
( ) ( ) ( )
dtdstxisetfxf −





−




−

=
2

1

2. If F(s) is the Fourier transform of f (x), then show that )()}({ sFeaxfF ias=−      

Solution : 

Given  ( ) ( )F f x F s=

The Fourier Transform of f(x) is   

 
1

( ) ( ) ( )
2



−

= = 
isxF f x F s f x e dx

 
1

 ( ) ( )
2

isxF f x a f x a e dx




−

− = −      

Let x a t dx dt− =  =    

  
( )1

 = ( )
2

is t af t e dt



+

−



1
 =e ( )

2

isa istf t e dt




−



   ( ) = ( )iasF f x a e F f x−

3. State Convolution theorem in Fourier Transform. 
Solution : 

  The Fourier transform of the convolution of ( )xf and ( )xg is the product of their Fourier 

transforms . 

i.e. ( ) ( )    ( ) ( ) ( ). ( )F f x g x F f x F g x F s G s  = = 

4. If  ( ) ( ),F f x F s= then find  )(xfeF iax .    

  Solution : 

  



−

== dxisxexfsFxfF )(
2

1
)()(



1 1
( ) ( ) ( )

2 2

iax iax isx isx iaxF e f x e f x e dx f x e dx
 

 
+  = =  

− −

                   

1 ( )
( )

2

i s a x
f x e dx




+

= 
−

          

( ) ( )iaxF e f x F s a  = +                                 

5. State and prove the change of scale property of Fourier Transform.    
Statement: 

If  ( ) ( )F f x F s= then ( )  


−

= dxeaxfaxfF isx)(
2

1



Solution : 

If f (x) is piecewise continuous, differentiable and absolutely integrable in (−,)  then 

UNIT – IV FOURIER TRANSFORMS

                 
1. State Fourier integral theorem. 

               
 4.3    FOURIER TRANSFORMS  PAIR



Solution : 

Given  ( ) ( )F f x F s=  

The Fourier Transform of f(x) is   

 
1

( ) ( ) ( )
2



−

= = 
isxF f x F s f x e dx

 

 
1

( ) ( )
2

isxF f ax f ax e dx




−

=    ,  

 

If a > 0   
dt

Put ax t adx dt dx
a

=  =  =
  

==−=−= txandtxwhen  

( )
1

( )
2

s
i t

a dt
F f ax f t e

a

 
 
 

−

=   
 

( )
1 1

( )
2

s
i t

aF f ax f t e dt
a 

 
 
 

−

=    = 








a

s
F

a

1
. –(1) 

If a < 0   
a

dt
dxdtadxtaxPut === ,,  

when x t and x t= − = = = −  

( )
1 1

( ) ( )
2 2

s s
i t i t

a adt dt
F f ax f t e f t e

a a 

   − 
   
   

 −

−
 = =     = 









a

s
F

a

1
.    ---(2) 

From (1) & (2) we get 
1

( ( )) , 0
s

F f ax F a
a a

 
=  

                                 
 

6. Find the Fourier Sine transform of  
1

x
. 

 Solution :    
The Fourier Sine Transform of  f(x) is   

 
0

2
( ) ( ) ( )sins sF f x F s f x sx dx





= =         

   0

1 2 sin
s

sx
F dx

x x


 

= 
 


 

0 0

1 2 sin 2 sin

2 2 2
s

t mx
F dt dx

x t x

  

 

 
   

= = = =   
   

   

  
PART-B 

 
 

1. Find the Fourier transforms of 









=

ax

ax
xf

,0

,1
)(  and hence evaluate

0

sin
.

x
dx

x



 Using Parseval’s 

identity, prove that

2

2
0

sin

2

t
dt

t



= . 

Solution:  Given
1 ,

( )
0, otherwise

−  
=


a x a
f x

 
The Fourier transform f(x) is  



 

  
1

( ) ( ) ( )
2



−

= = 
isxF f x F s f x e dx . 

