ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

3.2 LAPLACE TRANSFORM OF DERIVATIVES AND INTEGRALS

Problems using the formula

Litf ()] = [f 0]
Example: Find the Laplace transform for tsin4t
Solution:

L[tsin4t] = ;—jL[tsinélt]

===
" ds Lsz+4

_ —[(s*+16)0-4(29)]
- (s2+16)2

8s
(s2+16)2

Find L[tsin?t]

~ L[tsin4t] =

Example:

Solution:

L[tsin%t] = SL[sm t] = 1C4A [@]

ds

= _EE[L(D — L(cos2t)]

1d[1 s]

~2dsls s+

1d

2ds

1d]J
| s(s2+4)]

2ds

4d |

- 2ds

| s(s2+4)]

'sz+4—sz]
| s(s2+4)

4

1

—(3s? +4-)

[ (s3+4s)” |

2(3s2+4)
(s3+4s)2

~ L[tsin?t] =

Example: Find L[tcos?®2t]

Solution:

—d L [(1+cos4—t)]

2
L[cos*2t] = —

-d
— — L[cos? 2t] =

— l% [L(1) + L(cos4t)]

1d |1 s
= ——-—|-+ ]

2ds [s s2+16
1 [ 1 (s2+16)1-s2s
T2 s (s2+16)2

]
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[ 1 s% +16—252]
s2 (s2+16)2

~ Llcos?2t] === —

11 16—s2 ]
2ls2  (s2+16)2

Example: Find the Laplace transform for tsinh2t

Solution:
L[sinh2t] = ;—jL[sinth]
—df[ 2
- E [52—4]
_ —[(s*-4)o-2(29)]
- (s2-4)2
. _ 4s
~ L[tsinh2t] = e

Exampl Find the Laplace transform for f(t) = sinat — atcosat
Solution:

L[sinat — atcosat] = L(sin at) — a L(tcosat)

LW (;—jL[cosat])

s2+a?

a d s
T —
s2+a? ds Ls2+a?

(o2 4t 2N
__4a +a(s +a“)1-s(2s)

s2+a? L (s2+a?)?

i N\ Iy '52+a2—52]
s2+a? | (s2+a?)2
a [ a%—s2 ]

+a
s2+a? | (s2+a?)2

a(s?+a?)+a(a?-s?)
(s2+a?)2

__as?+a3+a3-as?)
(s2+a?)2

2a3

. L[sinat — atcosat] = ety

Example: Find the Laplace transform for the following
(i) te~3tsin2t (ii) te"tcosat 9iii) tsinhtcos2t
Solution:

(i) Llte 3sin2t] = L[tsin2t]s sps = = Llsin2t]s sz

=% (=)
ds \s?2+22/ ¢ .13

_ [(52+4)0—2(25)

244)2
(s5+4) s—s+3
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_[ 4s ]
T L(s2+4)2
4(s+3)
((s+3)2+4)2

S—Ss+3

L[te 3tsin2t] =

(ii) L[te tcosat] = L[tcosat]s,si1 = ;—jL[cosat]S_)sﬂ

-2 (=a)
ds \s?+a?/) 4,541

_ [(sz+a2)1—s(25)]

(s2+a?)2
a?-s?

- [(sz+a2)2]
s?-a?

- [(sz+a2)2]

(s+1)%2—-a?
((s+1)2+a?)2

S—s+1

s—s+1

S—s+1
L[te tcosat] =

(iii) L[tsinhtcos2t]

-t

L[tsinhtcos2t] = L [t (et_ )cosZt]

= %[L(tetCOSZt) — L(te"tcos2t)]
1[-d d
= 5|35 Llcos2t]ss1 + ;L[cos%]sﬁsﬂ]
1[-d S d s
=2l (sz+4)ﬁs_1 e (sz+4)sﬁs+1]
_ 1| [P+a)1-s(2s) (s2+4)1-s(25) ]
2l (s2+4)2 S—oS— 1 (s?+4)2 s—os+1
=1 _[ [4_5 ]
(s?+4)2 s—s—1 (s2+4)2 s—os+1
. . _ (s—1)%2-4 4—(s+1)?
~ L[tsinhtcos2t] = 3 loonere 2 ((s+1)2+4)2]

Problems using the formula

LI (©)] = S LIf ()]
Example:Find the Laplace transform for (i) t’sint (ii) t’cos2t

Solution:
. . d? .
(i) L[t%sint] = — Llsint]

= il
T ds? |s2+1

_ i([(sz+1)0—1(25)])
ds

(s2+41)2

= (@)
T ds \(s2+1)2
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=2 % ((szj-l)z)

—2[(s2+1)* (D)-s(2)(s?+1)(25)]
(s2+1)*

_—2(s2+D)[(s%+1)-4s?]

