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1.3 CAYLEY HAMILTON THEOREM

Cayley Hamilton Theorem

Statement: Every square matrix satisfies its own characteristic equation.
Uses of Cayley Hamilton Theorem:

To calculate (i) the positive integral power of A and

(ii) the inverse of a non-singular square matrix A.

Example: Show that the matrix [1 _12] satisfies its own characteristic equation.

2
Solution:

LetA = B _12]
The characteristic equation of the given matrix is |[A — Al| =0
A2 —SA+S;, =0
Where S; = sum of the main diagonal elements.
=1+1=2
SZ=|A|=|; _12|=1+4=5
= The characteristic equation isA? —2A+5 =0
To prove: A2 —2A+51=0

w=a=(; NG =G =5)

w-aassi=( Ty)-2( 7)+s( )

-7 )G D6 Y

_ (0 0y_
B (0 o) =0
Therefore, the given matrix satisfies its own characteristic equation.

Example: Verify Cayley — Hamilton theorem find A*and A~1 when A =

-2 -1 2

[—1 2 —1]
1 -1 2

Solution:
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The characteristic equation of Ais [A —Al| =0
i.e, A3 —S;A% + S,A = 0 where
S; = sum of its leading diagonal elements =2 +2+2 =6
S, = sum of the minors of its leading diagonal elements
ol R R R ey
=(4-1)+(#4-2)+(@-1)=3+2+3=38
S;=|Al=204—-1D+1(-2+1)+2(1-2)
=23)+1(-D)+2(-1)=6-1-2=3
= The characteristic equation of A is A3 — $;A%2 + S,A —S; =0
i.e,A3—6)2+81—-3=0
By Cayley-Hamilton theorem
[Every square matrix satisfies its own characteristic equation]
(i.e.) A3 —6A2 +8A—31=0 .. (1)

Verification:
-2 -1 211[—-2 -1 2 7 —6 9
A>=AxA=|-1 2 —1” 1 2 —1]—[ 5 6 —6]
1
—28 38
A3 = A><A2— —1 —6 —28
—22 29
—28
A3 —6A?+8A—3I = 22 —28
22 —22
-2 -1 1 0 O
+8 —1 2 —1]—3[ 1 O]
0 1
29 —28 —36
=|-22 —28 36 —36
22 —22 —-30
3 00
8 16 0 3 0
8 -8 0 0 3
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0O 0 O
=10 0 0|=0
0O 0 O
To find A%:
(1) > A3 —6A2—8A+31 ..(2)

Multiply A on both sides, we get
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A* = 6A3 — 8A% + 3A = 6[6A% — 8A + 31 ] — 8A% + 3A by (2)
= 36A% — 48A + 181 — 8A% + 3A
A* = 28A% — 45A + 18] ..(3)
7 —6 9 2 -1 2 1 0 O
()= A4=28[—5 6 —6]—45[—1 2 —1[+18|0 1 0]
b {&h % 1A= 2 0 0 1
196 —168 252 90 —-45 90
=|-140 168 —-168(—(—-45 90 —45|+
140 —-140 196 45 —45 90
18 0 0
0 18 0
0O 0 18
124 -123 162
—95 96 —123
95 -95 124
To find A™1:
(Dx AA1=2A?2—6A+81-3 A 1=0
3 A7l = A% — 6A + 8I
7 -6 9 2 -1 2 1 0 0
3A1=]|-5 6 —6(—6|-1 2 —-1|1+8|]0 1 0
5 =5 7 1 -1 2 0 0 1
7 -6 9 —12 6 —12 8 0 O
=|-5 6 —-6[+| 6 —12 6|+]0 8 0
5 =5 7. —6 6 —12 0 0 8
3 0 =3 1 3 0 -3
3AI=]1 2 0=A1 =3 1 2 0
-1 1 3 -1 1 3
1 —1 4
Example: Find A™1ifA =3 —1|, using Cayley- Hamilton theorem.
2 -1
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Solution:
The characteristic equation of Ais [A —Al| =0

(i.e.) A3 — S;A%2 + S, — S3 = 0 where
S; = sum of its leading diagonal elements
=14+2+(-1)=2
S, = sum of the minors of its leading diagonal elements
=l D+l S+l
=(-24+1)+(-1-8)+(2+3)
=(-1)+(-9+5=-5

K &1
2 A =1

=1(-2+1)+1(-3+2)+ (3 -4)
=1(-1) 4+ 1(-=1) + 4(-1)
=—1—-1—4=-6
= The Characteristic equation is A3 — 2A2 =50+ 6 = 0
By Cayley Hamilton Theorem we get
[Every square matrix satisfies its own characteristic equation]
~A3—2A%2-5A4+6] =0 (1)
To find A™1
()x A 1=2A2-2A—-51+6A"1=0
A2 —2A-51+6A1=0
6 A7t = —A% + 2A + 51

1
Al = A [—A% + 2A + 5]] ..(2)
A2=AXA
1 -1 4711 -1 4
=[3 2 —1] [3 2 —1]
2 1 —-1ll2 1 -1
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1-3+8 —-1-2+4 4+1-—-4 6 1 1
=|13+6—-2 —-3+4-—-1 12-2+1|=|7 0 11
2+3—-2 —-2+42-1 8-1+1 3 -1 8
—6 -1 -1 1 -1 4 1 0 0
—A*+2A+5l=|-7 0 -11(+2|3 2 -1|+5[0 1 0]

-3 1 -8 2 1 -1 0 0 1
—6 —1 —1] 2 -2 8 5 00
=|-7 0 -11|+|6 4 -=2(+[0 5 O
-3 1 -8 4 2 =2 0 0 5
1 -3 7]
=|-1 9 -13
L1 24 © 5P

) 1 -3 7
From(2) = A7l = ml &y f 2T
'/ 3\\F5
Example: Use Cayley — Hamilton theorem to find the value of the matrix given by
()f(A) = A% — 5A7 + 7A% — 3A% + A* — 5A3 + 8A%2 — 2A +1

(ii)A% — 5A7 + 7A® — 3A> + 8A* — 5A3 + 8A% — 2A + 1 if the matrix

2 1 1

A=|0 1 O

1 1 2
Solution:

The characteristic equation of Ais [A—Al| =0
A3 —S;A% + S,A — S3 = 0 where
S, = sum of the main diagonal elements
=2+H1+2=5
S, = sum of the minors of main diagonal elements
SURE A P R P
=2-0+U@U-D+2-0=24+3+2=7

=(-D+ (-9 +5=-5

2 1 1
0 1 0
1 1 2

S; = |A| =
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=22-0)-1(0-0)+1(0—-1)=4—-1=3
Therefore, the characteristic equation is
A —-52%+7A2-3=0
By C — H theorem, we get
A3 —5A2+7A—-31=0..(1)

Let i) f(A) = A® —5A7 + 7A° — 3A°> + A* —5A3 + 8A2 — 2A + 1
i) g(A) = A® — 5A7 + 7A% — 3A% + 8A* — 5A% + 8A% — 2A + 1
(i) A5+ A

A3 —5A% + 7A—31 | A® —5A7 + 7A® — 3A5 + A* — 5A% + 8A? — 2A +1
A8 — 5A7 + 7A® — 3A5
(-) A* — 5A3 + 8A% — 2A
A* — 5A3 + 7A? — 3A
(-) A2+ A+11

f(A) =(A3—5A2+7A-31)(A2+A)+ A2 +A+1
=0+A*+A+1 by(1)

=A*+A+1 .. (2)
Now
2 1 1112 1 1
010”010]
11 2111 1 2
5 4 4
=10 1 0
4 4 5
5 4 4] 2 1 1 1 0 0
~A*+A+1=|0 1 of[+|0 1 of+]|0 1 0
4 4 5 11 2 0 0 1
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(ii) A5 + 8A + 351

A3 —5A2+7A—31 | A8 —5A7 +7A% —3A5 + A* —5A% +8AZ —2A+ 11
A8 — 5A7 + 7A® — 3A°
(-) 8A* — 5A3 + 8AZ — 2A
8A* — 40A3 + 56A% — 24A
(=) 35A3 — A’ +22A+ 11
35A% — 175 A% + 245A — 105]
(-) 127 A®> — 223A+ 1061

g(4) = (A% — 5A2 + 7A — 31)(A* + 8A + 35I) + 127A% — 223A + 106I
=0+ 127A% — 223A + 106 1

= 127A% — 223A+ 1061

5 4 4
01 0
4 4 5

295 285 1285
0 10 0
285 285 295

=127

2 1 1
— 223 [0 1 0
™y 5

1 0 0
+106|10 1 O

0 0 1

g9(4) =

Example: Using Cayley Hamilton theorem find A=*when 4A=(2 1 -1

1 -1 1

103]

Solution:
The Characteristic equation of Ais |[A—AI| =0
A3 —S;A% + S,A — S3 = 0 where
S; = sum of the main diagonal elements =1+ 1+4+1 =3

S, = Sum of the minors of the main diagonal elements.

pL TS R PO R P
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=(1-1)+(1-3)+(1-0

—0-2+1=-1
1 0 3
1 -1 1

=11-1)-02+1)+3(-2-1)
=0-0+3(=3)=-9
= The characteristic equation AisA3 —3A2 =1+ 9 =0
By Cayley - Hamilton Theorem every square matrix satisfies its own Characteristic

equation
~A3—3A2-A+91=0
A*—ZHA—3A—1 (D)
1+40+3 04+40—-3 34+0+3 4 -3 6
=124+2—-1 04+14+1 6-—-1-1 =[3 2 4]
1-2+1 0-1-1 3+1+1 0 -2 5
-3 0 -9
—-34 =|-6 -3 3
-3 3 =3

—_

9 4 -3 6 -3 0 -9 1 0 0
1)=>41= 3 (3 2 4) + (—6 -3 —3) —{0 O)
0 -2 5 SEMEEE OGE 0 0 1

e
==|-3 -2 7

-3 1 1
0 3 3
=35 3 2 =7
3 -1 -1
1 3 7
Example: Verify Cayley- Hamilton for the matrix A=(4 2 3
1 2 1

Solution :
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GivenA=1|4 2 3

1 2 1
The characteristic equation Ais [A —AI| =0

/13 - 51/12 + SZ}LS:g = 0 oo (1) Whel‘e

S; = Sum of the main diagonal elements

137]

=14+2+1=4
S, = Sum of the minors of its leading diagonal elements
_12 3 | 1
_|2 1|+|1 1|+|4
=2-6)+1-7)+2-12)

=—4-6-10=-20

1480 N7
4 2 3
1y 28 %1

=1(2-6)—3(4—-3)+7(8-2)
=—4-3(1)+7(6)
=—4—-3+4+42=235
2(1)=> A3 —-422-201-35=0

By Cayley —Hamilton theorem

(2) = A3 —442-204-351=0

To find A% and A3:

Y 7] [1 3 7

53=|A| =

A*=(4 2 3|[4 2 3
1 2 1111 2 1
1+12+7 3+6+14 7+9+7
=(4+8+3 12+4+6 28+6+3
1 1+8+1 3+4+2 7+6+1

[20 23 23]

=115 22 37

152237423
1 2 1

20 23 23711 3 7
A3
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20+92+23 60+46+46 140+ 69+ 23
15+88+37 45+44+74 105+ 66+ 37
10+36+14 30+18+28+ 70+ 27 + 14

135 152 232]

140 163 208
60 76 111

A3 —4A%2 —20A—351

135 152 232 20 23 23 1 3 7
=1140 163 208|—4|15 22 37|—20|4 2 3|-

60 76 111 10 9 14 1 2 1
1 0 0
35(0 1 0
0 0 1
135 152 232 —-80 —-92 -92 —20 —-60 -—140
= (140 163 208|+|—-60 —-88 —-148|+|-80 —40 -60
60 76 111 —40 —-36 -—56 —20 —-40 -20
-35 0 0
+| 0 =35 0
0 Ofs =35
0 0 O
=0 0 O
0 0 O

=~ The given matrix A satisfies its own characteristic equation.

Hence, cayley Hamilton theorem is verified.
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