1
( ) 0 1 0

2

− 

− −

 
= + + 

 
  
a a

isx isx isx

a a

F s e dx e dx e dx  

1
(cos sin ) cos sin

2 −

= + = +
a

isx

a

sx i sx dx e sx i sx


 

1
cos sin

2 − −

= + 
a a

a a

sx dx i sx dx


sin is an odd fn sin 0
−

 
 = 

  

a

a

sx sx dx  

0

1
2 cos

2
= 

a

sx dx  

0

2 2 sin

2 

 
=  

 

a
sx

s

2 sin
0



 
= − 

 

as

s
 

2 sin
( )



 
=  

 

as
F s

s
 

Deduction: 1 

 By inverse Fourier transform of F(s). 




−

−= dsesFxf isx)(
2

1
)(

  

1 2 sin

2 



−

−

 
=   

 


isxas
e ds

s
 

( )
1 2 sin

cos sin
2 



−

 
= − 

 


as
sx i sx ds

s
 

2
=

2
( ) ( )

sin sin
cos sin

 



−

   
−   

   


as as
sx ds i sx ds

s s



−

 
 
  


   

0

2 sin
( ) cos

as
f x sx ds

s


 

=  
 


                 

sin sin
sin sin 0



−

   
 =   

   


as as
sx is an odd fn sx dx

s s
 

0

sin
cos ( )

2

as
sx ds f x

s



 

= 
 


 
Put x = 0  

( )
0

sin
cos 0 (0)

2


 

= 
 


as
ds f

s



 

0

sin
(1) ( ) 1 (0) 1

2

as
ds f x f

s



 

= =  = 
 


 

Put a=1 and s=x we get 

0

sin

2

x
dx

x



 

 = 
 
  

  (ii) By Parseval’s identity, 

   


−



−

= dsxfdxsF 22
)()(

 



( )

2

22 sin
1



− −

 
= 

 
 

a

a

sa
ds dx

s  

 
2

2 sin a

a

sa
ds x

s



−
−

 
= 

 


 

 
2

2 sin
( )

sa
ds a a

s



−

 
= − − 

 


 

2
2



2

0

sin
2


 

= 
 


sa
ds

s
a

 
2

0

sin 2
 

= 
 


sa
ds

s 4

a

2
=

a
 

Put a =1 & s=t we get, 

22

2

0 0

sin sin

2

t t
dt dt

t t


 

 
= = 

 
  . 

2. 
Find the Fourier transform of 

;
( ) .

0 ;

x if x a
f x

if x a

 
= 

  

Solution:  Given
,

( )
0, otherwise

x a x a
f x

−  
=


 
The Fourier transform f(x) is  

  
1

( ) ( ) ( )
2



−

= = 
isxF f x F s f x e dx . 

1
( ) 0 0

2

a a

isx isx isx

a a

F s e dx x e dx e dx


− 

− −

 
= + + 

 
    

1
(cos sin )

2

a

a

x sx i sx dx
 −

= +  

1
cos

2

a

a

x sx dx
 −

=  sin cos isan fn cos 0

a a

a a

i x sx dx x sx odd x sx dx
− −

 
+  = 

  
   

0 0

1
2 sin sin sin 2 sin

2 −

=  =  
a a a

a

i x sx dx x x is aneven function x sx dx x sx dx


 

2

0

2 2 cos sin
( ) (1)

2

a

sx sx
i x

s s

 − −   
= −    

      

2

0

2 cos sin
a

x sx sx
i

s s

 
= − + 

   

2

2 cos sin
(0)

a sa sa
i

s s

  
= − + −  

    

2

2 sin cos
( )

sa as sa
F s i

s

 − 
=   

  
 



3. 
Find the Fourier transform of

;
( )

0 ; 0

a x if x a
f x

if x a

 − 
= 

 

 is 
2

2 1 cos
.

as

s

− 
 

  
Hence deduce that  (i)

2

0

sin
.

2

t
dt

t


 

= 
 


   

 (ii)

4

0

sin
.

3

t
dt

t


 

= 
 


 

Solution:  Given
,

( )
0, otherwise

a x a x a
f x

 − −  
=
  

The Fourier transform ( )f x  is  

  
1

( ) ( ) ( )
2



−

= = 
isxF f x F s f x e dx . 