(s2+1)%
_ —2[1-3s7]
T (s2+1)3
. 2 . _ 6s%-2
~ L[t*sint] = IR

R, _
(ii) L[t*cos2t] = 7 L[cos2t]

= i l=+]
T ds? |s2+4

_d ([(52 +4) 1—5(25)])

T ds (s2+4)2

= ()

T ds \(s2+4)2
[(sz+4)2(—25)—(4—52)2(52+4)(Zs)]

(s2+4)%

2s(s2+4)[(s%+4)(-1)-(4-5s2)2]
(s2+4)4

_ 2s[s?-12]
T (s2+4)3

. 5 _ 2s[s?-12]
o L[t* cos 2t] = IR
Example: Find the Laplace transform for (i) t’e %tcost (ii) t>e*sin3t

Solution:

2
() L[t?e~%tcost] = L[t%cost]sssip = %L[cost]s_,ﬁz

=i ()
ds? \s2+1/ ¢ 542

_ i[(52+1)1—s(25)
T ds (s24+1)2

_d [ 1-s2 ]
— elteziin2
ds L(s*+1)°1, oo

_ I[(sz+1)2(—25)—(1—52)2(52+1)(25)] l
5542

Ss—s+2

(s2+1)*

2 [(s2+1)(—25)-4s(1—s2)]
= (S + 1) [ (sz+1)4. ]S_)S+2
_ [—253—25—4s+4s3 ]

2:1)3
(s2+1) s—s+2
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_ [253—65 ]

T (s2+1)3

2(s+2)3-6(s+2)
((s+2)2+1)3

S—s+2

L[t?e %tcost] =

2

(ii)L[t%e**sin3t] = L[t?sin3t] sy = %L[sinSt]s_,s_4

e
T ds? \s249/ ¢ g 4

a [(sz+9)o—3(25)
ds (s249)2

s—>s—4

_d [ —6s ] — 6 d[ s ]
ds L(s2+9)21,_ o 4 ds L(s2+9)21 . _,

(s2+9)%

6 l[(sz+9)2(1)—(s)z(sz+9)(25)] l
S§—-s—4

—6(s>+9)

[(s2+9)-45?] ]
(s2+9)* 554
9-3s2

(s2+9)% Is 54

C [1852—54]

Lz I oy
18(s—4)%-54
((s—4)?+9)3

L[t?e*sin3t] =

Problems using the formula

L2 = (7 Lif®)a

This formula is valid if llrré f(t ) j

is finite.

The following formula is very useful in this section
f% = logs
fsi—sa = log(s + a)

1] o4 %log(s2 + a?)

s2+a?

ads 1S
1] =tan"!-
s2+a? a

Example: Find L [wsat]

Solution:
. cosat cosa(0) 1
—_— = —-= 00
ltl_r>13 t 0 0

=~ Laplace transform does not exists.
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Example: Find L [Si':at]
Solution:
. sinat __ sina(0) _ 0
ltl_IBT T 0 o
= ltirréacosat (by applying L—Hospital rule)

ltingacosat = acos0 = g, finite quantity.

Hence Laplace transform exists

L [itat] = fSOOL[(Sinat)]ds

o9} a
- fs $2+a2 ds
r (o)
-1 S
= |tan 1—]
o S

a

[ _ NS
= |tan"'oo — tan 1;]

[T 1S
= |- —tan 1—]
| 2 a

oL [sinat] _ COt_li
t a

) in3t
Example: Find L [s": ]
Solution:
sin3t __ 3sint—-sin3t
t 4t
. sin3t . 3sint—sin3t
lim = lim
t-0 t t-0 4t
0-0 0 . .
=—— 2 (by applying L—Hospital rule)
iy 3sint—sin3t -0
t—0 4t

Hence Laplace transform exists

. 3 . .
sin’t 3sint—sin3t
t 4t

= if:o L[(3sint — sin3t)]ds

1 ro0 1 3
= - 3 — )ds
4f5 ( sZ2+1  s249

1- -1 _1S ©
=-|3tan”""s—tan " -
4l 3l

3(tan ' —tan~1s) — (tan_1 oo —tan~! g)]

