ANALYTIC FUNCTIONS — NECESSARY AND SUFFICIENT
CONDITIONS FOR ANALYTICITY IN CARTESIAN AND POLAR CO-
ORDINATES

Analytic [or] Holomorphic [or] Regular function

A function is said to be analytic at a point if its derivative exists not only at that point
but also in some neighbourhood of that point.
Entire Function: [Integral function]

A function which is analytic everywhere in the finite plane is called an entire
function.

An entire function is analytic everywhere except at z = .
Example: e?, sin z, cos z, sinhz, cosh z

Example: Show that f(z) = log z analytic everywhere except at the origin and find its

derivatives.
Solution:
Let z = re®?
f(z) =log z
= log(re'®) = logr + log(e?) = logr + i8
But, at the origin, » = 0. Thus, at the origin, Note:e ® =0

f(z) =log0+if = =0 +i0 o

loge™
So, f(2)is not defined at the origin and hence is not g

= log0; —o0 = log0

differentiable there.
At points other than the origin, we have

u(r,0) =logr v(r,0) =0

U, = —
Tor

u9=0

So, logz satisfies the C—R equations.
Further% is not continuous at z = 0.

So, u,, ug, vy, vy are continuous everywhere except at z = 0. Thus log z satisfies all the

sufficient conditions for the existence of the derivative except at the origin. The derivative is



1
' Up+ivy +)+i(0) 1
f@)= o0 ( )eie =

Note: f(z) = u+iv= f(re®)=u+iv

| =

ret z

Differentiate w.r.to ‘r’, we get

(i.e.) ef (re?) = 242
Example: Check whether w = z is analytics everywhere.
Solution:
Let w=f(2)=2Z

u+iv = x — iy

u=x v=—y
u, =1 U, =0
u, =0 v, = -1

u, # v, at any point p(x,y)
Hence, C—R equations are not satisfied.
~The function f(z) is nowhere analytic.
Example: Test the analyticity of the functionw = sin z.
Solution:
Letw = f(2) = sinz

u + iv = sin(x + iy)

u + v = sin xcosiy + cosx sin iy

u + iv = sinxcoshy + i cosxsin hy

Equating real and imaginary parts, we get

u = sinx coshy v = cosx sinhy

U, = CcOoSx coshy v, = —sinx sinhy

u, = sinx sinhy vy = cosx coshy
YUy = vy and uy, = —vy

C —R equations are satisfied.
Also the four partial derivatives are continuous.

Hence, the function is analytic.



Example: Determine whether the function 2xy + i(x? — y?) is analytic or not.

Solution:
Let f(z) = 2xy +i(x? —y?)
(i.e.) u = 2xy v=x%—y?
du _ v _5
ox Y ox X
ou _5 v 1=
dy - dy L =5

Uy # vy and uy, # —v,
C—R equations are not satisfied.

Hence, f(z) is not an analytic function.

Example: Prove that f(z) = cosh z is an analytic function and find its derivative.

Solution:

Given f(z) = coshz = cos(iz) = cos[i(x + iy]

= cos(ix — y) = cosixcosy + sin(ix)siny

u + iv = coshxcosy + isinhxsiny

u = coshx cosy

v = sinhxsiny

u, =sinh x cos y

u, = —coshxsiny

v, =cosh x siny

v, =sinh x cos y

“ Uy, Uy, Uy and v, exist and are

continuous.
Uy = vy and uy, = —v,
C—R equations are satisfied.
~ f(2) is analytic everywhere.
Now, f'(z) = u, + iv,
= sinhx cosy + icoshxsiny
= sinh(x + iy) = sinh z
aw

Example: If w = f(z) is analytic, prove that ‘;—VZ" =

?w
“r =0

prove that 5205 =

.0 ,
= —l% where z = x + iy, and



Solution:
Letw = u(x,y) +iv(x,y)

As f(z) is analytic, we have u, = v,,u, = —v,

dw , , , ,
Now, el f'(z) =uy +ivy = v, —iu, =i(u, +iv))

_ ou L0V av]
ax lax_ ; +lay
=2 w+iv)=—-iLw+iv)
dx ay

oW o
T ox ay

We know that, M
0z
0%w
" 9z0zZ
’w
0z0z
Example: Prove that every analytic function w = u(x,y) + iv(x, y)can be expressed as
a function of z alone.

