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3.1 INTRODUCTION

A transformation is an operation which converts a mathematical expression to a
different but equivalent form. The well known transformation logarithms reduce multiplication
and division to a simpler process of addition subtraction.

The Laplace transform is a powerful mathematical technique which solves
linear equations with given initial conditions by using algebra methods. The Laplace transform
can also be used to solve systems of differential equations, Partial differential equations and
integral equations. In this chapter, we will discuss about the definition, properties of Laplace
transform and derive the transforms of some functions which usually occur in the solution

of linear differential equations.
3.1(a) LAPLACE TRANSFORM
Let f(t) be a function of t defined for all t > 0 .then the Laplace transform of £ (¢t),
denoted by L[ f(t)] is defined by
LLF®)] = [ e f(t)dt

€69
S

Provided that the integral exists,

L[ f(t)]is a function of s and is briefly written as F(s) (i.e.) L[ f(t)] = F(s)

is a parameter which may be real or complex. Clearly

Piecewise continuous function

A function f(t) is said to be piecewise continuous is an interval a <t < b, if the
interval can be sub divided into a finite number of intervals in each of which the function is

continuous and has finite right and left hand limits.
Exponential order

A function f(t) is said to be exponential order if P_Eg e Stf(t) is a finite quantity, where
s > 0(exists).

Example: 1.Show that the function f(t) = et’ is not of exponential order.

Solution:
. — 3 . _ 3 . 3_
lime Stel =lime Sttt =limet ~5t
t—oo t—oo t—>

= e® = oo, not a finite quantity.
Hence f(t) = et’is not of exponential order.
Sufficient conditions for the existence of the Laplace transform

The Laplace transform of f(t) exists if

i) f(t) is piecewise continuous in the interval a <t < b
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i) f(t) is of exponential order.

Note: The above conditions are only sufficient conditions and not a necessary condition.

Example: 2. Prove that Laplace transform of et” does not exist.

Solution:
. — 2 . _ 2 . 2_
lime St et =lim e~ St*tt" =limet ~5t
t—oo t—oo t—>

= e” = oo ,not a finite quantity.
~ et isnot of exponential order.
Hence Laplace transform of et does not exist.
3.1(b) PROPERTIES OF LAPLACE TRANSFORM
Property: 1 Linear property
Llaf(t) + bg(t)] = aL[f(t)] £ bL[g(t)] , where a and b are constants.
Proof:
Llaf(t) £bg(®)] = [ laf(t) £ bg(D]e~*dt

=a [, f(e~stdt + b ["g(t) e s'dt

Llaf(®) £ bg(®)] = a L[f(©)] £ b L[g(t)]

Property: 2 Change of scale property.
It LIf(®)] = F(s), then L[f(at)] =>F () ;a>0

Proof:
Given L[f(t)] = F(s)
w fy et f(©) de = F(s) o (D)
By the definition of Laplace transform, we have

[f(at)] = f e St f(at) dt - (2)

Put at= xie.,t:f:dtz‘%‘

(2) > L[f(at)] = f e (x)d—x

—f ea f(x)dx

Replace x by t, L[f(at)] = ifoweT fO)dt

L[f(at)] = %F(Z) a>0

Property: 3 First shifting property.
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If L[f(t)] = F(s),theni) Lle ™f(t)] = F(s+ a)
i) Lle"f(®)]=F(s—a)
Proof:
(i) Lle™f (O] =F(s+a)
Given L[f(t)] = F(s)
s f et f() dt = F(s) -+ (1)
By the definition of Laplace transform, we have
Lle % f(at)] = foooe_“ e 4 f(t) dt
= [ 2Dt £(1) dt
=F(s+a) by()
(i) L[e® f(a)] = [, et e f () dt
= [, KO/ ST
=F(s—a) by(1)
Property: 4 Laplace transforms of derivatives L[f'(t)] = sL[f(t)] — f(0)

Proof: u=est
LIf'®] = f, et f'(&) dt = [, udv
= [w]y — [ udv

odu = —se Stdt

= [e~St F(O)]7 — dv = f'(t)dt
Iy F®) (=s)e™t dt cv= [ fOde

= 0— £(0) +sLIf(®)]

