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3.5 Maxima and Minima for Functions of Two Variables
(a)Maximum value
f(a,b) isamaximum value of f(x,y ), if there exists some
neighbourhood of the point (a, b) such that for every point (a + h,b +k ) of the
neighbourhood.
f(a,b)>f(a+h,b+k)
(b) Minimum value
f(a,b) isaminimum value of f(x,y ),if there exists some neighborhood
of the point (a, b ) such that for every point (a + h ,b +k) of the neighborhood.
fla,b)< f(a+h,b+k)
(c) Extremum value
f(a,b) is said to be an extremum value off (x,y ) if itis either a maximum or
minimum.
(d) Necessary conditions for a maximum or a minimum.
fx(a,b) =0 and f,(a,b) =0

. s _0f _of g af 0 B/
Notations: f, ===, f, = = fox =5z fxy—%’ fyy—ﬁ

(e) Sufficient conditions:
If f,(a,b) =0 and f,(a,b) =0and f,,(a,b) =4, f,,(a,b) =8B,
fyy(a,b) = C, then
(i) f(a,b) is maximum value if AC—B?> 0 and A<0 orB<0
(ii) f(a,b) is minimumvalue ifAC—B?>> 0 and A>0 or B> 0
(iii) f(a,b) isnot an extremum (saddle) if AC — B? < 0

(iv) if AC —B%? = 0 then the test is inconclusive.

(f) Stationary value

A function f(x,y ) is said to be stationary at (a, b) or f(a, b ) is said to be
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Stationary value of f(x,y ) if f,(a,b) =0 and f,(a,b) =0
Note:
Every extremum value is a stationary value but a stationary value need not be an extremum
value
Problems Based on Maxima and Minima for Functions of Two Variables
Example:
Find the extreme values of the function f(x,y) = x3 + y3 — 3x — 12y + 20
Solution:
Given f(x,y) =x3+y3—3x—12y+ 20
fe=3x*-3 ; fy =3y*—12
fx=6x=4, foy= 0= B, f,=6y=C
To find the stationary points.

fx =0 fo =0
3x2—-3=0 3y2—-12=0
x2—1=0 y2—4=0
x=*1 y= = 2

~ Stationary points are (1,2),(1,-2),(-1,2),(-1,-2)

(1,2) (1,-2) (-1,2) (-1,-2)
A = 6x 6>0 6 >0 -6<0 -6<0
B=0 0 0 0 0
C =6y 12 —12 12 —12
AC — B? 72 >0 —-72<0 —-72<0 72 >0
Conclusion Min. point Saddle point | Saddle point | Max. point

. Maximum value of f(x,y) is
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f(=1,-2)=(-1)3+ (-2)3-3(-1) — 12(-2) + 20
=—-1-8+3+24+20 = 38
Minimum value of f(x,y) is
f(1,2)=(1)24(2)3-3(1)—12(2)+20 =2
Example:
A flat circular plate is heated so that the temperature at any point (x, y) is
u(x,y) = x* + 2y? — x . Find the coldest point on the plate.
Solution:
u(x,y) = x? +2y% —x

U, =2x—1 U, =4y

u, =0 u, =0
0 0
y:
:>le
2

A= uy=2; C= uyy=4 B=uy =0
A= AC—B? >0
U is minimum at G ,O) and its minimum value is —i
Example:
Find the maxima and minima of x* + y* — 2x? + 4xy — 2y?
Solution:
flx,y) = x*+y* —2x% + 4xy — 2y?
fio = 4x3 —4x + 4y s fy =4y3 +4x — 4y
fox= 12x*—4 =A, f,= 4= B, f, =12y -4 =¢

To find the stationary points.

fx =0 fy:()
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4x3 —4x+ 4y =0

x3—x+y =0.. (1

4y3 +4x —4y =0

y +x—y =0.. (2)

WM+ 2)=>x3+y3=0

> x3=—-y3 =S>y=-—x

MD=2x3—x—x=0 =2>x3-2x=0=>x(x%?2-2)=0
>x=0 (or) x*-=2)=0
= x =0 (or)x = +V2
» The stationary points are (0,0), (vV2, —v2), (—v2,V2)

