TAYLORS AND LAURENTS SERIES

In this section, we find a power series for the given analytic function. Taylor’s series is a series of

positive powers while Laurent’s series is a series 0f both positive and negative powers.
Taylor’s Series
If f (2) is analytic inside and on a circle C with centre at point ‘a’ and radius ‘R’ then at each point Z
inside C,
f@=f@+E-a)t2+@-a?l2+ ..
(OR)
o0 ( — )n
f@ = TaeeE2 ()
This is known as Taylor’s series of f(z) about z = a.
Note: 1 Putting a = 0 in the Taylor’s series we get
_ f'(0) 5 £(0) . . = .
f@=f0)+(z-0) T (z-0) - T this series is called Maclaurin’s Series.
Note: 2 The Maclaurin’s for some elementary functions are
1) 1—-2)t=1+4+z+2z%+2% +-,when|z| <1
2) A+z)t=1—z+2z%2-23+--,when|z| <1
3 1—2)%2=1+4+2z+3z%>+4z3% +--,when|z| < 1
4) (142z)72=1-2z+3z%2—-4z% +--,when|z| < 1
z | z?
5 e?=1+=+=+:-when|z| <o
1 2!
z | z?
6) e?=1—=+=—+--when|z| <o
1 2!

3 5
7) sinz=z—%+%+---when |z] < o0

8) cosz = 1—Z—2+Z—4+---When |z| <
21 4l
LAURENTS SERIES

If ¢; and c, are two concentric circles with centre at z = a and radii r; and r, (r; < ry) and if f(2)

is analytic inside on the circles and within the annulus between c¢; and c, then for any z in the annulus,

we have
f@)=Yroa,z—a)"+Xn_1by(z—a)™ ... (1)
- 1 f(z) _ 1 f(2) . . . . .
Where a, = — 6 ey dz and by, = — fcz rempnr= dz and the integration being taken in positive

direction. This series (1) is called Laurent series of f(z) about the point z = a

Note:

1) If f(z) is analytic inside c,, then the Laurent’s series reduces to the Taylor series of f(z)with centre
a,since the negative powers in Laurent’s series is Zero.

2) As the Taylor’s and Laurent’s expansion in the regions are unique, they can find by simpler method

such as binomial series.



3) In Laurent’s series the part )7, a,,(z — @)™, consisting of positive powers of (z — a) is called the
analytic part of Laurent’s series, while ),%_; b, (z — a) ~™consisting of negative powers of (z — a) is

called the principal part of Laurent’s series.
4) The coefficient of ﬁ (i.e) b, in the Laurent’s expansion of f(z) about a singularity z = a valid in
region 0 < |z — a| < r is also called residue.
(i.e) coeff ofﬁ = Res [f(z),z = a]
Problems based on Taylor’s series

Example: 4.18 Expand f(z) = cosz as a Taylor’s series about z = %.

Solution:
Function Value of function at z = =
= o =03
0 i r6)= -6
[ Q-6
f(z) = sinz Iz (%) . (%) _ %

The Taylor series of f(z) about z = Tis f (2) = f (%) + (z _ E) ) n (z _ E)Z A6

_1 2 _ 1
2 1! 2!

V2 4 4
Example: 4.19 Expand f(z) = log (1 + z) as a Taylor’s series about z = 0.
Solution:
Function Value of functionat z = 0
f(z) =log(1+2) f(0)=1log (14+0)=0
, 1 , 1
ra=1 ro=15=1
. -1 ) -1
PO oy PO aee
N o _ 2
@ = g I = aror 2

The Taylor series of f(z) about z = 0 is
f@=fO0)+@E-02+ @022 ..
log(1+2) =0+ (2)=+ @2+
log(1+2) = (Z)%_(Z)z%Jr...

Example: 4.20 Expand f(z) = ﬁas a Taylor’s series about z = 1.