= SLIf()] - £(0) =/

Lf'(®)] = sLIf(t)] — £(0)
Property: 5 Laplace transform of derivative of order n
LIf"(®] = s"LIf (O] —s"* £(0) — s"72f'(0) - —s"73 £7(0) — - f*71 (0)
Proof:
We know that L[f'(t)] = sL[f()] — f(0) - (1)
LIf™(®1 = LIIf (O]
= sL[f'(©)] - £'(0)
= s[sLIf (O] = £(0)] — £'(0)
= s2LIf(©)] = sf(0) — £'(0)
Similarly, L[f"(¢)] = s*L[f ()] — s*£(0) = sf'(0) — £"(0)
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In general, L[f"(t)] = s"L[f(©)] —s"* f(0) —s"72f'(0) - — "3 f"(0) — - f*~1 (0)
Laplace transform of integrals
Theorem: 1 IfL[f(t)] = F(s), then L [fotf(t)dt] = @
Proof:
Let g(t) = [, f(t)dt
2 g @®)=f®
And  g(0) = [ f(t)dt =0
NowL[g ()] = L[f (t)]
sLIg(®)] — g(0) = L[f (D]
sLlg®] =L[f®O] ~g(0)=0
Lg(t)] =2

oL [fotf(t)dt] = @
Theorem: 2 IfL[f(t)] = F(s), then L[tf(t)] = —%F(s)
Proof:
Given L[f(t)] = F(s)
“fy e f©) dt = F(s) o (D)
Differentiating (1) with respect to s, we get
SIS et f(6) dt = F(s)
[T 2 ) f () dt == F(s)
[ (=t)e™st £(t) dt = = F(s)
— [ e f(t) dt = £ F(s)
—~L[tf ()] = ZF(s)
~ L[tf ()] = — - F(s)
Note: In general L[t"f(t)] = (—1)";—;F(s)

sZ—s+1

Example: If L[f(t)] = st D21

then find L[f(2¢t)].
Solution:

Given L[f(D)] = ——*2 = F(s)

(2s+1)2(s—-1)
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LIF@ol =5F (3)

52 S
_1 [7-3+4]

C2(s+1)2 (32)

_ s%-2s+1
T 4(s+1)2(s-2)

Laplace transform of some Standard functions

Result: 1 Prove that L[t"] = %

Proof:
We know that L[f(t)] = [, e™* f(¢) dt Let st = u-- (1)
L[t"] = frel) ¥de t=§
pd n
L[t"] = [fe (%)n o [
= fgoe‘”szﬁ du i
e Sn1+1 foooe_”u” i, Whent - 0(1)=>u—-0
~ L[t"] = r:l::) fgoe‘“u" du ’
t >0, (1)=>u-w
Note: If nis an integer, then I'(n + 1) = n!
» L[t"] === ifnisan integer

snt+1

Ifn=0 ,then L[1] =§
1

Ifn=1 , thenL[t] ==

%)

2!

Similarly L[t?] = =

3!
s*

L[t3] =
Result: 2 Prove that L(e®) = ﬁ ,s>a

Proof:
We know that L[f(0)] = [, e~ f(¢) dt
= L(e™) = [“e~Stedt dt

= [, et (1) dt
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_ I:e—t(s—a):loo
Cl-s-a) ],

S L(eat) = ﬁ

Result: 3 Prove that L(e™®) = ﬁ ,S>a

Proof:
We know that L[f(t)] = f e St f(t) dt

L(e—at) — fo e—ste—at dt

= [ o ids
e—ts+a)®
73 [—(s+a) ]0

7l

oo L(eat) = m

Result: 4 Prove that L[sinat] = 5—;

Proof:
We know that L[f(t)] = f e St f(t) dt

L[sinat] f e St sinat dt

o [®,—at o __b
~ L[sinat] = ,s > |al [ J, €7 sinbt dt = a2+b2]
Result: 5 Prove that L[cosat] = ——;
s“+a
Proof:
We know that L[f(t)] = f ~StF(t) dt
L[cosat] f et cosat dt
. o [®,—at —__
=~ L[cosat] = 2+ ~,s > |a| < J, €7 cosbt dt = =7

Result: 6 Prove that L[sinhat] = s> |a|

2_g2 "’

Proof:

We have L[sinhat] = L [

[L(e®) — L(e™*)]

e _e—at]
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[s+a—s+a]
s2_q2

. L[sinhat] = ﬁ ,s > |al

Result: 7 Prove that L[coshat] = 5>—

—a? ’

s> |a|

Proof:

We have L[coshat] = L [

eat+e—at]

2

[L(e®) + L(e™*)]