(™ _ -1y (F_ -15
G- tants) - (5 - tan™5) |
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1 _ _
=—[cot ls — cot 15]
4 3

Solution:

Example: Find L [e—Zt w]

_->t Sin2tcos3t sin2tcos3t
L|eme ] =

Example: Find the Laplace transform for =

1
2
1
2

NID—\

N |-

t ]s—>s+2

[f L(sin(3t + 2t) — sin(3t — 2t))ds]

§—s+2

[f L((sin5t) — L(sin t))ds]

1
I fS [sz+52 sz+12”5_,s+2

[oe]
[tan 13 _tan~! ] ]
5 S “s-s5+2

[(tan_1 oo —tan~! 5) — (tan"too —tan~?! s)] ]
r = S—>S+2

[ _ -15y _ (E _ -1
G- tanid) - (F-tants) |

S—S+2

[ 1S e
cot™ 12— cot 15]
. 5 5-5+2

cot™! (SJ;—Z) —cot™(s + 2)]

—at_e—bt

Solution:
. —-at_ ,—bt : 0_,0 1-1 0 R
ltlrr&e = ltlrrole Oe =—=c (use L— Hospital rule)
. —ae t4pebt
= llm—
t—0

= —a + b = b — a = afinite quantity

Hence Laplace transform exists.
—at_,—bt 0 _ _
L [%] — fs Lle=% — e~bt]ds

= [[L(e™) — L(e~)]ds

=17z

s+a

s+b) ds

[log(s + a) — log(s + b) ]

ol

|-

log>

log

s+b

),

3.
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s+a s+a
—logl—logm— —logm s logl =0
s+a
lo E
Example: Find the Laplace transform of 122
Solution:
ltirr(}# = g ltlrr(}%"t = % =0 (use L— Hospital rule)
L [ﬂ] exists.
t

L [1_Ct05t] = fSOOL[(l — cost)]ds
- fsoo G h szs+1) dg
= [logs — %log(s2 + 1)]:0

= [logs —logVs? + 1];>o

= [leg ],

S
=0-log s

VsZ+1
=logT

cosat—cosbt

Example: Find the Laplace transform for

Solution:
. t— bt 1-1 0 .
lim =20 = =2 (use L— Hospital rule)
t—0 t 0 0
. —asinat+bsinbt .. .
= lim "% — ( = a finite quantity

t-0

Hence Laplace transform exists.
L [w] = f:o L[cosat — cosbt]ds
= fSOO[L(cosat) — L(cosbt)]ds
(%] N N
- fS (sz+a2 - 52+b2) ds

= [llog(s2 +a?) —1log(s? + bz)]
2 2 s
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2

Example: Find the Laplace transform of

Solution:

sin®t _ 1—cos2t

t

lim
t—0 2t
. 2sin2t 0
lim =-=0
2 1

t—0

2t
1-cos2t _ 0

0

_2]:

ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

—l[logﬂ] [+ logl = 0]

2 s2+b2

sin?t

(use L— Hospital rule)

Laplace transform exists.

L[] = L[ = 1 L[ - cos26)]ds

2t

=~ [7[L(1) — L(cos2t)]ds

1

2

fSOO (i o szs+4) ds

1 _1 2 >
= 2[logs 2log(s +4)]S

= %[logs —logVs? + 4]:o

=3llog ],

2

=-log

2

Example: Find the Laplace transform for

Solution:

=z~ tos 7]

Vs2+4

S

sin2tsin5t

L [%jlnSt] = fSOO L[SlnztSlnSt]ds

= fsoo% [L(cos(—3t) — L(cos7t)]ds

= %f:o[L(cos(Bt) — L(cos7t)]ds [ cos(—0) = cos6]

1 ,0( s s
== - ds
27s \s249 s2+49

=11 2 _1 2 ®
= [2 log(s* +9) Slog(s® + 49)L
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I
£
U~
Q
Q
—
IS
0
~—

=] =~ 2109 22 [ log1 = 0]

52 +49

logl - log

s2+49

-PID—\

= —log

=

s +49]
s2+9

Problems using L |f, f(t)dt| = ZL[f(®)]

Example: Find the Laplace transform for (i) f(f e 2tdt (ii) f(f cos2tdt
(iii) [, tsin3tdt (iv) t [, costdt

Solution:

() L [fote_tht] =2L[e%] = l(i)

s \s+2
. t -2t __1
L [fO € dt] - s(s+2)

(||)L[f costht] L[cos2t] = 1( = )

s2+4

~ L [f costht]

2+4

(iii) L [f tsm3tdt] L[tsin3t]
= %[;—j [L[sin3t]]]
N _Tl % [523;-9]]

=~ =5
T s L(s2+9)2

~ L [f tsm3tdt]

2+9)2

(iv) L [t fo costdt] = ;—SL [fo costdt]
- :i_j E (szs-l-l)]
- % [5211]

- [(s:i)Z]
2S
(s2+1)?