(0.0) (V2—V2) | (—V2.V2)
A —4<0 20> 0 20> 0
=12x%—4
B =4 4 4 4
C —4 20 20
=12y%2 -4
AC — B? 0 384 >0 384 >0
Conclusion Cannotbean | Minimum Minimum
. point point
extreme point

Minimum at (v2, —v2)

=(V2)"+ (—v2)" —2(v2)" + 4v2(—V2) - 2(—2)’

=4+4—-4-8-4

Minimum at (—v2,v2)

=(—V2)' + (V2)' = 2(—V2)" + 4(—V2)VZ - 2(V2)’
=4+4-8—-4—-4=-8
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Example:
Examine f(x,y) = x3 +y3 —12x — 3y + 20 for its extreme values.
Solution:
flx,y) =x3+y3—12x -3y + 20
fe=3x%2—-12 ; fy=3y*-=3
fx =6x=A, foy= 0= B, f,,=6y=C
To find the stationary points.

fe =0 fy =0
3x2—-12=0 3y2—-3=0
x> —4 =0 y2—1=0

x= % 2 y==%1

=~ Stationary pointsare (2,1),(2,-1),(-2,1),(-2,-1)

(2,1) (2,-1) (-2,1) (-2,-1)
A= 6x 12>0 12 > 0 -12<0 -12<0
B=0 0 0 0 0
C = 6y 6 —6 6 —6
AC — B? 72 >0 —-72<0 —-72<0 72 >0
Conclusion Min. point Saddle point | Saddle point Max. point

~ Maximum value of f(x,y) is
f(=2,-1) = (=2)3 + (-1)3 = 12(=2) — 3(-=1) + 20
=—-8-1+24+3+20 = 38
Minimum value of f(x,y) is
f(2,1)=(2)2+(1)>—-12(2)-3(1)+20
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=8+1-24-3+20 =2

Example:
Find the maxima and minima values of x> — xy + y* —2x +y

Solution:
flx,y)=x*—xy+y*=2x+y
fr=2x—y—2 ; fy=—x+2y+1
fax=2=A4, fy=-1= B, f,=2=C

To find the stationary points.

fe =0 fy =0
2x—y—2 =0..(1) —x+2y+1=0..(2)

1 = 2x—-y = 2
(DX 2 = —2x+4y=-2
3y = 0
>y =0

Substitute in (1), we get 2x — 2

Stationary pointis (1,0)
NOW, (AC _Bz)(l’o) =3>0

Also,A > 0,B < 0
~ (1,0) isaminimum point. .. Minimum value of f(x,y) is=—1.

Example:
Find the extreme values off(x,y) = x3y%(1 — x — y).

Solution:
Given f(x,y) =x3y?(1—x—y)
— x3y% — xty2 _ x3y3
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f = 3x%y? — 4x3y?

— 3x

2y3

fy = 2x%y = 2x*y — 3x3y?
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frox = 6xy% —12x%y2 —6xy3 = A

fry = 6x%y —8x3y —9x?y* = B

fyy = 2x% = 2x*—6x3y = C

To find the stationary points.

fx =0

fy =

0

3x2y? —4x3y? — 3x%y3 =0

x’y?(3—4x—-3y) =0

=>x=0,y=0,4x+3y =3

2x3y — 2x*y — 3x3y?2 =0
x3y (2-2x—-3y)=0

=>x=0,y=0,2x+3y =2

4x + 3y =3..(1)

(D- (2)= 2x=1

(D)— (Qx2=-3y=—-1 ;

- Stationary points are (0,0), G%) (0,1), (Oé) G,O) and (1,0)

Let

.
)

X =-

1
(T

2x+3y=2..(2)

Since Put x =0in(1),weget3y =3 =y =1,i.e, the pointis (0,1)
Put x=0in(2) ,weget3y=2=y= § I.e., the point is (Og)