Also

Proof:
Letz=x+iy and  zZz=x-—1iy
zZ+Z z+Z
x==—7 and y=-—""F-
2 21
Hence, u and v and also w may be considered as a function of z and z
. ou , .0
Consider == = == + j—
0z 0z

W Ve, Uang et
“\ox 9z o9y 9z ax 0z 0y 9z

 (ue=tuy) +i(tn - Lv,)
TGt Tty TG T Yy
1 i
F— E(ux _Uy) +§(uy + V)
= 0 by C—R equations as w is analytic.

This means that w is independent of z

(i.e.) wis a function of z alone.
This means that if w = u(x,y) + iv(x, y) is analytic, it can be rewritten as a function of (x +
y).
Equivalently a function of z cannot be an analytic function of z.

Example: Find the constants a, b, cif f(z) = (x + ay) + i(bx + cy) is analytic.
Solution:

f(2) =ulx,y) +iv(x,y)



=(x+ay)+i(bx + cy)

u=x+ay v=bx+cy
U, =1 ve=Db
U, =a v, =cC

Given f(z) is analytic
U, =1, and Uy = -0,
1=c and  a=-b
Example: Examine whether the following function is analytic or not f(z) = e *(cosy - i
siny).
Solution:
Given f(z) = e *(cosy -i'siny)

S>u+iv=e¥cosy-ie*siny

u=-e*cosy v=—e*siny

U, =—e"*cosy v, =e *siny

u, = e *siny v, = —e ¥ cosy
Here, u, = vy, and u, = =v,

= C—R equations are satisfied

= f(2) is analytic.
Example: Test whether the function f(z) = %log(x2 +y?+tan™?! (i) is analytic or not.

Solution:
Given f(z) = %log(x2 4+ y2 +itanT! (%)

: S 2 2 4 -1(Y
(l.e.)u+lv—210g(x +y“ +itan (x)

1
u =-log(x* +y?) v = tan™? (%)




T 1 1 ]
¥ = 2xz g y7 ) v"_1+y_z x2
x
x2+y __Y
x%+y?
1 1
Y 2x2+y2(Y) _ 1 1
Uy = y2;
y 1+F
=x2+y2 4
C xZ+y2

Here, u, = vy and u,, = —v,
= C—R equations are satisfied
= f(z) is analytic.
Example: Find where each of the following functions ceases to be analytic.

z+i

() (i) 25

Solution:
() Let f(2) = =2
(z%2-1)(1)=z(2z) _ =(z%+1)
f( )— Zz 1)2 - (22_1)2

f(2) is not analytic, where f'(z) does not exist.
(i.e.) f'(z2) > o
(i.e.)(z?—1)2=0
(i.e) z>2—1=0
z=1
z=4%1
~ f(z) is not analytic at the points z = +1

(i) Letf(z) = %

vy @=D2W@D[2(z-D] _ (243
f'@) = (z—i)* RRTEGE

f'(z) > w,atz=1i

~ f(z) isnot analyticat z = i.



PROPERTIES - HARMONIC CONJUGATES

Laplace equation

9? 9?
2o+ L
ax ady

= 0 is known as Laplace equation in two dimensions.
Properties of Analytic Functions
Property: 1 Prove that the real and imaginary parts of an analytic function are
harmonic functions.
Proof:
Let f(z) = u + ivbe an analytic function
Uy =1y ...(1) and u, = - ...(2)byC-R
Differentiate (1) & (2) p.w.r. to X, we get
Uyy = Uyy.-.(3) ~and Upy = ~Vpy .. (4)
Differentiate (1) & (2) p.w.r. to x, we get
Uyx = Vyy ... (5) and Uyy = —Vyy ... (6)
B)+(6) = Uyt Uy =0 [+ Uy = Uyl
GC)-A= v+ vy, =0 [y = Uyy]
~ uand v satisfy the Laplace equation.

Harmonic function (or) [Potential function]

A real function of two real variables x and y that possesses continuous second order

partial derivatives and that satisfies Laplace equation is called a-harmonic function.

Note: A harmonic function is also known as a potential function.

Conjugate harmonic function

If u and v are harmonic functions such that u 4 iv is analytic, then each is called the

conjugate harmonic function of the other.