L [f tsm3tdt]
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Example: Find the Laplace transform for et fot tcos4tdt

Solution:

L [e‘t fot tcos4tdt] =L [fot tcos4tdt] = [%%L(cosélt)]

s—s+1 s—s+1

_ (1 d s )
- 5dss?+16/ ¢ 5541

_ —_1 (s? +16)1—s(25)]

| s (s2+16)2 Sost1

_ [-1(s*+16— 252)]

| s (s%2+16)% Sost1

_ [ (—sz+16)]

2 2
| s (s?+16) Ssos+1

_[1 (s*~16) ]

2 2
s (5%+16) Sos+1

(s+1)2-16 ]
s+1 ((s+1)2+16)2

L [e‘tfot tcos4tdt] 7

Example: Find the Laplace transform of et ftL"t dt

Solution:

e a2l

e

.
= |- | L(sint)ds

LS fs ( ) ]s—>s+1
[1 o0 1

s s 52+1L_)5+1

-
= |5 [tan s ]
= S—s+1

= [X (tan~' o0 — tan~1s) ]
LS 5-s+1

_ [ -1
—_S(2 tan s)]

s-s+1

sl
L [e"t fotiftdt] = —cot (s +1)
Evaluation of integrals using Laplace transform
Note: (i) [ f(D)e~stdt = L[f(£)]
(i) J, f(e~dt = [LIF®]] _,

(iii) J,” F(dt = [LF®O]] _,
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Example: If L[f(t)] = %, then find the value of fooo f(tdt
Solution:

Given L[f(t)] =

s+2
s2+4

We know that [* f(6)dt = MG

_[s+2] _ 2
T ls24ale—y T 4

Iy Fdt ==
Example: If L[f(t)] = iji: then find the value of f0°° e 2 f(t)dt
Solution:
Given L[f(t)] =5~

We know that f0°° e ?tf(t)dt = [L[f(t)]]s=2
g7 o, (<Y
14

fooo e 2tf(t)dt = _T

Example:Find the values of the following integrals using Laplace transforms:

() [ tecos2edt (i) [ tPe~tsinedt (i) [ (e_t—e—Zt) e

(iv) fooo (1_i05t) e-tdt (v) fooo (e_“t—tcosbt) dt

Solution:

(i) fooo te ?tcos2tdt = L[tcos2t]s—, = [;—jL(COSZt)]
s=2

-
T ds \s2+4/4-5

il [ (s?+4)1-5(25)
g (s2+4)2

-l

_ (4—4) _
T 4+

s=2

s=2

2

(i) fooo t2e~tsintdt = L[t%sint]s=; = %L[sint]szl

- i ()
T ds? \s2+1/g—q
_d [—1(25)]
T ds L(s2+1)2 s=1

=—2 % [(sz-ls-l)z]s=1
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-[(sz+1)2(1)—s.2(sz+1)(25))]
(s2+1)*
s=1

-[(52 +1)[(s? +1)—4sz)]]
(s2+1)*
s=1

[(1-352) ]
[(s2+1)% 154

_[65—2] 41
Sl 8 2

(i) J;" (=) at _L[e_t‘e_”]szo = [P[Lle™ — e7*]ds],eg

t

= [ [[Lee™ = Le™)]0s] _,

=G -m) sl

= {llog(s + 1) —log(s + 2)]5’}s=0

={[r00%21, }

=0

= [0 - log—] logl =0
s=0
[log— = log?2
s+1l=g
(IV)f (1 cost) ~tdt
fo (1_Ct05t) “tdt =1L [1 COStL_l = fSOO[L[(l — cost)]ds]g=1
= fs [[L(1) - L(cost)]ds]s=1