. 3 . .- 3
Put y=0in(1),wegetdx =3 =x = o e, the point is (Z'O)

Put y=01in(2),weget2x =2 = x =1, i.e., the pointis (1,0)

6xy? — 12x%y? —6xy3 = A
6x%y — 8x3y —9x?y? = B

2x3 — 2x* — 6x3y

=C
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(0,0) (l 1) (0,1) (0 E) (E 0) (1,0)
2’3 "3 4’
A 0 -1 0 0 0 0
—<0
9
-1
B 0 — 0 0 0 0
12
—1 27
C 0 8 0 0 128 0
—>0
AC — B2 o |144 0 0 ) 0
Conclusio | In Max.poi |In In In In
n conclusi | nt conclusiv | conclusi | conclusi | conclusi
ve e ve ve ve

Thus, G%) IS @ maximum point

~ Maximum value f Gﬁ) w (5)3 (§)2 [1 B % B ﬂ

1
432

Example:
Find the extreme values of f(x,y) = x3y?(12 — x — y).
Solution:
Given f(x,y) = x3y2(12 —x — y)
— 12x3y2 _ x4y2 _ x3y3
f = 36x2%y? — 4x3y? — 3x2y3
fy = 24x3y — 2x*y — 3x3y?
fex = 72xy% — 12x%y? — 6xy3
fry = 72x%y —8x%y —9x?y* = B
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fyy = 24x3 = 2x* —6x3y = C

To find the stationary points.

fi =0 fy =0
36x%y? —4x3y? — 3x%y3 =0 24x3y — 2x*y — 3x3y2 =0
x?y?2(36 —4x—3y) =0 x3y 24-2x—-3y)=0
=>x=0,y=0,4x + 3y = 36 =>x=0,y=0,2x+3y =24

4x + 3y =36...(1) 2x +3y =24..(2)

-2 = 2x=12 ; +~x=6
~(1)= @4)6)+3y=36
24 +3y =36
3y =12
Y 7l
~The Stationary points are (0,0), (6,4)
(0,0) (6,4)
72xy? — 12x2%y? — 6xy3 0 —2304 <0
=A
72x%y — 8x3y — 9x2y? 0 —1728 < 0
= B
24x3 = 2x* —6x3y = C 0 —2592 <0
AC — B? 0 2985984 > 0
inconclusive Max. point

A = (72)(6)(16)- (12)(36)(16)- (6)(6)(64)
= 6912 - 6912 - 2304 = —2304
B = (72) (36) (4) - 8(216) (4) - 9(36) (16)
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= 10368 - 6912 - 5184 = — 1728
C = 24(216) - 2 (1296) - 6 (216) (4)

= 5184 - 2592 - 5184 = —2592

AC — B2 = (—2304) (—-2592) - (—1728)2

= 5971968 - 2985984 = 2985984 > 0
Thus (6, 4) is a maximum point
~ Maximum value f(x,y) = f(6,4) = (6)3(4)2(12- 6- 4)
= (216) (16) (2) = 6912.

Exercise:

1. Find the extreme points of the following functions:
(i) 2xy—-5x>—-2y?+4x+4y—4. [Ans: f (gg) = 0 Maximum]
(ii) §+xy+§ [Ans: £(1,1) = 3, Minimum]

(i) x2+xy+y? +- +§ [A.U 2016]

[Ans: f ((;)1/3 , (1)1/3> = 3"/3, Minimum]

3

2. Examine the maxima and minima of the following functions.

(i) x3-y3>-3xy [Ans: Minimum at (1,1)]
(i)  x3+3xy?- 15x — 12y [Ans: Maximum at (-2 ,-1)]
3. Find the extreme values of the function
(i) x%+7y? +§+§ [Ans: Minimum at (1,1)]
(ii) flx,y) =xy—x?>—y?—2x—2y+4 [Ans: Maximum at
(_2' _2) = 8]
i = x3y2(a —x — - Maxi a ay_ a®
(i) flx,y)=x’y“(a—x—1y) [Ans: Maximum at (2,3) = 432]