Property: 2 If w=u(x,y) +iv(x,y) is an analytic function the curves of the family

u(x,y) = ¢4 and the curves of the family v(x, y) = c, cut orthogonally, where ¢, andc,

are varying constants.
Proof:
Let f(z) = u + iv be an analytic function
S U =v,...(1) and u,=-v, ...(2)byC-R
Given u=c;andv = ¢,

Differentiate p.w.r. to x, we get



d d
ux+uy£=0and vx+vy£=0

da -u d -V
> =—% and > ==

dx Uy d vy

-Uu %
=>m, = —= =>m, = —

Uy Yy

My my = (i) (i) - (”—) (%) = ~1 by (1) and (2

uy ) \ vy uy ) \uy
Hence, the family of curves form an orthogonal system.

Property: 3 An analytic function with constant modulus is constant.
Proof:

Let f(z) = u + iv be an analytic function.

= U, =1,...(1) and U, =-v ...(2)byC-R

Given |f(2)|=VuZ+v2 =c#0

=|f(2)| = u? + v? = ¢? (say)

(i.e)u?+v?=c? ...(3)
Differentiate (3) p.w.r. to x and y; we get

2uu, + 2vv, =0 = uu, +vv, =0 .4
2uu, + 2vv, = 0> uu, +vv, =0 ...(5)
@Hxu = vlu, +uvwv, =0 ...(6)
Gyxv Duvu,+ v, =0 ...(7D)

6)+(7) = vtu, + v:v, +uv vy +u,] =0
= vwu, + v2u, +uv [ —u, +u,] = 0by (1) &(2)
> (uW+vH)u, =0
= u,=0
Similarly, we get v, = 0
We know that f'(z) = u, +v, =0+i0=0
Integrating w.r.to z, we get, f(z) =c  [Constant]
Property: 4 An analytic function whose real part is constant must itself be a constant.
Proof :

Let f(2z) = u + iv be an analytic function.

SuU=vy...(1) and u,=-v, ...(2)byC-R
Given u=c [Constant]
=u, =0, U, = 0

=u, =0, v, =0 by (2)



We know that f'(z) = u, +iv, =0+i0=0
Integrating w.r.to z, we get f(z) = ¢ [Constant]
Property: 5 Prove that an analytic function with constant imaginary part is constant.
Proof:
Let f(z) = u + iv be an analytic function.
U, =71,...(1) and u, =-v ...(2)byC-R
Given v = ¢ [Constant]
=v, =0, v, =0
We know that f'(z) = u, + iv,
= vy, +iv, by (1) =0+i0
= f(z2)=0
Integrating w.r.to z, we get f(z) = ¢ . [Constant]
Property: 6 If f(z) and f(z)are analytic in a region D, then show that f(z) is constant in
that region D.
Proof:
Let f(z) =u(x,y) + iv (x,y) be an analytic function.
@) =ulxy) - wxy) = uxy) +i[-vlx,y)]
Since, f(2) is analytic in D, we get u, = v, and u, = —v,
Since, f(z) is analytic in D, we have u, = —v)y, and uy, = v,
Adding, we get u, = 0 and u,, = 0 and hence, v, = v, =0
w f@)=u,+iv,=0+i0=0
=~ f(z) is constant in D.
Theorem: 1 If f(z) = u + iv is a regular function of z in a domain D, then
VZ[f(2)|* = 4|f'(2)|?
Solution:
Given f(z) =u+iv
> If ()] = VuZ +v7
= |f(2)]? = u? + v?
= V2|f(2)|? = V2 (u? + v?)
= V2(u?) + V2(v?) (1)

a2(u?) , 92(u?)

a? a2
Vz(uz)z(w+a—yz)u2+= 9x2 + dy2 (2)



0%u uou 0%u ou\ 2
wig+ =iz +2(3)

W) =5[] =

2u
Similarly, —(uZ) = Zu— +2 (a—“)

@)= V) =2u(Z2+ 28 +2[(2) +(2)]

=0+2 [(Z—z) + (g—;)z] [~ u is harmonic]
V2(u?) = 2uf + 2u3
Similarly, V2(v?) = 2v{ 4 2v,
)= V2If@)|? = 2[u? +u? + v2 + v2]
=2[uf + (-v)? +vg +uil  [uy = vu, = -1y
= 4[u2 + v
(L.e)V3f (D12 = 41f' DI?
Note: f(2) =u+ iv; f'(z) = u, + ivy ;

©n f'@ =v, + iuy ; If' @Dl = yui +vi;If @D =ui +v¢

Theorem: 2 If f(z) = u + iv is a regular function of z in a domain D, then VZ log
If(z)| = 0 if f(z) f'(z) # 0 in D. i.e., log |f(z)] is harmonic in D.
Solution:
Given f(z) =u+iv
f()] = VuZ + 07
log If (2)| =5 log (u* +v%)

Viloglf(2)| = ; Vilog (u? + v?) = %(— + —)Iog(u + v?)

dx2

1 92

= [log(u + v2)] (D

2
:la_[ 1 (Zua_u_l_zva_v)] :i uux+vvx]
O0x O0x

2 0x lu?2+v? ox |l u2+v?