[ 1 1
1,4
| S—a s+a

1

2

1

2
1[s+a+s—a
A=
1

by

| s2—q2
23
y _sz—az]
S
. L[coshat] = 7 S la|
. L
Example: Find L [tZ]
Solution:
We have L[t"] = Fgl:ll)
Putn =~
1 r(3+1
oL [tZ] = (21 ) “T(n+1) =nln
s2tt
) 1
_ 2 \2 S\ .
- 14 T (2) - \/E
s2
_Vr
-3
2s2
P
L [tz] T 2svs
1
Example: Find the Laplace transformof t™z or %
Solution:
We have L[t"] = FEZLD

1
Putn = _E

1
oL [t_%] = (1) “T(n+1)=nln
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i :
= —=£ I'{=) = \/E
; 8
_Vz
s
1 T
Lzl =
FORMULA
LIf(®)] = F(s) LIf(®)] = F(s)
_1 , _a
L[l] 5 L[smat] = S2+—a2
1
L[t] = = _ S
s2 L[COS(It] = sZ-I-—aZ
L[t"] = r(:_:ln if nis not an integer
s L[coshat] = — >
s?—a
! . ] .
L[t"] = o ifnisan integer _
L[sinhat] = po—
aty — 1
L(e™) = —
aty — 1
L(e®) = s+a
Problems using Linear property
Example: Find the Laplace transform for the following
i 3t2 +2t+1 V. sinV2 t ix. sin’t
i, (t+2)° vi.  sin(at +b) X. cos?2t
iii. at vii. cos32t Xi. cos5tcos4t
iv.  e%t*3 viii.  sin3t
Solution:

(i) Given f(t) =3t + 2t + 1
LIf(©)] = L[3t%? + 2t + 1]
= L[3t?] + L[2t] + L[1]
= L[3t%] + L[2t] + L[1]
= 3L[t?] + 2L[t] + L[1]
=32 425 +3

. 2 6,21
~ L[3t +2t+1]—53+52+s
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(i) Given f(t) = (t + 2)3 = t3 + 3t23(2) + 3t2% + 23
LIf(t)] = L[t3 + 3t%(2) + 3t22 + 23]
= L[t3] + L[6t?] + L[12t] + L[8]
= L[t3] + 6L[t?] + 12L[t] + 8L[1]
(iii) Given f(t) = at
LIf®)] = L[a‘] = L[e**97]
Llat] = —

s—loga
(iv)Given f(t) = e?t*3
LIf(®)] = L[e***3] = L[e*". e?]
= e3L[e?]

1
— et [ 2]
S—2

o L[e?t+3] = €3 [i

(V) L[sinv2t] =
(vi)Given f(t) = sin(at + b) = sinatcosb + cosatsinb

L{f(t)] = L[sin(at + b)]

= L[sinatcosb + cosatsinb]

2+2

= cosb L[sinat] + sinb L[cosat]

L[sin(at + b)] = cosb >+ smb

vii) Given f(t) = cos® 2t ==[3cos2t + cos6t
(vii) f(@) = cos 4[ Y cos6] 3g 3cos0 + cos360
" cos® 0 =

LIf(H)] = iL[3cosZt + cos6t] 4

[3L(cos2t) + L(cos6t)]

1

4
aiiEriierr

4 +4 54+36

L[cos32t]=z[3 == ]

s2+4 52436

(viii) Given f(t) =sin®t = i[Bsint — sin3t]
LIf®)] =

L[3sint — sin3t]

[3L(sint) — L(sin3t)]

-M'-* -PI»—\

_1[ 1 3 ]
T4l s241 s249
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L[sin3t]=§[ LI ]

4 1s2+1  s2+49

(ix) Given f(t) = sin? t =—="=

LIf(t)] =L [1_C052t]

2

1+cos4t
2

(X) Given f(t) = cos? 2t =

LIf(®)] =L [1+C084t]

2

= %[L(l) + L(cos4t)]

1]1 S
-1
21ls s“+16

L[COSZZt]Zl[l-l- S ]

2ls  s%+16

(xi) Given f(t) = cos5tcos4t
L{f(t)] = L[cos5tcos4t]

1
2
1
2

[T
s2+81  s2+1
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[L(cos9t) + L(cost)]

Problems using First Shifting theorem

L[e_atf(t)] = L[f(t)]s—>s+a
L[eatf(t)] = L[f(t)]s—>s—a

Example: Find the Laplace transform for the following:

i. te 3t vii. t22¢

ii. t3e? viii. 327t

iii. e*sin2t ix. e 2tsin3tcos2t
iv. e 5tcos3t X. e 3tcos4tcos2t
v. sinh2tcos3t xi. e*'cos3tsin2t
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vi. cosh3tsin2t