4. Find the extreme points of f(x,y) = 4xy — x* — y* [Ans: Maximum at (1,1) = 2]
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Lagrange’s Method of Undetermined Multipliers
Suppose we require to find the maximum and minimum values of f(x, y) where
X, y, z are subject to a constraint equation
g(x,y,z) =0
We define a function
F(x,y,z,A)=f(x,y,2) + A2 g(x,y,2) ... (1)
Where A is called Lagrange Multiplier which is independent of x, y, and z.
The necessary conditions for a maximum or minimum are
oF oy oF
0x dy 0z

Solving the four equations for four unknowns A ,x, y, z, we obtain the point (x, y, z). The

0...(2)

0...(3) 0...(4)

point may be a maxima, minima or neither which is decided by the physical
consideration.

This method is also applicable when we have more than one constraint equation
connecting the variables.
Problems Based on Lagrange’s Method of Undetermined Multipliers

Example:
Find the minimum value of x? + y? + z? subject to the condition % + % + % =1

Solution:

Let the auxiliary function ‘F’ be

F(x,y,z,\L ) =(x* + y* + z%) + 2 G + % == i - 1)

Where A is Lagrange Multiplier

or_, +/1<_1) oF _, +/1(_1> oF_, +/1<_1>

ax ¥ x? dy Y y? 9z <7 z?
_ A pl _ A
_2x—x—2 =2y—37 —ZZ—Z—Z

For a minimum at (x, y, z) we have
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6F_O 0F_O 6F_O
ox dy 0z
A A A
2x—x—2=0 2y—37=0 2Z—Z—2=0
A
= — — 27 = —
2x x2 2y—y2 z 72
3 _ 3 = —
¥ T3 y® =5 z 2
() i~ 2= .0

From (1), (2) and (3), we get
X=y=z
Given: —+-+-=1
X y z

-3 = 1
~3=x
~=>y=3andz =3
~ (3, 3, 3) is the point where minimum values occur.
The minimum value is 3% + 32+ 32 =9+ 9 + 9 =27.
Example:

A rectangular box open at the top, is to have a volume of 32cc. find the
dimensions of the box that requires the least material for its construction.
Solution:

Let x, y, z be the length, breadth and height of the box.
Surface area=xy + 2yz + 2zx

Volume = xyz = 32
Let the auxiliary function F be
F(x,v,z, M) =(xy + 2yz + 2zx ) + A(xyz — 32)
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oF oF
Z_§=y+zz+ Ayz $=x+22+ Axz > = 2x + 2y + Axy
When F is extremum
oF _ oF _ oF _ .
ox dy 0z
y+2z+ lyz=0 x+2z+ Azx =0 2x+2y+ Axy =0
> y+2z = =>X+22 = —Ayz =>2X+2y =
— Ayz - — Axy
= -+-=—1...2
1 2 ‘ 2 2
= cFo=—1..(1) = ;t:=-24..09)
From (1) and (2), we get From (2) and (3), we get
1 2 1 2 240’
—t—=—+- —+—=—+4-
zZ 'y z X zZ x Yy X
2 2 1 2
y x z y
x =y ..(4) y = 2z ..(5
From (4) and (5), we get
X =y =2z
Volume=xyz = 32 =(22)(22)z=32 =4z3 =32
=2 =8=37=2  jex=4y=4z=2

4

.~ Costminimumwhenx =4,y =4,z =2

Example:

A rectangular box open at the top isto have agiven capacity K. Find the

dimensions of the box requiring least material for its construction.
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Solution:
Let x,y,z bethe dimensions of the box.

