ai = lim (z ~ ai) f(2)

lmZ

lim (z — al)——————
z—»al( )(z+a1)(z ai)
_ (ai)e~ma e—ma

- 2ai T2

~By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

e—ma

= 2mi ( )=ne‘ma

2

0 x sin mx _E . —may _ T _-ma
(1)=>f0 2+2dx—2(7ne )—Ze

cosx dx

o (x2+a?)(x2+b2)’ ,a>b>0

Example: 4.75 Evaluate [

Solution:

Replacement put n = z = dz = dzcosx = R.P e™*

Now, f cosx dx RP eiZ dz
© x2+a2 (x2+b2)  Jc (z2+a?)(z2+b?)
where C is the upper semi circle.
R.P
— I, f(2)dz
Where, f(z) = °

(z2+a?)(2%+D?)

To find the poles, put f(2), put (z2 + a®)(z* + b*) =0

= z = +ai, +bi are poles of order one here z = ai, bi lies in the upper half of z — plane.
To find the residue for the inside pole

() when z = ai

[Res f(2)];-a: = lim,(z = ai) f(2)

el.Z

= lim (2 - al) o e
. iz

= I e
e—a —e—a

- (2ai)(b%2-a?) - (2ai)(a?-b?)




(if) when z = bi

[Res ()] =i = lim (z = bi) f(2)

~By Cauchy’s Residue theorem,

Evaluate the following integrals
X
D | emrners

e 2 a
2) fo(xx—x

249)(x2+4)

3) fo (x2+1)2

o cos3x dx
4) fO (x2+1)(x2%2+4)

o cos3x dx
5) fO (x2+1)(x2%2+4)

o x2
6) J, G

7) f() (x2+a2)3

dx
8) fO x*+10x2+9

9) foo cos 3x

co (x2+1)

10) foo x sin x

2+1

11) f_oooo sin x

x*+4x+5

2x%2-1
x4+5x2+4

12) f

= hm (z — bi)

lim ——
z—bi (z%2+a?)(z+bi)

(z2+a?)(z+bi)(z—bi)

Jo f(2)dz = 2mi [sum of residues]

e
(2ai)(a?-b?)

+ (zm’)(aZ—bZ))

+a?)(x2+b?)

e‘a) 14 —b
= ae
ab (a?-b?) (

Exercise: 4.4

Ans:

e

Ans: —

Ans: =
4

Ans: = ———6]

Ans: = ———6]
Ans: =
4

Ans:

Ans: —
Ans: —
Ans: =

Ans:

Ans:

]

— be™%)