TIMA
[log(u? +v?)] + = 2377

1 92
2 0x2

[log(u? + v?)]

(U402 [Uler F U U A VU + VgV ] — (U VD) QUUL+ 2DV
(u2+v2)2

(U402 [Ulsr H VU UZHVE] -2 (Ut + VD)
(u2+v2)2

(u?+v2)[unyy +vvyy+ud+vi]-2(uuy, +vvy)?

(u2+v2)2

Similarly, %%[log(u2 +v?)] =

2
(U2 4+2)[U(Usx+ Uy y) +V(Vxx+Vyy) +(UEHuF) +(WE+VE)]-2[uux+vvy]? —2[uny, +vv, |

(1)= VZloglf (2)| =

(u2+v2)2



(u?+v2)[w(0)+(uZ+v2)+us +v3) ——2[ulub+v2vE+2uv uyvy+u? uS+v2vF+2uv Uy vy

(u2+v2)2

[ Upx + Uyy = 0, Vyy + vV, =

0]

_ @) @)%+ ()% -2[u (ui+ ud) +v* wE+v§) +2uv(uy vytuy vy

(u?+v?2)2
[“f'(@) =u+iv,|If' D] =u, +ive (o) f'(2) =v, —iw,|f'@DI*=ui+ v¢
©NIf' @DI> =uj + vy

-~ 2(u2+v2)[|f’(z)2|—2[uzlf’(z)|2+v2|f'(z)2|+2uv(0)]
= (u2+v2)2

[“u, =vy, u, = —v4]
SUy Uy T Uy, =0
Su? +ad =12 + o2 = | DI
=v; +vy = up+ vy =|f/(2)|?

202+ F(2)P=2@2+v)|f (2)|°
- (u2+v?2)?

(i.e.) VZlog|f(2)| =0
Theorem: 3 If f(z) = u + iv is a regular function of z in a domain D; then
Vi(uP) = p(p — 1) uP~2[f' (2)I?
Solution:

V2(P) = (o + 1) 4P)

0% D 0° »
= o (W) ¥ 55 (W)

aa—xzz W) = = [pu”‘l 2—2] = puP MUy +p(p — DuP?(uy)?
Similarly, %(u”) = puP~tu,, +p(p — DuP~2(u,)?
(1) = V2@P) = puP ™M (we +uyy) +p(p— DuP~?[uf + uj]
= puP~1(0) +p(p — DuP?|f'(2)I?
[“Uyr +uyy = 0,f(2) =u+iv,f'(2) =u, +iv, |f' (@DI* =ui +uj
- V2(P) = p(p — D) uP?f'(2)I?
Theorem: 4 If f(z) = u + iv is a regular function of z, then VZ|f(2)|P =

PYIf@IP2If (2))*

Solution:



Letf(z) =u+iv

If (2)| = Vu? + v? ...(a)
If (2P = (u? + v?)P/? ...(b)

VISP = (30 +27) (02 +v?)P/?

0x?
2
= —2 (u? + v?)P/2 + %(u2 + v2)P/2
2
%(u2+v2)p/2= [ (u? +v?) [2u—+2 —”
= p(u®+ vz)Tl[uu” + U U F VU F VU]
+p (— - 1) (u? +v ) 2(uu s + vv,) Quu, + 2vv,)
=p(u?+ vz)Tl[uuxx + u2 + v, + vZ]
p
+2p(2- 1) W2 + v2)7 2 (uu , + vvy)?