Surfacearea=xy + 2yz + 2zx
Volume=xyz = K
Let the auxiliary function F be
F(x,v,z,A) =(xy + 2yz + 2zx ) + A(xyz — k)

Where A is Lagrange Multiplier

JoF oF _ 9F _
a=y+22+/1yz ay—x+22+/12x = 2x + 2y + Axy
When F is extremum.
6F_0 6F_O 6F_O
ox dy dz
y+2z+ Ayz=0 xX+2z+ Azx =0 2x+2y+ Axy =0
=>y+22 = —Ayz =>X+22 = —Azx =2X+2y = — Axy
1,2 T 2y 2
= ;+;——(1) = ;+;——A(2) = ;+;——/1(3)

From (1) and (2), we get From (2) and (3), we get
2 A 12087
—+—=—+- —+—=—+4-

Z VAR ZSE zZ Xy Ak
2 2 1 2
y x z y

x= 9y ....(5 y = 2z ..(6)

From (4) and (5), we get
X =y =2z

~Volume=xyz=k =22)(22)z= k =4z3=k
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k
473 =k =>Z3=Z

1 1

) =)

~ Value of minimum =

12

3(2

Example:

xy + 2yz + 2zx

1 1

4
2

&

k)2/3

y

1

Q) Qe O

()

Find the point onthe plane ax+by+cz =p at which f = x?+ y? + z% has

a stationary value and find the stationary value of f, using Lagrange’s method of

multipliers.

Solution:

Let the auxiliary function F be

F(x,y,zA ) =x?% + y? + z?2

+ Alax + by + cz — p)

Where A1 is Lagrange Multiplier

aF—Z + A 6F_2 + 1b 6F_2 + 1
ox ¥ y dy Y 9z ¢
When F is extremum.
oF oF oF
dx dy 0z
2x+ Aa=0 2y+ Ab=0 2z+ 1a=0
=2x = —Aa =2y =-—1b =2z = —Aa
x _ -2 y _ -4 2 _ oA
== = (1) === (2) === 2...(3)
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From (1), (2) & (3), we get

X y z
- ===
ax by «cz
a? b2 2
ax by cz ax+by+cz p
T @ T T T @ EtcE . ak+t b?t 2
ap bp cp
aZ + b2 + 2’ Y= @ r b+’ T @i bEy el

Stationary value of f = x?+ y?+ z?

= (wa) +Hamme ) (it
~ \ a2+ b2+ 2 a2 + b2+ c? a? + b2 +c?

a? p? + b2 p24c? p?
( dAB A%+, c2)?

_ (a%+b%+c?)p? p?
(a2+b2+c2)2 a2 + b2 + c2

Example:

Find the greatest and the least distances of the point (3,4, 12) from the

unit sphere whose centre is at the origin.
Solution:
The equation of the unit sphere is x2 + y2 +z2 =1

Distance between (3, 4, 12) to any point of the sphere is

d=(x—3)2+(@y—4)2+ (z—12)2
Let f=(x—3)+(y—4)?*+ (z—12)*
Let the auxiliary function F be
F(x,y,z,)= (x=32%+(@y -4+ (z—12)*+2A(x*+y*>+2z2-1)
Where A is Lagrange multiplier

oF oF oF

0x dy 0z

—=2((x—-3)+ 2xA —=2W—-4)+2yA | —=2((z—-12)+ 2zA
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To find the stationary values

F =0 E, =0 F,=0
22(x—-3)+2xA=0 | 22(y—4)+ 2yA=0 | 22(z—-12)+ 2zA=0
=>x—3+x1=0 =>y—4+ yA=0 =z—12+2zA=0
=>1+A)x=3 >1+A)y=4 =>1+A)z=12
3 4 12
= = =) = — = =
*T1 — 51+
1 4 y 1 7 Z 1 1
S>-= —— St = —— . =>—=——
1+4 1) 4 1+ (1) 12 1+4 (1)
From (1), (2) & (3), we get
X _ Ue\? ; Yz A 44
3 Tl (g€ & = 50 YNNG
s xthyi4z2i=1
- () (@ + o
12 12 e
2242222 4 2221
144 144
= 922+ 162z% +144 7% = 144
> 169272 = 144
> z2= 1 fwoz=+ 2
169 13
3 3 (12 3
cx=gz =5 (35) =% 5
4 4 (12 4
yv=pz =5 (B) =t G
. 3 4 12 -3 -4 -12
Hence, the two pOIﬂtS are (1—3,1—3 'E) d (E'E ,?)

J6-2

= 12

~ Minimum distance =

Jr(a-g)+ (2-3)
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Maximum distance = \/(3 + % )2 + (4 + 14—3 )2 + (12 + % )2 =

Example:

14

Find the dimensions of the rectangular box without top of maximum capacity

with surface area 432 square metre.

Solution:

Let x, y, z be the length, breadth and height of the box.

Surface area = xy + 2yz + 2zx = 432

Volume = xyz

Let the auxiliary function F be

F(,y,z A)= xyz+ A (xy + 2yz + 2zx — 432)

oF _ +A(y+2 i} | +A(x+2 9F \) + A (2
= VAU | st | o= A2y
+ 2x)
To find the stationary value.
E. =0 E, =0 E, =0

yZz+A(y+22z)=0

= yz= —A(y+22)
y+2z -1
= =
yz A
+2 1 1
> @ —4—-—=—— ..
215 P (D

xz+A(x+22)=0

=

=

xz= —A(x+22)

x+22_ -1
xz A
+2— L 2
zZ x /1"()

xy+AQ2y+2x)=0

=

xy = —4 2y + 2x)

2y+2x -1
xy A

=
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From (1) & (2),we get From (2) & (3),we get
1 2 1 2 1 2 2 2
T e
zZ 'y zZ X Z X Yy X

2 1 2

> —= — > - = —

y X z )y
=>x=y -~ (4) =>y=2z ..(5)

From (4) & (5),weget x =y =2z

Surface area = xy + 2yz 4+ 2zx = 432
(2z)(2z) + 2 (2z)z+ 2z (2z) = 432
472 + 47% + 47% = 432

12z% =432
z2 =36 .z =6
~x=12,y=12, z =6 by (6)

Thus, the dimension of the box is 12, 12, 6.
Maximum volume = 12 x 12 x 6 = 864 cubic metres.
Example:

Find the foot of the perpendicular from the origin on the plane
2x+3y—z—-5=0
Solution:

Let A be (0,0, 0)

Let the required point B be (X, Y, 2)

AB=d = x>+ y>+ 22
(i.e.,) f=d?=x2+ y?+ 22 ..(4)
@=2x+3y—z—-5=0 ..(B)

Let the auxiliary function F be

F(x,v,z,A)= x?4+ y?>+ z2—d?+21(Q2x+3y—2z—-5)
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6F_2 + 21 = 2y+31 aF—Z A
ax dy Y oz~ <7
To find the stationary value.
E. =0 E, =0 E, =0
2x +24=0 2y +31=0 2z—1=0
= 2x = =24 = 2y = =34 = 2z = A
= — 2 Dy = —
> x A (D A Sy = “12) > —2z A ..(3)
From (1), (2) & (3), we get
X = %y = —2z | ..(4)

(B)= 2(—22)+3(-32)—z—-5=0

=2 —4z7—-9z2—7z—-5=0
= —14z =05
-5
> z= —
14
-5 5
@=x=-2(3)= 2
3 3 5
@=>y=(3)x=(3) 3 -
Hence the extreme value occursat x = % y =

15

=~ The required point is (g 'Ta =

14

Example:

) on the plane.

15
14

15

The temperature u( x,y,z) at any point in space is u = 400xyz? .Find the

highest temperature on surface of the sphere x?2

Solution:
u=f= 400xyz> ..(4A)

= x*+y*+2z°—1=0 ..(B)

+y:+z2=1.
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Let the auxiliary function F be
F(x,y,z,1)= 400xyz? +A(x*+ y?>+ z>— 1)

oF _ 400y22 + 2 (2%) oF _ 400 24 22y) 9F _ 800 + 1(22)
Fri vz X 3y Xz Y) | 5, = Xyz z

To find the stationary value.
Fx == 0 Fy = O FZ = 0

400yz2 +1(2x) =0 | 400xz?> +A1(2y) =0 | 800xyz+ A(2z) =0

400yz? = —21 (2x) 400xz% = -1 (2y) 800xyz = — 1(2z2)
200yz2 200xz2 400xy =—21 ..(3
xy = -1 KB = ey 4 3)

From (1) & (2) , we get y% = x? .... (4)
From (2) & (3) , we get z2 = 2y? ....(5)
From (4) & (5), we get
x?=y?= % z>  ..(6)
(B) = %zz +%z2 +2z2-1=0
=4 2=

1 1
=>z°=-"= z= 4=
2 2

© =y=5(3)=; =2v=1;

2\2

~ u = 400xyz? , we select x, y, z to be positive
400 1\ /1\ /1
= = — —_ —
¢ (2) (2) (2)
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=>u=>50

Maximum temperature is 50

Example:

Find the maximum volume of the largest rectangular parallelepiped that can be

72

. . . - - xz yZ
inscribed in an ellipsoid Sttt 5= 1

Solution:

Let a vertex of such parallelepiped be (x, y, z)

Then all the vertices will be (+x,+y,+z)

Then, the sides of the solid be 2x, 2y, 2z (lengths)

Hence, the volume V = (2x) (2y) (2z) = 8xyz

Let f =8xyz

2 2

x2
®=;+

Let the auxiliary function F be

y z
ﬁ+c—2—1=0

[A.U May 1998]

x2 yZ ZZ
F(x,y,z,A)= 8xyz + 1 (;+ ﬁ+ = 1
oF o 8yz +12 oF 8z +4 o axy +22
ax a? oy ~ b2 9z o c2
To find the stationary value.
E. =0 F,=0 E, =0
2x 2y 2z
8yz +/1?=0 8xz +7Lﬁ=0 8xy +A§=0
2x 2y 2z
= 8yz :_AE = 8xz :_Aﬁ = 8xy =—/1€—2
ly f 4xyz — ly X 4xyz — ly E 4XYZ —
X > = — X = — X . = Y
.XZ y2 ZZ
— - (D) oz .(2) = - (3)
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From (1), (2) & (3), we get

XZ 2 ZZ

— Y _
a_z_ﬁ_c_Z"'(LL)
2 2 2
Given Z—2+ ;’—24— Z—2=1
2
> 2 =1hby(@
S>x2=% 5x=2
Xt == x—\/§
. b . _c
Slmllarly,—\/—g, z=z
. a b C
The extremum point is (—3, 7 E)

ab
3

(g}

Maximum volume V= 8(

)

Find the shortest and the longest distances from the point (1, 2, —1) to the sphere

@

Example:

x% + y%? + z% = 24 , using Lagrange’s method of constrained maxima and minima.

Solution:
Let (x, y, z) be any point on the sphere.

Distance of the point (x,y, z) from (1,2,—1) is
d=J(x—-1D%2+ (y—2)2+ (z+1)2
d2=x-1)?%+ (y—2)*+ (z+1)?

Subject to constraint  x2+ y?+ z2—24=0

Here, f=(x—1)?+ (y—2)2+ (z+1)> and @ =x2+ y?+ z2—24
Let the auxiliary function F be
F(x,y,z,A)= (x—1)2+ (y—2)*+ (z+1)? + A (x*+ y? + z> — 24)
E=2(x—1) §=2(y—2) E= 2(z+ 1) + 22z
0x dy 0z
+ 2Axx + 2\y
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To find the stationary value.

F,=0 F, =0 F,=0
2(x—1)+2xx =0 2(y—2)+2xy =0 2z+1)+2xz =0
= (x—1)+Ax = (y—2)+Ay = (z+1)+2Az=0
=0 =0
>1+MNz=-1
=>0+M)x=1 =>1+1)y=2 . 1
= = ..(3
1 . y 1 , -1 1+2 (3)
= > ==
=y W 2" a+n @
From (1), (2) & (3), we get
X = §= _il (@) x=-z..(5) y=-2z..(6)
Given: x2+ y?+ z2=24 (5) > x= —z
(—2)? + (—22)* + () = 24 by (5) & (6) Ifz =2,thenx = -2
7?2+ 47° + 72 =24 If z= —2,thenx =2
622 = 24 ozt =4 6) > y= -2z
zZ=+2 Ifz=2,theny = —4; If z = -2, then

y=4
~ The stationary points are (2,4, —2) and (-2, —4, 2)