- fsoo [G y st+1> dS]s:l

= {[1ogs ~ 31087 + ]}
{[togs —logvs7+1] "}
{[tos 2.1,
= |o-
= [is

g VSZ+ ]S—l
Nz

= logV2
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(V) f ( - —cosbt) dt
fooo (e‘“t—tcosbt) dt = L [ —COSbt]

= f [[L(e™%) — L(cosbt)]ds],
- f [(s+a 52+b2) dS]S_O

{[log(s +a) — —log(s + bz)] }

{ log(s + a) — logVs? + bz] }

E-=—1 N

=

s+a ]

log rvpe

= ["[L[(e™® — cosbt)]ds]s=o

S$=0

=0

$=0

0—

3.2(a)PERIODIC FUNCTIONS
Definition: A function f(t) is said to be periodic if f(t + T) = f(t) for all values of t and
for certain values of T. The smallest value of T for which f(t + T) = f(t) for all t is called
periodic function.
Example:

sint = sin(t + 2m) = sin(t + 4m) ---

=~ sint is periodic function with period 2.

Let f(t) be a periodic function with period T. Then

1 T
LIf(®] = 1——e‘5Tf0 e *tf(t)dt

Problems on Laplace transform of Periodic function

sinwt; 0 <t < z

Example:Find the Laplace transform of f(t) = { CFf (t + %”) = f(t)

2
0:2<t<Z
w w
Solution:

The given function is a periodic function with period T = 2:"
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1

LIF®) = e f] e~ f (Dt

2w
1 L _ = _
=mlf0wsmwte Stdt + [ e “(O)dtl
l-e @ w
1 T _
= Wfowsmwte Stdt
l-e @

T

1 [ est

—2TS (—S)2+(1)2

(—ssinwt — wcoswt)]w
l-e w 0

52+ w?

—STT
T i w
= T{m [—SSlTlT[ - a)cosn] + }

w

(1—e_Tns)(sz+w2)

~LIf ] =

E;0<t<a

_E-a<t<2q 9iventhat

Example: Find the Laplace transform of f(t) = {

f(t+2a) = f(0).
Solution:
The given function is a periodic function with period T = 2a

LIF®)] = —=J, e f(D)dt

1

2a  _
= —== )y e f(®dt

= 1 _foa Ee~stdt + [° —Ee‘“dt]

1—e—2as

=— [k foae"“dt —E fazae"“dt]

1—e—2as
T 1-e2as || =5 | -s Ig
E -e—as e—ZaS e—as

S

1-e—2as| —g s s

_ E '1—2e‘a5+e‘2as]

1—e—2as | s

E [(1_es—a5)z]

12 _(e—as)z
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- (1—e‘a5i1+e‘as) [(1_e_a5)2]

_ E(-e™%)
T s (1+e—as)

LIf ()] = Ztanh ($)

1,0<t<>
Example: Find the Laplace transform of f(t) = 1.8« <2 giventhat f(t + a) =
s Sts<
f.
Solution:

The given function is a periodic function with period T = a
LIF®)] = —=J, e f(D)dt
=1 Jy e~stf(Ddt

1-e~aS

1

= -fog(l)e‘“dt + fga(—l)e_Stdt]

1-e~a

1 [ 2 a
= fOZ e‘“dt - fg e"“dt]
2

1-e~a

a

1 —st e—st 2a
- 1—-e—as [ ]

—-sa —-sa
1 e 2 n 1 + e” % e 2
1-e~ 45| —s s S N

—-sa
1 1-2e 2 +e %

1—e—as s

-sa
|G

27

(1-7) (o)
= %(He_Tsa) [ tanhx = (1+Z—2x)
LIf(®)] = stanh (%)
t,0<t<a

Example: Find the Laplace transform of f(t) = {2 given that

a—t;ast<2a

f(t+2a) = f(0).

Solution:
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The given function is a periodic function with period T = 2a

LIF®) = e f] e~ f (Dt

1 2a  _
= mfo “ e Stf(t)dt

= — |y testde + [ (2a - t)e ]

1—e—2as

= e [£(5) - (&), [0 (5) -0 (5], ]

1 -_ae—as e—as 1 e—ZaS ae—as e—as

T q1-e-2as| s2 +s_2+ s2 + s s2 ]
1 [1-2e %te72aS
T 1—e—2as | s2
_ (1- e‘“s)
12— (e as)2
_ 1 [(1—e‘“5)2]
T (1-e~95)(1+e799)
_ 1 ({1-e™%)
T 52 (1+e~4s)

1 as
= —Ztanh (—)

S 2
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