(i) te =3t
L[te_gt] = L[t]sos43
1 1
B (5_2)s—>s+3 . L(t) B 5_2
-3t 1
Llte™] = (s+3)2
(ii) t3 2t
L[t392t] = L[t3]s—>s—2
3! 3!
- (5_4)5_)5_2 . L(t) T g3+1
. 3,2t1 — __©
~ L[tve®t] = =0

(iii) e*tsin2t

Lle*sin2t] = L[sin2t]s_s_4

- (=)
C \s2422/5 6y

_ 2
T (s—4)2+4

_ 2
T s2-8s+16+4

. 4t ; N\ 2
~ Lle*tsin2t] = S nTon

(iv) L[e 5tcos3t|
Lle™>tcos3t] = L[cos3t]s s
S
P (52+32)S—>S+5

N s+5
" (s+5)249

- s+5
T s2410s+25+9

— s+5
. L[e 5"LCOS3t] = S
s4+10s+34

(v) L[sinh2tcos3t]

eZt_e—Zt

L[sinh2tcos3t] = L [( )cosSt]
[L(e?tcos3t) — L(e ?tcos3t)]

1
2
1
-5 [L(COS3t)S_,S_2 - L(Cosgt)s—>5+2]
1
2

...~ E5),00)
s2432/ 5552 s2+32/ 5542
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-'-L[SinthCOS3t]:l[ s-2  s+2 ]

(vi) L[cosh3tsin2t]

2 L(s—2)24+9 (s+2)2+9

L[cosh3tsin2t] = L [(eStze_St) sinZt]

[L(e3tsin2t) + L(e 3tsin2t)]

1
2
1 . .
=3 [L(sin2t)s 53 + L(sin2t)s s3]
1
2

2 2
).t E2),000)
54422/ 5553 54429/ 555+3

~ L[cosh3tsin2t] = 1[ 24 2 ]

(vii) £22¢

2 l(s=3)2+4 ' (s+3)2+4

L[t?2¢] = L[t?e'09%]

= L[tzetlogz] = L[t2]5—>s—log2

2!
= ()
s—-s—log?2

_ 2
- (s—log2)3
. 29t _ 2
” L[t 2 ] - (s—log2)3
(viii) €32~
L[t327] = L[t3el09?]
= L[t3e—tlog2] =i L[t3]5—>s+log2
3!
a (54)s—>s+log2
_ 6
pY (s+log2)*
. 39—t] _ 6
o L[t 2 ] A (s+log2)*

(ix) L[e~%tsin3tcos2t]

L[e~?tsin3tcos2t] = L[sin3tcos2t]s s>

NlRr NIk NIRr N|IR

L[sin(3t + 2t) + sin(3t — 2t)]s_542
L[sin 5t + sint]¢_¢4»

[L(sin 5t) + L(sint)]s_s42

5 1
[ 2452 + 2 2]
s“+5 se+1%lg 5542

: o> =l
2 L(s+2)2425 = (s+2)2+1
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~ Lle%tsin3tcos2t] =

(X) L[e 3tcos4tcos2t]
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=i lew il
T 2l(s+2)2+25 ' (s+2)2+1

Lle 3tcos4tcos2t] = L[cosdtcos2t]s si3

=~ Lle 3t cos4tcos2t] =

(xi) L[e*cos3tsin2t]

]
Llcos(4t + 2t) + cos(4t — 2t) 5543
L[cos6t + cos2t]s_s43

[L(cos6t) + L(cos2t)]s 543

1
2
1
2
1
2
1
2

52+62 5242215 443

1[ s+3 s+3 ]
2 L(s+3)24+36  (s+3)2+4

1[ s+3 n s+3 ]
2 L(s+3)2+36  (s+3)%2+4

L[e*tcos3tsin2t] = L[cos3tsin2t]s_s_4

L[sin(3t + 2t) — sin(3t — 2t)]s5_4

|
‘£
2
%L[sin 5t — sint]g,s_4
1

: [L(sin 5t) — L(sint)]s_s_4

1[5 1

2 Ls2+52 52+12]s—>s—4

Al sl
2 L(s—4)2+25  (s—-4)%+1

~ Lle**cos3tsin2t] = %[ SR ]

(s—4)2+25  (s—4)%2+1
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