( )
1

( ) 0. 0.
2

− 

− −

 
= + − + 

 
  
a a

isx isx isx

a a

F s e dx a x e dx e dx


 

( )
1

(cos sin )
2

a

a

a x sx i sx dx
 −

= − +  

( ) ( )
1

cos sin
2

a a

a a

a x sx dx i a x sx dx
 − −

= − + − 
 
 
    

                                                                               

( ) ( )sin is an fn sin 0
−

−  − =
a

a

a x sx odd a x sx dx  

( )
0

1
2 cos

2

a

a x sx dx


= −  

( )
2 2 sin

2

sx
a x

s

 
= −  

 
2

0

cos
( 1)

a

sx

s

 − 
− −  

     

2

0

2 cos
a

sx

s

 
= − 

   

( )2

2 1
cos cos0sa

s

  
= − −  

    

2

2 1 cos
( )

sa
F s

s

− 
=  

   

2

2 2

2

sin
2 1 cos 22

( ) 2 sin 1 cos 2sin here
2 2 2

  
   −    = =  − = = 

  
  

as

as
F s

s

 
  


 

Deduction: 1 

 By inverse Fourier transform of F(s). 




−

−= dsesFxf isx)(
2

1
)(


 

 

 

 



2

2

sin
1 2 2

2
2

isx

as

e ds
s



−

−

   
   

   =
  
    


 

( )

2

sin
2 2 2

cos sin
2

as

sx i sx ds
s



−

  
  
  = −

 
 
 


 

( ) ( )

2 2

sin sin
2 2 2

cos sin

as as

sx ds i sx ds
s s



−

      
      
      = −

   
   
   




−

 
 
 
 
 
  


 

( ) ( )

2 2

0

sin sin
4 2 2

( ) cos sin isan odd function

as as

f x sx ds sx
s s



       
       

       =
    
    
     


 

2

0

sin
2

cos ( )
4

as

sx ds f x
s




  
  
   =

 
 
 


 

Put  x = 0  

( )

2

0

sin
2

cos0 (0)
4

as

ds f
s




  
  
   =

 
 
 


 

2

0

sin
2

( ) (0)
4

as

a
ds f x a x f a

s




  
  
   = = −  =

 
 
 


 

Put a=1 and s=t get 
2

0

sin
2

4 2 2

s

s ds
ds put t dt

s




  
  
   = =  =

 
 
 



 
2

0

sin
2

2 4

t
dt

t



 

= 
 


 
2

0

sin

2

t
dt

t



 

 = 
 
  

  (ii) By Parseval’s identity, 



   


−



−

= dsxfdxsF 22
)()(

 

( )

2

2

2

2

sin
2 2

2
a

a

as

ds a x dx
s



− −

   
   
   = − 

  
    

 
 

( ) ( )

4

2

22

2
0 0

sin sin
8 2 2

2 2 and areeven functions
a

as as

ds a x dx a x
s s



    
    
   = − − 

 
  

 
 

( )

4

2

0 0

sin
8 2

a

as

ds a x dx
s



  
  
  = − 

 
  

 

 

( )

4

3

0
0

sin
8 2

3

a
as

a x
ds

s



  
    −  =   

−    
  



 
4

3

0

sin
8 2

(0)
3

as

a
ds

s



  
    −   = −    

    
  



 
4

3

0

sin
2

3 8

as

a
ds

s



  
  
  = 

 
  


 

Put a =1 & s=t we get, 
4

0

sin
2

24 2 2

s

s ds
ds put t dt

s



  
  
  = =  = 

 
  



 
4

0

sin
2

2 24

t
dt

t


 

= 
 
  

4

0

sin

3

t
dt

t


 

= 
 
 .

 

4. 

Find the Fourier transform of ( )
1 , 1

0, 1

x x
f x

x

 − 
= 


 and hence find the value of                



(i) 

2

2

0

sin t
dt

t



 .    (ii) 

4

4

0

sin t
dt

t



 . 

Solution: 

Hint : In the previous problem a=1. 

5. 

Find the Fourier transform of ( )
2 2 ,

0,

a x x a
f x

x a

 − 
= 


 and hence evaluate  

(i) 
3

0

sin cos

4

t t t
dt

t




− 
= 

 
   (ii) 

2

3

0

sin cos

15

t t t
dt

t




− 
= 

 


 

Solution:  Given

2 2 ,
( )

0, otherwise

a x a x a
f x

 − −  
=


 
The Fourier transform of  f(x) is  

  
1

( ) ( ) ( )
2



−

= = 
isxF f x F s f x e dx . 

( )2 21
( ) 0 0

2

a a

isx isx isx

a a

F s e dx a x e dx e dx


− 

− −

 
= + − + 

 
    

( )2 21
(cos sin )

2

a

a

a x sx i sx dx
 −

= − +  

( ) ( )2 2 2 21
cos sin

2

a a

a a

a x sx dx i a x sx dx
 − −

= − + − 
 
 
    

( ) ( )2 2 2 2sin is an fn sin 0

a

a

a x sx odd a x sx dx
−

−  − =  

( )2 2

0

1
2 cos

2

a

a x sx dx


= −  

( )2 22 2 sin

2

sx
a x

s

 
= −  

 
( )2 3

0

cos sin
( 2 ) 2

a

sx sx
x

s s

 − −   
− − + −    

       

2 3

0

2 cos sin
2

a
x sx sx

s s

 
= − − 

   

2 3

2 cos sin
2 (0)

a sa sa

s s

  
= − − −  

    

3

2 cos sin
2

as sa sa

s

− 
= −  

   

3

2 sin cos
( ) 2

sa as sa
F s

s

− 
=  

   
Deduction: 1 

 By inverse Fourier transform of F(s). 




−

−= dsesFxf isx)(
2

1
)(

  

3

1 2 sin cos
2

2

isxsa as sa
e ds

s



−

−

 − 
=      


 



( )3

2 2 sin cos
cos sin

2

sa as sa
sx i sx ds

s



−

− 
= − 

 


 

( ) ( )3 3

2 sin cos sin cos
cos sin

sa as sa sa as sa
sx ds i sx ds

s s



−

− −   
= −   

   




−

 
 
  


 

( )3 3

0

4 sin cos sin cos
( ) cos sin is an odd function

sa as sa sa as sa
f x sx ds sx

s s


− −   

=    
   


 

3

0

sin cos
cos ( )

4

sa as sa
sx ds f x

s




− 
= 

 


 
Put x=0  

( )3

0

sin cos
cos0 (0)

4

sa as sa
ds f

s




− 
= 

 


 
2

2 2 2

3

0

sin cos
( ) (0)

4

sa as sa a
ds f x a x f a

s




− 
= = −  = 

 


 

Put a=1 and s=t get 

3

0

sin cos

4

t t t
dt

t




− 
= 

 
  

  (ii) By Parseval’s identity, 

   
2 2( ) ( )F s ds f x dx

 

− −

= 
 

( )
2

2
2 2

3

2 sin cos
2

a

a

sa as sa
ds a x dx

s



− −

 − 
= −  

  
 

 

( )
2

4 2 2 4

3
0 0

8 sin cos
2 2 2

asa as sa
ds a a x x dx

s

 − 
= − + 

 
 

 ( )
2

2
2 2

3

sin cos
and areeven functions

sa as sa
a x

s

− 
−  

   
2 2 3 5

4

3
0 0

8 sin cos 2

3 5

a

sa as sa a x x
ds a x

s

 −   
= − +  

   


 
2 5 5

5

3
0

8 sin cos 2

3 5

sa as sa a a
ds a

s

 −   
= − +  

   


 
2 5 5 5

3
0

8 sin cos 15 10 3

15

sa as sa a a a
ds

s

 − − +  
=   

   


 
2 5

3
0

sin cos 8

15 8

sa as sa a
ds

s

 −   
=   

   


 
Put a =1 & s=t we get, 

2

3
0

sin cos

15

t t t
dt

t

 − 
= 

 
  



6. 

Find the Fourier transform of

21 ; 1
( )

0 ; 1

x if x
f x

if x

 − 
= 



.  

Hence show that 
( )

2

2 6
0 0

cos sinsin cos 3
( ) cos and ( )

2 16 15

x x xs s s s
i ds ii dx

s x

   −−   
= =  

   
 

 

Solution:  Given

21 , 1 1
( )

0, otherwise

x x
f x

 − −  
=


 
The Fourier transform f(x) is  

  
1

( ) ( ) ( )
2



−

= = 
isxF f x F s f x e dx . 

( )
1 1

2

1 1

1
( ) 0 1 0

2

isx isx isxF s e dx x e dx e dx


− 

− −

 
= + − + 

 
    

( )
1

2

1

1
1 (cos sin )

2
x sx i sx dx

 −

= − +  

( ) ( )
1 1

2 2

1 1

1
1 cos 1 sin

2
x sx dx i x sx dx

 − −

= − + − 
 
 
    

( ) ( )
1

2 2

1

1 sin is an fn 1 sin 0x sx odd x sx dx
−

−  − =  

( )
1

2

0

1
2 1 cos

2
x sx dx


= −  

( )22 2 sin
1

2

sx
x

s

 
= −  

 
( )

1

2 3

0

cos sin
( 2 ) 2

sx sx
x

s s

 − −   
− − + −    

       
1

2 3

0

2 cos sin
2

x sx sx

s s

 
= − − 

   

2 3

2 cos sin
2 (0)

s s

s s

  
= − − −  

    

3

2 cos sin
2

s s s

s

− 
= −  

   

3

2 sin cos
( ) 2

s s s
F s

s

− 
=  

   
Deduction: 1 

 By inverse Fourier transform of F(s). 




−

−= dsesFxf isx)(
2

1
)(

  

3

1 2 sin cos
2

2

isxs s s
e ds

s



−

−

 − 
=      


 

( )3

2 2 sin cos
cos sin

2

s s s
sx i sx ds

s



−

− 
= − 

 


 



( ) ( )3 3

2 sin cos sin cos
cos sin

s s s s s s
sx ds i sx ds

s s



−

− −   
= −   

   




−

 
 
  


 

( )3 3

0

4 sin cos sin cos
( ) cos sin is an odd function

s s s s s s
f x sx ds sx

s s


− −   

=    
   


 

3

0

sin cos
cos ( )

4

s s s
sx ds f x

s




− 
= 

 


 

Put 
1

2
x =  

3

0

sin cos 1
cos

2 4 2

s s s s
ds f

s




−     
=    

     


 

2

3

0

sin cos 3 1 1 3
cos ( ) 1 1

2 4 4 2 4 4

s s s s
ds f x x f

s




−     
=  = −  = − =    

     


 

3

0

sin cos 3
cos

2 16

s s s s
ds

s




−   
=  

   
  

  (ii) By Parseval’s identity, 

   
2 2( ) ( )F s ds f x dx

 

− −

= 
 

( )
2

1
2

2

3
1

2 sin cos
2 1

s s s
ds x dx

s



− −

 − 
= −  

  
 

 

( )
2 1

2 4

3
0 0

8 sin cos
2 2 1 2

sa as sa
ds x x dx

s

 − 
= − + 

 
 

 

                                                

( )
2

2
2

3

sin cos
1 and areaneven functions

s s s
x

s

− 
−  

   
12 3 5

3
0 0

8 sin cos 2

3 5

s s s x x
ds x

s

 −   
= − +  

   


 
2

3
0

8 sin cos 2 1
1

3 5

s s s
ds

s

 −   
= − +  

   


 
2

3
0

8 sin cos 15 10 3

15

s s s
ds

s

 − − +   
=   

   


 
2

3
0

sin cos 8

15 8

s s s
ds

s

 −   
=   

   


 
Put  s=t  we get, 

( )
2

6
0

sin cos

15

t t t
dx

t

 −
=
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