Boundary Conditions Between Two Perfect Dielectrics

Consider two boundary between two perfect dielectrics. One has permittivity €,
while other has permittivity &,.

The E and D have two components
*Tangential to the boundary.
*Normal to the surface.
Consider a closed path abcda rectangular in shape having height Ah and width Aw.
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Fig 17 : Dielectric — dielectric boundary
[JE.dl + [{E.di+ ["E.dl +[{E.dl=0 -—meeeer 2
The total Electric field in region 1 is
Ey = Ey + By
Total field in region 2 is
E; = Ey+ Epn
Let |[E1t[=Ewn1 , |E2t| =Eran2

|[EiNn|=Ein ,  |Eon|=Ean



To analyze the boundary conditions the rectangle to be reduced at Ah 20
J, E.dl=0=[E.dl

Eqn 2 is reduced to

b d

[PE.dl+ [E.dI=0 —nnmv3
b b

J, E-dl=[ Etan1 dl = Eun AW - 4
d d

fC E. dl = fC Etanz- dl: = Etanz AW """" 5

Substitute 4 & 5 in equation 3
Etan1 AW- Etan2 Aw =0

AW [ Ean1 — Ean2]= 0

Etan1 — Etanz = 0

Etni=Ewn=0 -------- 6

Thus the tangential components of field intensity E at the boundary in both the
dielectrics remain same. Ie electric field intensity is continuous across the boundary

D=¢E

Dtanl = EIE tan 1 & Dtanz =& E tan 2 cceemeeeee 7

Dtan1 _ €1Etan1 _ &1 _ &r1 ]
Dtanz E2Etan2 &2 Er2

Thus the tangential components of D undergoes some change across the interface
hence tangential D is said to be discontinuous across the boundary.

Normal components:

Use Gauss ‘s law to find normal components.

ftOp D dS + fbottom D dS + f D dS = Qenc """"""" 10

lateral ~ °



flateralD' ds =0 as Ah>0 ------- A

ftop D.ds+ [ . D.ds=Q

ftopD'dS:DNlAS _________ 11

For top surface the direction of Dy is entering the boundary while for bottom
surface the direction Dy is leaving the boundary. Both are opposite in direction at the
boundary.

fbottomD'dS: -D N2 As -——--- 12

Sub 11,12 & 13 & A in Equation 10
DniAs - Do As= pSAS
As (DNI‘DNZ) = pS ------ 14

There 1s no free charge available in perfect dielectric .All the charges in dielectric are

bound charges and are not free. Hence pg = 0.
Equation 14 becomes
Dni-Dne =0 e 15

Dyn1 = Dy,

Hence the normal component of flux density is continuous at the boundary between
two perfect dielectrics.

Dni= €1 Exni & Dno= €2 Eno




The normal components of E are inversely proportional to the relative
permittivity’s of the two media

Refraction of D at the boundary:

The directions of D and E change at
the boundary between two dielectrics
Let D; and E; make an angle 0; normal to

the surface.

IDi| = D, & |D,| = D,

Dny - Dy cos @y ——mmmm- 16 Fig 18: Refraction of D or E at a dielectric —
dielectric boundary
DN2 = Dz COSOQ -------- 17
But
Dni = D2
Dicos8; = DycosB;  ------ 18

While Dtanl / Dtanzz 81/ &
But Dtanlz D1 sin 91 & Dtan2: D2 sin 52 ————————— 19
D1 sinHl /Dz SiIle :81/82 :Dtanl/Dtanz

= = n
Dy1 D;Cos 6, s

Dtana D,Sin 6, tan 0
= = n
Dy D,Cos 6, s

tan6;  Digna ¥ D>

tan 92 DN1 Dtanz
tan6; _ Digna X by 20
tan 8, Dtanz D1

tan 6, D¢an1 &

tan 6, D¢ano &



tan 6, Dtani &1 &r1

j— _ =— o = smemeeeeee——————— 21

tan 6, Dtanz ) Erz

This is called law of refraction

If g,>¢, , then 6> 0,

The magnitude of D inregion 2 can be obtained as

Dy? =Dno? + Duan2?

—(D; cosB; ) +Dua? - 22
&2 . &2
Dianz = Digny X— = D1 Sin6; —

€1 €1

2 2 . & 2
D2 - (D1COS 91) + D1 SlTl 91 8_
1

. & 2
D, = DlJCoszﬁl + Sin?6, (8—) ------- 23
1

Similarly E, is

. D is larger in the region of larger permittivity.
. E 1s larger in the region of smaller permittivity.

. |D{| = |D5| if 8; = 6, = 0°
Bl = |E,| if 8, = 6, = 90°

AW N ==

Poisson’s and Laplace’s Equation
Poisson’s equation can be derived from point of Gauss’s law.
VD=p, e @
D - Electric flux density, p, = Volume charge density

For a homogeneous, linear and isotropic medium flux density and electric field
intensity are directly proportional

D=¢E @



Substitute in (1) AeE =p, -omme- ©)

From gradient relationship

E=-Vv S
Substitute @ in @
®= V.e(=Vv) = p,

—& — constant taking outside

—&(V.Vv) = p,
V.Vv = —% .......... ®

Vip = — £

&

This equation is called poissons equation.
In certain region (dielectric) the volume charge density is zero.
VZv =0 (For charge free region)

This is special case of Poisson’s equation and is called Laplace equation .The V2
operation is called the Laplacian of 9

Laplace equation in Cartesian co-ordinate

9%v  9%v  9%v
2., — —
VZv e + 377 + 572 0

Cylindrical co-ordinate:

2,10 (, 9% i(&) v _
Vv_pap('oap)-l_p2 ¢ +622_0

Spherical co-ordinate:

1 0 ov 1 0 ov 1 9%v
Vv =——(r2—) —(sin@ —) ( ) =0
r2 or or + r2sin 6 00 00 + r2s5in20 \ 00?2