Similarly, (u + v2)P/2 = p(u? + v? [uuyy +ul + vy, + 2]

a 2

+2p (§ )(u + v? ) ?(uu, + vv,)?

p_
= V2|f(@)IP = p@? + v2)2  [u(uy x + Uyy) + V(W + vyy) + ud+ U2 + v2 +

vZ] +
2p (— — 1) (u? + v? 2[u + V202 + 2uv uevy, + vPud + v2u? +

2uv u, vy |

= p(u? + vz [w(0) + v(0) + 2(u + u?)|

+2p (g ) (u? + v? Z[uz(ux +u2) + v2(W2 + v2) + 2uv(u, v, +

uyvy)]

= 2p@? + V) IF @1+ 2p (- 1) @2 + v L[ @ P40 | F (D)1 +
2uv(0)]

= 2p(u? + v?): _1|f )]? +2p( )(u +172)__2(u2 + v2)|f'(2)|?
= 2p(u? +v)_1|f(z)|2+2p( )(u +v)_1|f(z)|2
= 2p(u? +v2): U f @121+ 2~ 1]

= 2p? + v P @I = p2(ud +v2) 7 I (@)1
= P (VaZ + D)2 ()2



=p?lf (@DIP2|f'(2)|? by (a) & (b)
Theorem: 5 If f(z) = u + iv is a regular function of z, in a domain D, then
2 2
@I + |5 IF@I| =17 @)
Solution:
Given f(z) =u+iv

If (D] =vu? + v?
21 @) = = [z F 7]

L UL, +VV
— 2uu, + 2vv z__2
2VuZvZ [ X x] vu?+v?
[ |f(Z)|] O (Uugtvvg)?  uPudHvZvE42uv Uy
u+v? u+v?

. . a 2 2
Slmllarly, [5”‘(2)'] Ly 2uf+v2v5+2uv uyvy

uZ+p2

3 F 2[uZ+ud]+v2[vE+v3]+2uv [uxvy+uyvy]
[E;If(z)l] [ |f(Z)|] u”[uy+uyl+v v +vyl+2uv [uyvetuyvy

uz+v?

u?|fr(2)|?+v2|fr(2)|?4+2u v (0
_ |f1(z)| |f1(2)| ()[.-.u =v;u=—v]
w242 X y y x

2492 2
= = I @ P wevy v, = 0]

Theorem: 6 If f(z) = u + iv is a regular function of z, then V?|Re f(z)|? = 2|f'(z)|?
Solution:

Let f(z) =u+iv
Ref(2) = u
IRe f'(2)|* = u®
VZ|Re f'(2)|? = V?u?

= (G452 @

- (2@ + (57w
= 2[uf + u]
=21f'@I?
Theorem: 7 If f(z) = u + iv is a regular function of z, then prove that V?|Im f(z)|? =
2|f'(z)|?
Proof:
Let f(z) =u+iv
Imf(z) =v



lIm f(2)|* = v*
aa_x(vz) = 200,
62
ﬁ(vz) = Z[vax + vax] = Z[vax + v’%]
.. K
Similarly, a_yz(vz) = 2[vvy, + vZ]
K 9? 2 2 2
(ﬁ + W) lIm f(2)|? = 2[v(vyx + vyy) + V5 + 5]

= 2[v(0) + u2 + vZ] by C—R equation

=2|f'(2)|?
Theorem: 8 Show that 2 + 2= = 4 2 (or) ST V2= 42
. ax2 = 9y = 9zdz 7 9zoz

Proof:

Let x & y are functionsofzand z

- z+z zZ—Z

thatis x = —/,y = —
2 21

0 _09x, 00y

dz  0x10z dy 0z

Jd (1 01 1[a 1.0
—a(z)Jfa[z]—z[aﬁa]

7] d 10
262—6x+i6y (D)
2 sox a0y

9z  09xdz dyoz

=By 2 [P T] 2 22
T ax \2 dy L2i 2 lox idy

25:=(=1%) @
7o = it i) (G 13) [ @+ Da=by =a* =]
L (zai) (zai) by (1) & (2)
62
= 0z0Z

Theorem: 9 If f(z) is analytic, show that V2| f(z)|? = 4|f'(z)|*
Solution:

62
0z0z

P = F@F @
V2| f(2)|? = 4 5= [f(Df )]

=4[5 @[5 7o)

We know that, 2 + 2
e know t at,@+a—yz—



[ (2)is independent of Zand f(z) is independent of z]
L P F@P =4 D[ f(2)] = 4 @F @
=4l f'@DI? [vzz=|(2I]

Example: Find the value of m if u = 2x? — my? + 3x is harmonic.
Solution:




