UNIT - IV FOURIER TRANSFORMS
4.3 FOURIER TRANSFORMS PAIR

1. State Fourier integral theorem.
Solution :
If f (X) is piecewise continuous, differentiable and absolutely integrable in (— 0, oo) then

()=t T T et gigs

2. If F(s) is the Fourier transform of f (x), then show that F{f (x —a)}=¢" F(s)
Solution :

Given F [ f (X)] =F(s)
The Fourier Transform of f(x) is

F[f(X)]=F(s)= J_ j f (x)e"™dx

f (x—a)e™dx

F[f(x—a)]= J_[o

Let x—a=t = dx=dt

T (t)els(t+a)dt

ist
J_ j f (t)e'dt
F[f(x—a)]=e™F[f(x)]
3. State Convolution theorem in Fourier Transform.

Solution :
The Fourier transform of the convolution of f (X) and g(x) is the product of their Fourier

transforms .

ie. F[ f(x)*g(x)|=F[f(Q]F[9(9)]=F(s)G(s)
4 If F{f(x)}=F(s), then find F{e™ f (x).

Solution :

Flf 0] F(s)—fof f (e dx
o0 1

F[eif“f(x)]:T [ e 'aXf(x)e'Sde—Tﬁof (e 1&gy

T e Ta%gy

:E_Oo
F[ei“f(x)} =F(s+a)

5. State and prove the change of scale property of Fourier Transform.
Statement:

If F[f(x)]=F(s) then F Tf(ax) e™ dx




Solution :
Given F [ f (X)] =F(s)
The Fourier Transform of f(x) is

F[f(x)]=F(s) =% T  (x)e™dx

F[f(ax)]= f (ax) e dx

=

Ifa>0 Putax=t = adx:dt:>dx:ﬂ when x=—0 =>t=—0 and Xx=wo=t=w

a
i(g)t E
a

F[f(ax)]:%;[f(t)e
Ff(ax)]=1 \/1_]3 f(0 et EF(EJ.-a)

Ifa<0 Putax=t, adx=dt,dx:d—
a

when Xx=—o0 =t=0w and Xx=o=t=—

(o) dt

—

= F[ f(ax

)]= \/—J.f(t) rjf(t)e“%:ép(f) ()

From (1) & (2) we get F(f(ax))_i ( J a=0

1
Find the Fourier Sine transform of —.
X

Solution :
The Fourier Sine Transform of f(x) is

Fs[f(x)]=Fs(S)=\/ZTf(x)sinsxdx
72-0
Fs(lj:\/zjsinsxdx
x) Nz 7 x
(J \/7"-smt \/7(5)_\/2 “Tsinmxdx_z
2) N2 "3 ox 2

PART-B
. . 1.[x/<a 2sinx .
Find the Fourier transforms of f (Xx)= and hence evaluate_[—dx, Using Parseval’s
0,|x>a s X
sin t T
identity, prove that —E.

1, —-a<x<a

0, otherwise
The Fourier transform f(x) is

Solution: Given f (X)={



F[f()]=F(s) :% T f(x)e™adx .

F(s)= %U 0e™dx+ i 1e**dx +T0 e‘sxdx}

cossx+isin sx) dx "+ € =Cossx+isinsx

ﬁ\

ﬁ\

{J.cossxdx+|_|'5| xdx} sinsxisanoddfn:>_[sinsxdx=0

—a

=— 2'[ cos sx dx

-

242 {sin sx}a _ 2 {sin as_o}

7| s
F(s):\/%{sir;as}

Deduction: 1
By inverse Fourier transform of F(s).

f(x) =

T

% TF(s)e‘Sde
_TT(fS|nasj RN
T

\/Z]‘lsm
_ )fi B} smas cossx)ds—W]

as

j (cossx—isinsx)ds

f(x )——I( )cossxds -.(Smasjsinsx is an odd fn = J‘(Slnas)sinsxdx:o
S o\ S
j sinas cossxds = - f (x)
s 2
Putx=0
t(sinas 7
cos(0 )ds==f(0
(%5 Joos(0)ds=Z £ O
[[=)as=2@ - fo=1=f(©0)=1
oL S 2

Put a=1 and s=x we get

e
X 2

0

(ii) By Parseval’s identity,

[F@Pax= [[t00]ds



2% smsa}2 .
= ds=[x]’
7| s

2 %(sinsaY’

= ds=[a-(-a)]
A

2 sinsaY

=7 j ds = Za
/2 S

T smsajzd _Zra_na
A A 2
Put a =1 & s=t we get,

2sin’t 2(sint ) pia
! - dt_!(?) dt=— 1.

_ ) x; if [x|<a
Find the Fourier transform of f(x) = . .
0; if[x>a

X, —a<X<a

0, otherwise
The Fourier transform f(x) is

F[f(0]=F(s)= % T F (x)edx

[ I 0e™dx + J. X e dx + IO e'Sde}

—_— '[ X(cos sx +1isin sx) dx

J__a

[ xc xdx+ijxsinsxdx] s Xcossxisanodd fn .'.Ixcossxdx:O

—a

Solution: Given f (X):{

F(s)=

ﬁ\

ﬁ\

—a

a a
= TZ Xsin sx dx ‘. Xsin x isaneven function = Ixsin sxdx=2J.xsin sx dx
T -a 0

\/\/:\/\/:{( )( cossxj (1)( smsxﬂ0

ﬁ

. 2{ XCOSSX  Sin sx}a
I s s

[2[( acos sa_ sinsa
p S %

F(s)= i\ﬁ[(sin Sa—ezlscossaﬂ
i S




_ ) a—|x; if [x<a
Find the Fourier transform of f (x) = 0

sint (st T
j( t ]dt_? (II)!(T] dtzg.

0

if |x|>a>0

_ _ a—|x|, -a<x<a
Solution: Given f (x)= .
0, otherwise

The Fourier transform f (x) is

F[f(x)]=F(s)= % T f (x)e™dx

D 0.edx + I x| 'Sxdx+I0 e'sxdx}

F(s)=

ﬁ\

—[x]) (cos sx +isin sx) dx

e

Tﬁ —[x|)cos sx dx+W]

(a—|x|)sin sxisanodd fn= T (a—

[

=—2I(a—x)cossx dx
0

ff{

@

N
N
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]
¢
-

%am k|

-

1-cosas

SZ

j. Hence deduce that (i)

—a

|x|)sin sxdx=0

. as
sin’ (
F(s):z\/z —22 sin?0=179920 1 co50—2sin?[ ¢ | here 0= 22
Via S 2 2 2
Deduction: 1
By inverse Fourier transform of F(s).

TF(s)e‘isxds



" sin(
f(x)=% !{ : (cossx)ds

(cos0)ds =

O ey 8
(23
>
I/
N |8
~
N

Put a=1 and s=t get

2
. S
an(2)
2l gs=2
4

S

Oy 3

sint)’ T
— | 2dt==
2t 4

%(sint ) Vid
NEDPE
t 2

0

O ey 8

(i1) By Parseval’s identity,

cossxds :% f(x)

T
7fO

wf(x)=a-|x=f(0)=a

putizt :E:dt
2 2



[F@Pax= [[to0]ds

é'—aS

ds

ow—3

ﬂ

S

4

ds

O ey 8

Csint '
— | 2dt=
ot

O t—38

sinZ(aS)
_\2)

o0

J

0

Find the Fourier transform of f (X) ={

=172

ds= jl(a—\x\)2 dx

—a

ds= ZT(a— X) dx --(a- \x\)2 and

3x8

Put a =1 & s=t we get,

4

2
[ﬂ} dt="]
t 3

S

sinz(a‘c’)
2
2

areeven functions

* putE:t :>E:dt
24 2 2
1-]x, [x|<1 _
and hence find the value of
0, |x=>1



w = 2 w = 4
sin“t .. rsin®t
i >—dt. (i) I

Solution:
Hint : In the previous problem a=1.

_ ) a’-x’, |¥<a
Find the Fourier transform of f (X) = and hence evaluate
0, x|>a
D 0/ . 2
sint —tcost T sint —tcost T
i — (dt==— ii — | dt=—
()l( t3 j 4 ()l( t3 j 15
. i a?—-x?, —a<x<a
Solution: Given f (x)= )
0, otherwise

The Fourier transform of f(x) is

F[f(0]=F(s)= % T F (x)edx

T{ fOe‘Sde+ j' (a2 —x? )e‘sxdx +TO e‘sxdx}

a
J' (a® —x*) (cos sx+isin sx) dx
a

[.T a —x? cossx dx+W}

(a2 - xz)sin sxisanodd fn .- i (a2 - xz)sin sxdx =0

—a

o

F(s)

ﬁ\H @\H

N

a
I(a2 —xz)cos sx dx
0

:gﬁ[w—( _2x )( Cossxj+(—2)(_5isrs‘sxﬂa

2 | XCO0SSX sm SX
==2\— 2 3
7| s s°
2 | ( acossa sm sa
=
AN s
2 [ ascossa—sin sa}
N el .
| s
F(s) =2\/z{sm sa—iscossa}
s s

Deduction: 1
By inverse Fourier transform of F(s).

F(x) = % T F(s)e " ds

B T sm sa— as C0SSA || _isc g
__\/_ /




2 \/ET[sinsa—ascos
N2m N7, s

Sa}(cossx—isin sx)ds

2| 7| sinsa—ascossa . 7| sinsa—ascoss -
—;Dl x }(COSSX)dS_M/ﬂm}

{sm sa— as cos sa}

f()——j

[sinsa—ascossa
g3

'—.8

U o
T

ut x=0
[sinsa—ascossa |
SS

(cos0)ds

sinsa—ascossa |
SS

|
:

Put a=1 and s=t get
| sint—tcost
el AN _7
t 4

(i1) By Parseval’s identity,

T[F(s)]z ds= _T[f(x)]zdx

o[

ZT {sin sa—
0

S

—00

0

J

—00

8

T

2

T

sinsa —ascossa
SS

ascossa
3

cos sxds

o
} ds—

sinsa—ascossa |

sin sa—ascossa
53

}(sin sx)isan odd function

cossxds :% f(x)

—f(O)

cf(x)=a*—x*= f(0)=a’

ja‘(az—xz)zdx

—a

a’x® + x“)dx

Zz(a“

3

(a2 =) and[

[sinsa—ascossa |’
S3

S

ds

O 3 8

[sinsa—ascossa |
S3

ds=

O 3y 8

[sinsa—ascossa |
83

ds

N[0 N[ N[

O =38

7| sinsa—ascossa
| Jo=-(

Puta=1&s= tweget

J[smt tcost} dgie
0 15

8a
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} areeven functions
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5
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15
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_ ) 1-x% 5 if x| <1
Find the Fourier transform of f (x) = ) :
;o if x=1

2

Hence show that (i)f[ﬂns—m}m@d 21 and >I (xcos x— s.nx) T
0 S

1-x*, -1l<x<1
0, otherwise
The Fourier transform f(x) is

F[f(0]=F(s)= % T F (x)edx

Solution: Given f (x):{

F(s)zf{ j0e'Sde+ j (1-x*)e™dx+ jo e's"dx}

j-(l— X* ) (cos sx +isin sx) dx
]

e~

(1 )smsx is anodd fn .~ Il x)smsxdx 0
1

-1

2}(1 X ) Cos SX dx
0

:g\/z [W_( 2) cossxj (-2 )(—sisr;sxﬂ1

0

(cogs sms) (O)}
s

scoss—sins}
3

\/Z

2 [ xcossx _sin sx}
T

2

Vs

2

e

S

F(s) :2\/§[sms—fcoss}
7 S

Deduction: 1
By inverse Fourier transform of F(s).

F(x) = % T F(s)e ™ds

A

szj{sms SCOSS}(cossx—lsmsx)ds




SinS—Scoss
53

I

T

Sins—SCcos S
3

J

0

wn

{ 1

Put x =
2

S

2

|
[

Sins—scos s

[sms scoss}cos(ijdszzf(
2 4

}(cos sx)ds—%}

f(x )__I[sms Scoss}cossxds

Sins—Scoss
83

}(sin sx)isan odd function

}cossxds:%f(x)

1

2

J

1
() =1-x :f(zj

SinS—SC0S S

i) By Parseval’s identity,

[
¢
Il

F(s)] ds_j f (x)] 2dx
% 2

2 |—
fi i
§ [
T

SiNsS —SCOSS
s

o0

2

3

O ey

S

[

. _ 2 1
sinsa ascossa} ds:2j(l—2x2+x4)dx
0

(21— x2)2 and{

j(l—xz)2 dx

-1

sins—scoss |’ .
: arean even functions
S

8=[sins—scoss | 2%¢ XY
—j ———— | ds=| x—-—+—
ol S 3 5
§I SII’IS—38COSS ds— 1_g+1)
Tol S | 3 5
§T _sins—scoss_zds_ 15—10+3j
ToL s® i 15
w[sms scoss} (8) Vs
| ds=| — |x=

15) 8

0
Put s=t we get,

(sint— tcost)

O ey 8
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