Solution:

Function Value of functionat z = 1
F@) = [ =L =1
f@)= (Z:—12)2 £ = ﬁ: 1
f@)= ﬁ f() = (1_2—2)3 = 2
0= Gy rO = g

The Taylor series of f(z) about z = 1is
f@=fO+E-DER+@-12L2+ -
1 _ 11 —1)222%2 4 ...
— = 1+(z-1) T +(z-1) —+
Problems based on Laurent’s Series
Working rule to expand f(z) as a Laurent’s Series
1 1 .
Let f(2) = —t— witha<b
(i) To expand f(2) in |z| < a, rewrite f(z)as
f@) = ——+—

a(1+%/q) = b(1+%/,)

_1 Z7 V-1, 1 27\
_a(1+ /a) +b(1+/b)
Now use Binomial expansion.

(i)To expand f(z) in |z| > a, rewrite f(z) as

f@) = —=+——

z(1+%/;)  z(1+b/,)

-1
= %(1 + /)™ +§(1 + b/z)
Now use Binomial expansion.

(ii)To expand f(z) in a < |z| < b, rewrite f(z)as
f@) = — -

z(1+2/5) + b(1+Z/p)

= A+ Y+ (14 Z/b)_1

Now use Binomial expansion.

i 7% , P .
Example: 4.21 Expand f(z) = DS Laurent’s series if (i) |z| < 2 (ii) |z| > 3
(iil2<|z| <3
Solution:
2_
Given f(z) = — L _jsan improper fraction. Since degree of numerator and degree of

(z+2)(z+3)

denominator of f(z) are same




=~ Apply division process
1

72 4524+6| z2 -1
z°+5z2+6
-5z -7

22—1 5z+7
" (@+2)(z+3) 1= (z+2)(z+3) "7 M

. 57+7 A B
Consider ——— = 24 =
(z+2)(z+3) z+2  z+3

=>5z24+7=A4(z+3)+B(z+2)
Putz = —2,weget—10+7 = A (1)
>A= -3
Putz= —3,weget—-15+7 = B(-1)
>B=28

5z+7 _ -3 8

T (z+2)(z+3)  z+2 | z+3

s 1- -2
(i) Given |z| < 2
. —_— 3 _ 8
. fo)=1+ 2(1+2/,)  3(1+%/5)
=1+ 2(1+7) " -2 +7)”
=1+ - [1——+[ ]—-[1—-+[ ]
=1+§2$§=0(—1)n[§] —32Zn=0(= 1>"H
(i) Given |z| > 3
L f@) =1+ -

2(142/7)  z(1+3/7)
=1+ 2(1+2/)" =2 +3/)"
S ST REIEN B
— 1420 [ -t on [

(iii) Given 2 < |z| < 3

ff(D) =1+ 2(132/2) -

3(1+7/3)

=1+ 2(14+2/) =2(1+7/3)"

=1+ ;[1—§+E]Z+---]—g[1—§+[§]2...]

= 1+2%n D [ -2z or ]
7z—

Example: 4.22 Find the Laurent’s series expansion off (z) = —( D@D

inl <|z+ 1| <3.



Also find the residue of f(a) at z=—1
Solution:

7z-2
z(z—2)(z+1)

Given f(z) =

7z-2 A, B c

z(z—-2)(z+1) Tz z-2  z+41
7z—2=Az—-2)(z+1)+Bz(z+ 1) + Cz(z — 2)
Putz= 2,weget14—2=B(2)(2+1)

= 12 = 6B
=>B=2
Putz= —1,weget—7—-2=C(—1)(-1-2)
-9 =3C
=>(C= -3
Put z = Owe get —2 = A(-2)
>A4A=1
@ =te o
Givenregionis1 < |z+ 1| <3
letu=z+1=>z=u-1
(i.e)l<|ul<3
Nowf(z)——+ﬁ—§
1 2

3
u

T W) TS
= %(1 - 1/u)_1 _2(1 _u/3)‘1 - %
T

N U PR S ;]ZJF ]__[1+z+1+[z+1] ...]_i

z+1 z+1 z+1 z+1

_ 1 yo [ _
T z414M=0 |54 Z+1
Also Res[f(z),z = —1] =coefficient of— = —

Example: 4.23 Expand f(z) = in a Laurent’s series valid in the region

(z—l)(z—Z)
Mz—-1>1()0<|z-2|<1(ii)|z|>2(ivVo<|z—-1|<1
Solution:

) 1
Given f(z) = =Dz-2)

- 1 _A B
Consider z-1(z-2)  z-1 =

=2>1=A4z-2)+B(z-1)
Putz = 2,wegetl=B(1)



=>B=1
Putz= 1wegetl =A(1-2)

=>A=-1
1

)=t
(i) Givenregionis [z — 1| > 1
letu=z—-1=>z=u+1
(i.e) |lul > 1
Now f(z) = ——+—

u—1
-1 1

PR

_ i1 173\t
= S +20-1)

- 2ol ff o]

-1 1 1 1 ]2
o z+1 z+1 zZ+1 zZ+1
n
-1 1 yo L]
z+1  z+1 4710|741

(i)Given0 < |z—2| < 1
Letu=z—2=2z=u+2

(i.e)0<|ul<1

Now f(z) = — — + -~

u+1 u

— -1, 1
=—1+uw) + -

= —[1—u+[ul*+-1+=

=—[1-(zZ-2)+[z—-2]*+ -

(iii) Given |z| > 2

Now f(z) = —

- -2l +malf
(iv)GivenO<|z—1|<1
letu=z—-1=>z=u+1
(l.e)0<|ul <1

Now f(z) = =2 + -1

u-1



=—;—[1+z—1+[z—1] ]
- B
. _ z . R . N gy
Example: 4.24 Expand f(z) = @Dz na Laurent’s series about (i) z = —1 (ii) z = 2
Solution:
Consider L+ 2

(+1)( 2) z+1 z-2
= z=A4z-2)+B(z+1)
Putz = 2,weget2 = B(3)

2
=>B=-
3

Put z = — 1we get —1 = A(-3)

> A4=

2
f( ) - 3(z+ 1) + 3(z-2)
()To expand f(z) about z = —1

(onNlz—-1l<1

w =

Putz4+1l1=u=z=u-1
s>lz-1l<1=ul <1

Now f(2) =14 2

3u 3(u-3)
-t . 2z
3 T 3((-3)(1-%/3))
- 2wy

- 2-tfietefef o]

2
_ 1 _3[1+(z+1)+ [(z+1)] +]
3 3

3(z+1) 9
_ 12 OO (z+1)
T 3(z+1) 9 [ ]
(ii) To expand f(z) about z = 2
(onlz—-2l<1

Putz—2=u=z=u+2

slz-2<1=>ul<1

1,2
3(u+3) 3(w)

Now f(z) =

_ ot 2
(@0+) | 3w



__(1_|_u/3) +3(u)

= [ b efes

3(w)
_ _ 2
_ 1[1_<z_2>+[@] +...]+
9 3 3

= ST [E2] 4 2

3(z-2)

3(z-2)

Example: 4.25 Expand the Laurent’s series about for f(z) = %In theregion1 < |z+ 1| <3
Solution:

- 6z+5 A B
Consider LA S = —-—T— <
z(z-2)(z+1) z z=2

z+ 1

>6z+5=A4(z—-2)(z+1)+Bz(z+ 1)+ Cz(z - 2)
Putz = 0,weget5 = A(—=2)(1)

-5
>A=—
2

Putz = — 1we get —11 = C(~1)(=3)

11
>C=-— ?
Put z = 2we get 17 = B(2)(3)
>B="~
6
f(Z)—— 17 11

2z 6(z-2) 3(z+1)
Given region1 < |z+ 1| <3

Putz+l=u=z=u-1
(i.e)1<|u|<3

17 11
Now f(z) = 2 (u— 1) + 6(u—3) 3u

_ -5 17 11

Zu(l—%) + 6(-3)(1—3) 3u

-1 -1
-5 1 17 u 11
2u u 18 3

el e s b ]

3u

_ 2
_ _-5 [1+ 1 +[ 1 ] +] [1+(z+1) [(z+1)] 4. ] 11
2(z+1) (z+1) (z+1) 18

3(z+1)
- 2(;—i1) n=0 [(z-lu)] N E n [(ZH)] 3(z+1)

Example: 4.26 Find the Laurent’s series which represents the function(zﬂ)zmin (hz] <1

(i) 1<|z| < 2 (iii) |z] > 2

Solution:

A B
Con5|der—( e i o

>z=Az+2)(z+ 1)



Putz = —2we get —2 = B(—1)
=>B=2
Putz =—1weget—1=A(1)
>A=-1

-1 2
A i
(i) Givenregion |z| < 1

flz) = z_: + 2(1+%/y)
= -1+ +(1+2/,)
Y U S [1_§+ HZ _]
= (-1 Tico(~D)"2" + Tio(- 1" [2]
(i) Givenregion 1 < |z| < 2

f2) =

-1 2
z(1+1/7)  2(1+%/,)

= 1,1+ 1) (1477
= <Yy [t=Yp+ At =]+ =24 ] -]
= (= 12) Spmo DM V)" + Sico -1 [2]
(iii) Given region |z| > 2
f&) = 2(1;11/2) + z(1+22/z)
=-1,(1+1) " +2(+2/y)"
= <Y [1= Y Ot =]+ 21 =24 [ -]

= (= ) oD + 250 [

(iv) Givenregion |z + 1| < 1

Putz+l=u=>z=u-1

slz+1l<12ul<1

f@) =2+

w1
=—+2(1+w)7?

= =420 —utu?- -]

= —+2[1- @+ D+ (z+1DH) -]
= 42 TP (- DMz + )"

EXERCISE: 4.2



2
(1) Expand f(z) = e in a Taylor’s series about z = 0. Ans: f(z) = 1+ % + Zz—l + -

2
(2) Expand f(z) = sinz in a Taylor’s series about z = %. Ans: f(z) = % 1+ @ - @ +

mvalld in the reg|0n2 < IZI <3

Ans: f(z) = _73 n=o(—1)" E]n + ngﬂ(_l)n E]

(3) Find the Laurent’s series expansion of f(z) =

3z-7

(4) Expand the Laurent’s series the functionf (z) = e

in the regionl < [z — 1| < 2

Ans: f(z) = — ?f 0 (L)n — 2250 %]n

(5) Find the Laurent’s series the functionf (z) = p (11_2)

valid in the region (i) |z + 1| < 1

(i) 1 < |z + 1] < 2(iii) [z + 1] > 2

Ans: ()25 (2n+1 - )(Z + 1" (i) Xy~ ( +1)n+ + 2o (22:1)1

(iii) Xn- om

(6) Find the Laurent’s series expansionf (z) = m valid in the region (i) |z| < 1and
_lye o qyn(Z+1)"
2(z+1) 4 n=o(~=1) ( )

(i) £ (2) = 2850 (- 1" [21" ~ o1 [2]

(i) 0<|z+1l<2 Ans:(i)f(z)=

zZ+3

(7) Expand f(2) = == —
(i) Izl < 1(ii) 1 < |z| < 2(iii) |z] < 2
Ans: (|)f(z)——+ 2 ¥ o(— 1)”(2)”—— n=o(~ 1)n()
i) £2) = 3 + 220" (2) - 53 ()
(i0f @) = 3+ 2 [ -0m () ] - 25 (8)

z24+6z-1
(z—1)(z-3)(z+2)

the Laurent’s series for the region

(8) Expand in 3 < |z + 2| < 5as a Laurent’s Series.

. -1 .8 3\ 13 z+2\"
Ans: f@) = 70+ 2570(5) — e ()

zZ+2

(9) Obtain the Laurent’s Series expansion of the function in the neighbourhood of its singular point.

(z— )2
Hence find the residue at that pole. Ans: The residue is ‘¢’

(10) Find the residues of f(z) = at its isolated singularities using Laurent’s Series expansions.

2
z—1)?%(z-2)
Ans: Residueat z = —1is -3, Residueatz = 2is 4