When the point is (2,4, —2),weget d=+(1)2+ (2)2+ (-1)2 =6

When the point is (—2,—4,2), weget d=./(=3)2+ (-6)2+ (3)2 =3v6
- Shortest and longest distances are V6 and 3v/6 respectively.
Example:
Find the minimum values of x?yz3 subject to the condition 2x +y + 3z = a.
Solution:
Let f = x2yz3
P=2x+y+3z—a=0
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Let the auxiliary function F be
F(x,y,z,1) = x*yz® +X(2x+y+3z—a)

o’ >+ A2 or_ 2% + A o 3y + 31
e XYZ ay_XZ P X“yzZ

To find the stationary value.

F, =0 F, =0 F, =0
2xyz3 + A2 =10 AN E 0 3x%yz? +31=0
xyz3 = —A ...(1) x%z3 = = A...(2) x%yz? = -\ ...(3)

From (1) & (2),we get From (2) & (3),we get
xyz3 = x?%z3 x%z3 = x%yz?
x=y ..(4) z=y ..(5

From (4) & (5), we get

x=y=2..(6)

Given: 2x+y+3z=a
=>2z+z+3z=a
=>6z=a

d d

>z== (6)=>x—y—z—g
. . . a a a

~ The stationary point is (g' o g)

Hence, Minimum value of f= x2%yz3
-OOE -®

Find the maximum value ofx™y"zP, when x+y +z = a. [A.U. Jan.2009]

Example:

Solution:
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Let [ = x"y"zP
P=x+y+z—a=0
Let the auxiliary function F be

F(x,y,z,A) = x"y"zP +A(x+y+z—a)

E = mxMlyzP + A G_F = nxMy?1zP 4+ A a—F = pxMy"zP~l A
0x dy 0z
To find the stationary value.
F,=0 F, =0 F,=0

mx™lyizP + A =0 nxMy"1zP + A =0

pxMy"zP~l + A =0

= mxMlyhzP = — ) = nxMy?1zP = — ) = pxMy"zP~1 = —)
mx™y"zP nx™y"zP xMynzP
XYz _ ol | HEAZ S0 o || XIS
From (1), (2) & (3), we get
mx™y"zP  nxMy"zP  px™My"zP
X o y . VA
o yMyn,p iy P
=xyhzP = — _— ..(4)
m n
==z ..(5 =-7..(6
x=22..5) y=27..(6)
Given: x+y+z=a
=>Zz+-z+z=a (5) > x = ——2>
p p p m+n+p
=>[E+E+1]2=a =7
p p m+n+p
m+n+p _ _nh ap
=>[ p ]Z—a (5)=>y_pm+n+p
= ap __an
Z= m+n+p "~ m+n+p

~. The stationary point is( , ——, 2 )
m+n+p° m+n+p = m+n+p
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m n p
. am an a
.. The Maximum value of f = ( ) ( ) ( P )
m+n+p m+n+p m+n+p

aqm+n+p mMpipP

(m+n+p)m+n+p

Max. Value of f =

Exercise:
1. Prove that the rectangular solid of maximum volume which can be inscribed in a sphere
IS a cube.
2. Find the maximumand minimum value of x? + y2 + z2 subject to the condition
x+y+z=3a. [Ans: the minimum value is 3a?]
3. Find the maximum and minimum distances from the origin to the
curve 5x2 + 6xy + 5y —8 =0

[Ans: Maximum distance = 2; minimum distance = 1]

2

2
4. Determine the greatest and the smallest values of xy on the ellipse % + y? =1
[Ans: Greatest distance = 2 and small distance = -2]
5. Find the length of the shortest line from the point [O,O,%S] to the surface z = xy

[Ans: Distance = E]
3
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